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Abstract—We compute the trace formula for the magnetic Laplacian on a compact hyperbolic
surface of constant curvature with a constant magnetic field for energies above the Mane critical
level of the corresponding magnetic geodesic flow. We discuss the asymptotic behavior of the
coefficients of the trace formula when the energy approaches the Mane critical level.
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1. INTRODUCTION

We consider a classical mechanical system which describes the motion of a charged particle in
an external magnetic field on a Riemannian manifold. In addition to the dynamical and variational
problems for such flows, which have been intensively studied over the last years, there are many
interesting questions concerning the relations between the classical dynamics and the spectral
properties of the corresponding quantum Hamiltonian, which is given by the magnetic Laplacian.
Recently we have addressed a few of them in [14, 15]. In [15] we constructed the quasi-classical
approximation for the eigenfunctions of the magnetic Laplacians. This article continues the research
started in [14].

We study the Guillemin — Uribe trace formula for magnetic geodesic flows on hyperbolic surfaces
with a constant magnetic field and on sufficiently low energy levels. The dynamics in this situation
is mostly determined by the ratio \/Ey/B where Eg = |p|? is the squared norm of the momentum
and the magnetic field takes the form B dvol where dvol is the area form corresponding to the
hyperbolic metric. Without loss of generality, we assume that B = 1. Then the level

EO = Mo ‘= 1
is known as the Mane critical level [4, 7] for this system which is integrable for Ey < 1 and chaotic

for By > 1.

The magnetic geodesic flow on a Riemannian manifold (M, g) is determined by a magnetic
field F', which is a closed 2-form. The magnetic Laplacian is defined iff F' satisfies the integrality
condition [2}; | € H*(M;Z). In this case one can define the Hermitian line bundle L on M with a
Hermitian connection such that F' is the curvature of this connection and the family of the magnetic

Laplacians ALN, N € N, acting on sections of its tensor powers L.
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TRACE FORMULA FOR THE MAGNETIC LAPLACIAN 461

Let us denote by vy j,7 = 0,1,2,..., the eigenvalues of ALY taken with multiplicities and put

AN, = \/VNJ + N2. Given a constant E > 1 and an arbitrary function ¢ € S(R), let us introduce
the sequence

Yn(p) => ¢(An;—EN), NeN.
=0

The Guillemin —Uribe trace formula [13] describes the asymptotic expansion of Yy as N — oo in
terms of the magnetic geodesic flow on the energy surface Ey = |p|?> = E? — 1 under some additional
assumption (the cleanness of the flow):

o
YN () ~ Y (N, ) NI Mk N o0,
k=0

where ¢, (N, ) are bounded in N. Considered as functionals of the Fourier transform ¢, the
coefficients ¢ are distributions supported in the union of zero and the period set of closed magnetic
geodesics. They are rapidly oscillating in N and the frequencies of these oscillations are given by
the actions of closed magnetic geodesics. The contribution of zero is often called the Weyl term,
because it is related to the asymptotic formula for the eigenvalue distribution function.

In [14] we considered the constant magnetic fields on compact hyperbolic surfaces and computed
the first two coefficients ¢y and ¢; of this expansion for the energy levels below the Mane critical
level, i.e., for Ey < 1 (Theorem 2). Here we do that for Ey > 1 (Theorem 3).

The coefficients of the trace formula depend on the energy level Ey as follows:

o for Fy <1, i.e., below the Mane critical level, the classical dynamics is integrable, the
flow is periodic, and periodic trajectories are lifted to hyperbolic circles on the universal
covering. The periodic orbits form two-dimensional Liouville tori which contribute to the
leading coefficient cg;

e for £y =1, i.e., on the Mane critical level, the classical dynamics is given by the horocyclic
flow which has no nontrivial periodic orbits. Therefore, the trace formula reduces to the Weyl
term. We can also observe the convergence of the contribution of closed magnetic geodesics
to 0 as Ey — 1. This happens because the periods of primitive closed magnetic geodesics go
to infinity as Ey — 1 (both from below and from above);

e for Ey > 1, 1. e., above the Mane critical level, the magnetic geodesic flow is chaotic. The closed
magnetic geodesics are noncontractible, nondegenerate, and isolated. They don’t contribute
to the leading coefficient ¢y, which coincides with the Weyl term in this case. The magnetic
system looks similar to the system, which describes the motion of a free particle on the
surface. This can be seen both at the classical and quantum level. At the classical level, the
magnetic geodesic flow for the energy level Ej is conjugated to the Riemannian geodesic flow.
At the quantum level, there is a relation between the spectrum of the magnetic Laplacian

ALY on the half-line (N?2,00) and the spectrum of the Laplace - Beltrami operator. One

should note that the coefficient at N? here is exactly the Mane critical level py = 1. We use
these facts to give an alternative computation of the trace formula, reducing it to the case
of the Laplace —Beltrami operator.

