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Abstract—We derive necessary and sufficient conditions for periodic and for elliptic periodic
trajectories of billiards within an ellipse in the Minkowski plane in terms of an underlining
elliptic curve. We provide several examples of periodic and elliptic periodic trajectories with
small periods. We observe a relationship between Cayley-type conditions and discriminantly
separable and factorizable polynomials. Equivalent conditions for periodicity and elliptic
periodicity are derived in terms of polynomial-functional equations as well. The corresponding
polynomials are related to the classical extremal polynomials. In particular, the light-like
periodic trajectories are related to the classical Chebyshev polynomials. Similarities and
differences with respect to the previously studied Euclidean case are highlighted.
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1. INTRODUCTION

Billiards within quadrics in pseudo-Euclidean spaces were studied in [13, 14, 18]. In [15, 16], the
relationship between the billiards within quadrics in the Euclidean spaces and extremal polynomials
has been studied. The aim of this paper is to develop the connection between extremal polynomials
and billiards in the Minkowski plane. The paper is devoted to 150th anniversary of S. A. Chaplygin
and the conference proceedings contribution is [4].

This paper is organized as follows. In Section 2, we recall the basic notions connected with the
Minkowski plane, confocal families of conics, relativistic ellipses and hyperbolas, and billiards. In
Section 3, we give a complete description of the periodic billiard trajectories in algebro-geometric
terms. In Section 4, we use the conditions obtained in the previous section to study examples of
periodic trajectories with small periods.

We also emphasize an intriguing connection between the Cayley-type conditions and discrimi-
nantly separable polynomials. The notion of relativistic ellipses and hyperbolas enables definition
of Jacobi-type elliptic coordinates in the Minkowski setting. Since the correspondence between
Cartesian and elliptic coordinates is not one-to-one, there is a notion of elliptic periodicity which
refers to a weaker assumption that a trajectory is periodic in elliptic coordinates. In Section 5, we
provide an algebro-geometric characterization of trajectories to be n-elliptic periodic without being
n-periodic. Section 6 provides examples and connections with discriminantly separable polynomials.
In Section 7, we derive a characterization of elliptic periodic trajectories using polynomial equations.
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PERIODIC BILLIARDS WITHIN CONICS 465

In the last section (Section 8), we establish the connection between characteristics of periodic
billiard trajectories and extremal polynomials: the Zolotarev polynomials, the Akhiezer polynomials
on symmetric intervals, and the general Akhiezer polynomials on two intervals. We conclude our
study of the relationship of billiards in the Minkowski plane with the extremal polynomials by
relating the case of light-like trajectories to the classical Chebyshev polynomials, see Section 9.

Apart from similarities with previously studied Euclidean spaces, see [15, 16], there are also
significant differences: for example, among the obtained extremal polynomials are such with winding
numbers (3,1), which was never the case in the Euclidean setting.

2. CONFOCAL FAMILIES OF CONICS AND BILLIARDS
The Minkowski plane is R? with the Minkowski scalar product: (X,Y) = X1Y] — X3Ya.

The Minkowski distance between points X, Y is dist(X,Y) = /(X — Y, X — Y). Since the scalar
product can be negative, notice that the Minkowski distance can have imaginary values as well. In
that case, we choose the value of the square root with the positive imaginary part.

Let ¢ be a line in the Minkowski plane, and v its vector. £ is called space-like if (v,v) > 0, time-
like if (v,v) < 0, and light-like if (v,v) = 0. Two vectors x, y are orthogonal in the Minkowski plane
if (x,y) = 0. Note that a light-like vector is orthogonal to itself.

Confocal families. Denote by

X2 2

. ' _
£: 47 =1 (2.1)

an ellipse in the plane, with a, b being fixed positive numbers.
The associated family of confocal conics is

Cr i Y —1, )