In [21] the second author (I.A.T.) showed how to construct an additional real-analytic first
integral for this system below the Mane critical level. Regretfully, due to the brevity of the original
communication the scenario of the degeneration of these integrals as the energy tends to the Mane
cirtical level was skipped. For completeness we expose it here in Theorem 1.

2. CLASSICAL SYSTEM

Let M? be a surface with a metric of constant negative curvature K. This means that it is
isometric to the quotient of the space H with respect to some discrete group I' which acts by
isometries.
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462 KORDYUKOV, TAIMANOV

We consider two models of H which are helpful for different reasons:
1) H is the upper half-plane {(z,y) € R? : 3 > 0} endowed with the metric
B da? + dy?
¥y o
The curvature of this space is equal to
K=-1
and the full isometry group is PSL(2,R) = SL(2,R)/ £ 1 which acts by fractional linear transfor-
mations:

b a b
z:a:+iy—>az+ , det =1.
cz+d c d

2) Let us take the (1 + 2)-dimensional Minkowski space R%,z endowed with the metric
ds? = dt? — da? — dy?

and consider in it the pseudosphere
2?2 =1
endowed with the induced metric (multiplied by —1). In the pseudospherical coordinates p,r, ¢
such that
t =pcoshr, x = psinhrcosp, y = psinhrsing
the pseudosphere and the induced metric are as follows:
p=1, ds®=dr?+sinh?rdy?>.
The full isometry group of the pseudosphere is Og(1,2), the connected component of the unity

in the group O(1,2) of pseudoorthogonal linear transformations of R‘iz. Therefore, r and ¢ are
coordinates on the pseudosphere and the mapping

1—w sinh r

= i 2.2
1+w’ v 1+coshre’ (2.2)

(ryp) > z=1
establishes an isometry of the pseudosphere to the upper half-plane with the metric (2.1).

By a constant magnetic field on a surface we mean a two-form F' = Bdvol which is a constant
multiple of the volume form. In our case

F:Bd:r/;dy
Yy

F = Bsinhrdr A dy, (2.3)

where B is a constant.

2.1. The Lagrangian Formalism

The motion of a charged particle in an arbitrary magnetic field is described by the Euler—
Lagrange equations for the Lagrangian

|42
2

where A = A;dx? is the vector potential of the magnetic field. In our case we take

Lz, %) = + Ait, xe M, i eT,M,

B
A= y dx or A= Bcoshrdy. (2.4)

We prefer to use the pseudosphere model for calculations. The Lagrangian takes the form

1
L= 5 (72 + sinh? r$?) 4+ B coshr¢.
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TRACE FORMULA FOR THE MAGNETIC LAPLACIAN 463

The Euler — Lagrange equations for this Lagrangian are as follows:

d
(sinh? 7 ¢ 4+ Bcoshr) = 0.

7 = sinhr ¢(coshr ¢ + B), gt

We have two first integrals: the kinetic energy

E 1. . .
20 =, (2 + sinh? r?),
and, since gi = 0, the momentum with respect to ¢

I =sinh?r ¢ + Bcoshr.

Since Op(1,2) acts on the pseudosphere transitively, given a trajectory c(t) = (r(t), p(t)), we
may assume that
7=0 fort=0.
If in addition
coshr¢o+ B =0,
then # = 0 and the trajectory has the form

r =const, = — t + ¢o, o = const.

coshr
It is easy to calculate that in this case
Ey B2 tanh?r
2 2
Therefore, we derive

Proposition 1. If 0 < Ey < B2, then all trajectories are circles of radius

1 1+u .
RE, = 2log1_u with u = \/BEO,
i.€.,
E
tanh Rp, = v 0.

B

REMARK. For surfaces of constant positive curvature K = 1 analogous calculations show that
for every energy FEj all trajectories are circles of radius

VEo
B
HYPERBOLIC CIRLES (Ey < B?). By (2.2), it is shown that the circles of radius R centered at the

origin are mapped into Euclidean circles (on the upper-half plane with the metric (2.1)) of radius
r = sinh R centered at z = i cosh R. Since the hyperbolic circles are invariant under the actions of

RE, = arctan

)\1/2 )\—1/2
¢ € SL(2,R),
0 )\—1/2

where A is real and positive and a € R, we conclude that all hyperbolic circles of radius r are
realized by Euclidean circles with center at z and radius p where

z=1ilcoshR+a, p=AsinhR, A€R" aecR. (2.5)

By simple computation, it can be shown that the geodesic curvature s¢ of the hyperbolic circle of
radius R satisfies the equality

5 1 B?

g tanh? R Ej
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HorocycLES (Ep = B?). The formula (2.5) in the limit

1
sinh R

gives us the horocycles which are realized by Euclidean circles with center at zg and radius py where

r—o00, A—

20 =ip+a, po=p, pERT acR.

To complete the description of horocycles, we have to add the images of these circles by the action
of PSL(2,R) which are Euclidean lines

y = const > 0.

They correspond to the case when the horocycle touches {y = 0} at the infinite point a = co. For
the geodesic curvature s of a horocycle we have

2.2. The Hamiltonian Formalism

In the Hamiltonian formalism, the motion of a charged particle in the magnetic field (2.3)
is described by the magnetic geodesic flow, which is the Hamiltonian flow on the phase space
X =T*M equipped with the twisted symplectic form

B
Q:dpz/\dm—kdpy/\dy—kdem/\dy.

We have to remark that we consider two different Hamiltonian functions: the kinetic energy

o V) P
0 2 2

and the Hamiltonian

1/2
H=(2Hy+ D)2 = (02 +p2) +1)"*,

which is more relevant for our considerations of the trace formula, and denote by Fy/2 and FE the
values of Hy and H, respectively. There is a relation

Ey=FE?—1.

The corresponding Hamiltonian flows are related by time reparameterization.
The Hamiltonian system defined by H has the form

2 2
.Y Y . B . Y,o o B
E=pPe Y= Py Pe= Py Py == g (0t 0y) = P (2.6)
Denote
_ —1 _ 20,2 2\ _ 2
Xp=H"(E)={y"(p; +p,) = E" —1}. (2.7)

It is easy to see that EF > 1 is a regular value of H, and, therefore, X is a smooth submanifold of
T*M. The reduction of the system (2.6) to Xg is given by

:'czyzp y=y2p PZBp ﬁz—y(p2+p2)—Bp
gl gty i glv Y g\ y gl

Let us introduce on Xg = {y*(p3 4+ p;) = Eo} the coordinates (z,y,6):

VEy VEy

Dy = cosf, py, = sin 6
Y Yy

in which the system takes the form

Ey . ; VEy B
= — - . 2.
ysing, 6 B cos . (2.8)

. Ey 0.
T = cos =
) , Y E

E
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This system has an evident conservation law:

Therefore,

6 = cy for some constant c.

If ¢ = 0, then the system has a solution whose trajectory is a Euclidean line. This is possible if

E B
\/EO cos 6 + 5= 0
for some 0. We rewrite the last equality as
B
cosf = — . (2.9)

VEq

Since —1 < cos @ < 1, such a 0 exists if and only if
Ey > B2

The case Fy = B? corresponds to horocycles and the remaining case to hypercycles.

HYPERCYCLES (Ey > B?) are given by the Euclidean lines which meet the axis {y = 0} at the
constant angle 6 satisfying (2.9) and the images of these lines under the action of PSL(2,R). Let
us take such a line and consider another line which meets the axis {y = 0} at the same point and is
orthogonal to it. It is a trajectory of the geodesic flow. It is easy to notice that the hypercycle and
this geodesic are equidistant. Therefore, for any hypercycle there exists an equidistant geodesic,
the distance is the same for all hypercycles, and these two flows are conjugate after a constant time
scaling. The formula for the geodesic curvature s of hypercycles looks the same as for hyperbolic
cycles and horocycles:

2.3. The Lie Group Approach
Let us consider the ANK decomposition of the group PSL(2,R):

yt/2 0 1 = cosy sin¥ +1 0

/ :

0 y Y2 0 1 —sin ¥ cos ¥ 0 =1

)

where z,y € R and y > 0. It gives a unique representation of an element from PSL(2,R) as a

product of elements from the canonical subgroups A, N, and K. Since the inversion g — g—!
maps the ANK decomposition into the KNA decomposition and the products of subgroups AN
and N A coincide, we have the canonical KAN decomposition which is also known as the Iwasawa
decomposition.

The KNA decomposition was used in [11] for describing the geodesic flow on H. There is the
isomorphism

PSL(2,R) = SH = {(x,y,pz,py) : > (0% + p5) = 1}

of the form

( ) o 1 ( + 7r) 1 . ( + 7r)
= = sin
LY, P T,Y, Px yCOS ¥ 9 » Py ys ¥ 9 )
ie,0=p+7.
The geodesic which starts at ¢ € H and is directed along the imaginary axis is the orbit of
7 under the action of A. Hence, all geodesic orbits are uniquely parametrized by elements from
KN C PSL(2,R).
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The Lie algebras of the one-dimensional subgroups A, N, and K are generated by

1/2 0 0 1 0 1/2
el = , €2 = , €3 =

0 —1/2 00 ~1/2 0

It is clear that under the isomorphism SH = PSL(2,R) the left-invariant vector field corresponding
to eg is

0
B,

and such a field corresponding to €1 is
Vi = —ysin (2] + 1y cos (%2 + sin (2]

Let us rewrite (2.8) as the equations on SH:

= —aysinp, y=aycosy, @=asinp+ (2.10)
with
VEqy B
= = 2.11
a=V " p=-, (2.11)
and notice that they describe the motion along trajectories of the left-invariant vector field
aVy + BVs.

Denote by CIJ?”B the flow given by the right translation by exp(t(aE; + BE3)). Since
1Ey— B?
4 E2

we have to specialize three cases when det > 0,det = 0, and det < 0:

det(aVy 4 BV3) = —1/4(a* - B°) =

1) det >0, i.e., Ey < B?: the hyperbolic cycles;
2) det =0, i.e., Ey = B%: the horocycle flow;

3) det < 0,i.e., Ey > B?: the hypercycle flow. In this case the flow CIJf"B is conjugate to the flow
@570 for certain 0. For B = 1 the condition det < 0 is equivalent to

E>+V2 or Ey>1.

The constant d can be found from the condition

det(aVy + BVa) = det(5V;) = —i(s?,

_R2
which gives § = \/E% 5% This approach to describing magnetic geodesic flows was initiated in [20)]

(see also [3, 4]).
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2.4. The (Mane) Critical Level
The qualitative behavior of the magnetic geodesic flow on M depends on the ratio 7 = gi.

Since the flow on H is completely integrable, we see from the exact formulas for trajectories that
the dynamics is different for 7 < 1,7 =1 and 7 > 1.

At the beginning of the 1960s just after the emergence of the Kolmogorov entropy theory Arnold
had shown that, given B = 1, if the metric entropy (with respect to the Liouville measure) of
the geodesic flow is equal to h(0), then the metric entropy of the hypercycle flow is equal to

h(») = h(0)v/1 — 52 and it vanishes for »? > 1 [1].

The relation of this flow of linear elements to magnetic fields was not discussed in [1] and
probably it was first considered by Ginzburg [12] who pointed out that the horocycle flow on a
closed hyperbolic surface gives an example of a magnetic geodesic flow without periodic trajectories.
Until recently this was the only known such example.

A systematic study of magnetic geodesic flows started in the early 1980s [17]. Therewith, such
flows appeared as reductions of mechanical systems (the Kirchhoff equation, mechanical tops)
and their periodic trajectories do not describe motions of charge particles in real magnetic fields.
Although great progress was achieved in the study of the periodic variational problem for such
systems, the original periodic problems for explicit mechanical systems mostly remain unsolved [18].

In [21] the second author (I.A.T.) mentioned that for 7 > 1 the flow is easily integrable and its
additional (to the kinetic energy) first integral F' can be constructed from any smooth function
f M — R on the hyperbolic surface M. Indeed, for every point ¢ = (p.§) € SM we consider the
hyperbolic circle v on M such that v(0) = p,¥(0) = &, take the center ¢, of this circle and put

F(q) = f(cy).
These integrals were successfully used in [2] for a quantization of periodic magnetic geodesics.
As 7 — 1 the integrability disappears and for 7 < 1 the flow is chaotic.

Due to the brevity of a short communication [21], the scenario of the degeneration of the first
integral F' was skipped and we describe it here.

Let us assume that Ey = 1. Take
peMEET,M,|E=14q=(p<),

n € T, M such that £ L n,& An <0.
Let us draw the geodesic 7, ¢ : [0,00) — M with the inital data 7, ¢(0) = p, ¥p,¢(0) = &.

Theorem 1. Given Ey =1, B > 1, and a smooth function f: M — R, we have the first inte-

gral Fg:
B
Fp(p,&) =f <’Yp,£ <; log <Bii>>> ’

Regular contours lying on an energy level Fp = const give rise to invariant two-dimensional tori.
As B — 1 the first integral Fp degenerates.

From the modern point of view this example is considered as a particular case of the Mane
critical level [4, 7]. Given B = 1, the energy level Ey =1 is (Mane) critical. We skip its definition
here; however, in the rest of the article we study how transition through the critical level affects
the (Guillemin —Uribe) trace formula for the magnetic geodesic flow.
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3. QUANTUM SYSTEM AND TRACE FORMULA

3.1. Quantum Hamiltonian

To quantize a classical magnetic system on a Riemannian manifold (M, g) defined by a magnetic
field F, it is necessary that the de Rham cohomology class of the form 217rF be integral:

[éﬂeHﬂMﬂ)

In this case, it is the first Chern class of a line bundle L on M:

mm:[lﬂ,

2

and the quantum Hamiltonian A% (the magnetic Laplacian) acts on sections of L. Its definition
depends on the choice of a Hermitian connection V¥ on L (a vector potential of the magnetic field).

For the upper half-plane model of the hyperbolic plane H endowed with metric (2.1) and constant
magnetic field (2.3) with an arbitrary B, we can take the Hermitian line bundle L to be trivial and
the connection form of the connection V2 on L to be given by (2.4). The corresponding magnetic

Laplacian on H is given by
9 S
AB = 2 —iBy~! .
Y <<6m ey " 0y?

Such an operator first appeared in the theory of automorphic forms, where it is known as the Maass
Laplacian. More precisely, it is related to the Maass Laplacian

0 0? 0
Dp =y —2iB
b=y <8m2 +8y2> Y o
by the formula
AB = _Dp+ B2

The relation between magnetic trajectories on the hyperbolic plane and the corresponding spectral
properties of the magnetic Laplacian was first discussed in [5] where it was also observed that the
magnetic Laplacian on the hyperbolic plane is given by the Maass operator.

For a compact hyperbolic surface M =T'\ H, where I' C PSL(2,R) is some discrete group of
isometries, endowed with metric (2.1) and constant magnetic field (2.3), the Hermitian line bundle
L exists iff the quantization condition

(2g—2)BeZ
holds true, where g is the genus of M.

Under this assumption, we can choose a Hermitian line bundle L” on M such that its smooth
sections on M are identified with smooth functions ¥ on H, satisfying the condition

, cz+d\*
P(hz) = ¥(z)exp(i2B arg(cz + d)) = <|cz N d\) P(2) (3.1)
for any z € H and h = @b el.
c d

We will fix B =1 and denote by L the Hermitian line bundle L? for B = 1. For any N € N,
the bundle LY is the Nth tensor power of L, LY = L®N and the space C>(M, LN) of its smooth
sections is identified with the space §n of smooth functions ¢ on H, satisfying condition (3.1)
with B = N. The parameter N plays the role of a semiclassical parameter for the symplectic
manifold (M, F'), and the limit N — oo can be considered as the semiclassical limit. One can show
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that Dy : §8 — $n. Therefore, the magnetic Laplacian ALY on C>(M, N ) corresponds to the
restriction of the operator —Dy + N2 to §xn under isomorphism C°° (M, N ) = 3N

The spectrum of ALY g computed by means of the Maass operators [16], which are first-order
differential operators on H given by

0 1y O
KN:(Z—2)8z+N:2zy1 N@zyN’

0
£ N = 2tV 7N

0
LN:(Z—Z) oz

0z

Recall some basic properties of these operators:

Ky=1L_n, Ki=—Lys.
Dy =Ly1Ey+N(N+1) =Ky 1Ly + N(N —1).
DNy Ky = KDy, DyLyy1=LnyiDnya.

Ky :8N = 8N+1, Ln:8N — Sn-1.
For the magnetic Laplacian ALN, we have
A = K3 Ky — N =LiLy + N.

Using the Maass operators, one can compute the spectrum of ALY on the interval [0, N?] [19]
(see also [6, 8, 10]). It consists of eigenvalues

Ve = 2k + 1N —k(k+1), 0<k<N -1, (3.2)
with multiplicity
mN7k:(g—1)(2N—2k‘—1), 0<k<N-1
The theory of Maass operators also allows us to relate the spectrum of ALY on the half-line

(N2, 00) to the spectrum of the Laplace — Beltrami operator on M. More precisely, let Ay denote
the Laplace —Beltrami operator of the metric (2.1) on H:

0 0?
Ag = —y <8$2 + 8y2> = —Dy

and Ajs denote the Laplace —Beltrami operator on M. The operator Ay; on C°°(M) corresponds
to the restriction of the operator Ag = —Dy to §o under isomorphism C'*°(M) = §j. Denote by

A =0< A <X g...,Aj—>+oo,
the eigenvalues of Ay (taking into account multiplicities):
Apthe = M,y € C(M) = .

Using the properties of the Maass operators, one can show (see, for instance, [9, p.146]) that
the functions

1
UNy = Ky_1...KoYy € §n,
CN,j

with some suitable constants cy ¢, are orthonormal eigenfunctions of Dy with the eigenvalue —\,.

It follows that the eigenvalues of the magnetic Laplacian ALY on the half-line (N2, 00) are given
by

w(\?,)ez)\e-i-NQ, £=0,1,2,.... (3:3)
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3.2. The Trace Formula
Let (M, g) be a compact Riemannian manifold equipped with a magnetic field F', satisfying the
integrality condition, L the associated Hermitian line bundle on M with Hermitian connection and
ALN,N € N, the magnetic Laplacian, acting on sections of LY. Denote by {vnj,7=0,1,2,...}
the eigenvalues of ALY taken with multiplicities. Put

AN, = \/I/N,j + N2, (3.4)

Fix F > 1. For an arbitrary function ¢ € S(R), we introduce the sequence
[ee]
Yv(p) =D ¢(hv;— EN), NeN. (3.5)
j=0

The Guillemin —Uribe trace formula [13] describes the asymptotic expansion, as N — oo, of the
sequence Yy given by (3.5) with some E > 1 and ¢ € S(R) with compactly supported Fourier
transform in terms of the magnetic geodesic flow on the energy level Xp (see (2.7)) under the
assumption that the flow is clean. A survey of basic notions and results related to the Guillemin—
Uribe trace formula is given in [14]. In [14], we have also provided some concrete examples of its
computation. In particular, we computed the trace formula in the current setting of hyperbolic

surfaces with constant magnetic fields in the case 1 < E < /2. We note that the threshold value

E = /2 corresponds exactly to the Mane critical level g = 1 discussed above. Let us recall the
result.

Let M =T\ H be the compact hyperbolic surface endowed with metric (2.1) and constant
magnetic field (2.3) with B =1 and let L = L' be the Hermitian line bundle on M defined
by (3.1) with Hermitian connection defined by (2.4). In this case, the set {vn j,j = 0,1,2,...} of the

eigenvalues of ALY is the union of two parts {V](\i,)k,k =0,1,...,N — 1} and {V](\?)Z,K =0,1,2,...}

given by (3.2) and (3.3), respectively (taking into account the multiplicities). Denote by ¢ the
Fourier transform of .

Theorem 2 ([14], Theorem 7). For any ¢ € S(R) and 1 < E < /2, i.e., 0< Ey=|p|® <1,
one has an asymptotic expansion

(o)
Yn(p) ~ Y (N, )N, N — oo,
§=0

where the coefficients c;(N, ) are bounded in N .
The coefficients c; can be computed explicitly. For the first two of them, we get

co(N, ) = (29 — 2)E$(0)

+(29-2E) ¢

< 2rkE
k0

/o E2> exp(ikm) exp (27rz'kw/2 - E2N) ,

ca1(N, @) = (29 — 2)2i¢'(0) +

oy 2k E
kZﬂ)(Qg — 2)2ip <\/2 B E2>

mikE 2rkE
+ 2g — 2 D
> (29 ) 42 E290< >

s V2 — E2
2mikE 2rkE
¥, T (2 )
g;) (2-E2)327 \V2 - E?

x exp(ikm) exp (27m'k\/2 - EQN) )
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In this paper we complete the computation of the Guillemin— Uribe trace formula for this
example, considering the case F > v/2.

Theorem 3. For any ¢ € S(R) with compactly supported Fourier transform and E > /2, i.e.,
Ey = |p\2 > 1, one has an asymptotic expansion

[o¢]
Yn(p) ~ Y (N, @)N'™I, N = o0, (3.6)
j=0

where the coefficients c;(N, ) are bounded in N .
We have

co(N,¢) = (29 — 2)E¢(0), (3.7)
and, if supp@ C R\ {0}, then for E > /2,

B log N(h) E
ANO= DD an I - N (b V2

X & <\/E;E_ o N(h)> exp (—z’k log N(h)v/E? — 2N> . (3.8)

where {I'}, is the set of representatives of primitive conjugacy classes in I' and N(h) stands for
the norm of h (see below for the definition), and for E = /2,

¢i(N,p)=0, j=1,2,.... (3.9)

We give two proofs of this theorem. The first proof uses directly the general Guillemin—Uribe
formula and the description of the magnetic geodesic flow given in Section 2.3. In the second proof,

we use the results of Section 3.1 to reduce our considerations in the case E > /2 to a spectral
problem for the scaled Laplace—Beltrami operator, where we apply a version of the Guillemin—
Uribe trace formula for the Laplace —Beltrami operator.

3.3. The Case E > /2: Direct Computation

Since all periodic trajectories of the magnetic geodesic flow ¢ are nondegenerate, the existence
and the form of the asymptotic expansion (3.6) follow from the general Guillemin — Uribe formula.
It remains to compute the coefficients. Each coefficient is represented as an infinite sum, and each
term of the sum corresponds either to 0 or to a periodic trajectory. The contribution of 0 to co(N, ¢)
is given by

0 2.
¢ (N, ¢) = (2m) 5(0) Vol (X ). (3.10)
In the current setting, the same computation as in [14] gives (3.7).

Let E > /2. Since each periodic trajectory v C X is nondegenerate (i.e., the map I — P,

is invertible, where P, denotes the linear Poincaré map of ), the contributions c((;’)(N , ) and

cgfy) (N, ) of v into the formulas for the leading coefficient ¢o(NV, ) and the next term ¢q (N, p),
respectively, are given by

Tj& eTimy /4

(’Y) N — 0 ('Y) N — —iNS»y ~ T 3 11
CO ( 7@) ) cl ( 780) 27T|det(I—P»y)‘1/2e SO( ’Y)? ( . )

where Tf and m. are the primitive period and the Maslov index of v, respectively. Note that here
we use a slightly different notation than in [14].

Recall that the lift of the magnetic geodesic flow on X to T*H is isomorphic to the flow @?’6 on
SH given by the right translation by exp(t(aFy + SE3)) with a and g given by (2.11). Therefore,
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the lift of a periodic trajectory v C Xp is given by the curve {gexp(t(aFE1 4+ 5E3)),t € [0,T]} such
that

gexp (T(aBy + BE3)) = hg (3.12)

b
with some T" and h = “ € I'. Tt is clear that v depends only on the conjugacy class {h}r of
c d

h in T', and the trajectory ~ is primitive if and only if the conjugacy class {h}r is primitive. One
can show that for any primitive conjugacy class {h}r in I there exists a unique primitive periodic
trajectory v C X which satisfies (3.12) with some h € {h}r.

Since the group I is cocompact, each element h € T'\ {e} is hyperbolic, tr h > 2. Therefore, it
N (h)'/? 0

with some N (h) > 1, called
0 N(h)~1/2

is conjugate to a unique element of the form

the norm of h.

On the other hand, we know that the flow @f’ﬁ is conjugate to the flow @f’o with § = \/E;_z.
Therefore, we get

T#5/2 1/2
4 e 0 [ N(h) 0
exp(T#oE) = =
A 0 e Ti2 0 N(h) V2

which gives Tf = \/Eb;_z log N (h).

We can write the period T" as T' = ka with some k € Z\ {0}. The Poincaré map P, of v is a
linear hyperbolic map with the eigenvalues €97 = N(h)* and e~ = N(h)~*. Therefore, we have
[det(I — Py)[Y2 = (1= N(W)*)(1 = N(h) ™))" = [N()"/? = N(n)~"7?

This also implies that
m~y = 0.
Denote by ha(y) € S' = R/277Z the holonomy of the projection 7,; o7 of the curve v to M with

respect to the connection VX on L. Then the action S, of 7 is defined modulo multiples of 27 and
given by (see [14])

E?-1
S, = 5 T+ ha(7y).

To compute the action S, of the periodic trajectory «, we lift v to SH as above. The curve ~y
on SH is not closed and we should use the formula (3.1) to get a correct identification of the fibers
of the line bundle L at its extreme points. Since the form F' is exact on H, ' = dA with A given
by (2.4), by (3.12) and (3.1), we have

ha(y) :/ A —2arg(cz + d).
TMOY

Using (2.10), we compute

T 4 T T 1
/ A:/ dt:—/ asincpdt:—/ (¢ —B)dt = (0) —(T) — _T.
MO oY 0 0 E

Using (3.12) and computing the action of h on SH, we get with z = = + iy

A(T) = az(0) +b

cx(0) 4 PT) = 0(0) — 2arg(ez +d).
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We conclude that

and

E? -1
E

This completes the proof of (3.8).

1
S, = KTF — Eka = klog N(h)VE? — 2.

If E =+/2, then Ey = 1 and the magnetic geodesic flow on Xf is isomorphic to the horocyclic
flow. It is well known that this flow has no periodic trajectories, which implies (3.9).

3.4. The Case E > \/2: Reduction to the Laplace - Beltrami Operator

In this section, we use the relation (3.3) to reduce our considerations in the case E > /2 to a

spectral problem for the scaled Laplace—Beltrami operator Ag\(/][), where we apply a version of a
semiclassical trace formula.

First, we write

Ya(p) = V(o) + Vi),
where

N-1

Y0 =Y myse <\/u§v)k + N2 EN> ,
k=0

and
v =S ©) + N2 —EN
N () Z % Unye T .

Since V](\i,)k < N?forany N €Nand k=0,...,N — 1, it is easy to see that Yjs,i)(cp) =O(N™) as
N — oo.
Using (3.3), we get

[ee]
Vi) =3 o (\/)\e +2N? - EN) .
(=0
The right-hand side of the last formula is closely related to the semiclassical trace formula for

the Schrodinger operator. We compute its asymptotic expansion by applying the Guillemin — Uribe

trace formula in the following setting (cf. [13, Corollary 7.5]). Let Ag\? be the Laplace - Beltrami

operator on M associated with the Riemannian metric
2
g9 = ) (dz? + dy?).
Yy
It is clear that AS\(/][) = %A M- We will interpret this operator as the magnetic Laplacian associated

with the vanishing magnetic field F(O = 0. So the associated Hermitian line bundle L is trivial,

the Hermitian connection V0 is trivial and the associated magnetic Laplacian ALY coincides with

AS&) for all N. The eigenvalues V](\(,))e of AL are given by

v = e =012,
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For an arbitrary function ¢ € S(R), the sequence YJS,O) (1) associated with the operator AL and
an energy level E(©) > 1 by the formula (3.5) has the form

YW W) =>v <\/y§3}£ + N2 — E<0>N> , NeN
=0

It is easy to see that

@) =)
with
1
V2

By [13, Corollary 7.5], the sequence YJS,O) (1) admits an asymptotic expansion

EO = B ()= (V22).

YOw) ~ 3 VN, $)N, N o,
j=0
where the coefficients c§0) (N, 1) are bounded in N.

The associated magnetic geodesic flow is the geodesic flow of ¢(©), that is, the Hamiltonian flow
defined by the Hamiltonian

yg 1/2
HOz,y,py,py) = ( (2 +pp) + 1>

2
on the cotangent bundle X = T*M equipped with the standard symplectic form. Put
0 _
X = (HO)H(EO).
As in (3.10), the contribution of 0 is given by
0 —27 0

e (N, 4) = (2m) 2 (0)Vol(X (), ).
We compute

Vol o) (M) = 2Vol(M) = 4m(2g — 2)
and

Vol(X ) = 2rEOVol o (M) = (27)%(2g — 2) EV2.

Finally, we observe that

N 1 [ =z
z) = .
6= 0,0 (5)
Taking all this into account, we conclude that
0 .
co(N, ) = e (N, ) = (29 — 2) E3(0).
As in (3.11), the contributions of a periodic trajectory v C Xy with period T, = ka are
given by
T#eﬂ'im'Y/Ll

(0.7) om
N,1p) =0 N.p) =
co T(NY) =0, e (N, ) 2| det (I — P,)[1/2°

_Z‘Nswlz)(T“/)v

where P, denotes the Poincaré map of v, and Tf and m., are the primitive period and the Maslov
index of 7, respectively.
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The Hamiltonian flow of H©® on X is given by

y? 2 y

L= ) = 5 — S 2 2
T = 2H(0)pz7 y= 2H(0)py7 Pz = 07 by = 9 [ (0) (pw +py),

and its restriction to X by

2 2 y

.Y .y . . 5 )
T = 2E(0)pw7 y= 2E(0)py7 Pz = 07 Py = 2E(0) (px —l—py)
We introduce on X o) = {y*(p3 + pZ) =2((E®)2 — 1)} the coordinates (z,y, 6):

V2((E©)? —1) V2((EO)? —1)

Dy = cosf, py, = sin 6
Yy Yy

in which the system takes the form
i =dgycosh, v =2dyysind, 6= —3cosh,
with

S — V2((E®)2 —1)
0 2E(0) ’

and defines the flow <I>f°’0.
As above, we get

1 2F(0) EV/?2

# — o = 0 = 0 .
T7 = 01 g N(h) \/2((E(0))2—1)1 g N(h) \/E2—21 g N(h)

T4

[det( — P)[Y2 = [N(h)"/2 = N(h)~™5/2|, m, =o.
The action Sy of 7 is given by

-1
KT# = klog N(h)V/E? — 2.

We arrive at the desired formula:

NN, ) = AP (N, )

B log N (h) E E
T 2N — N(h)R2| B2 — 2 VB2 — 2

X exp (—z’klog N(h)\/E2 - ZN) .

ki log N(h)>
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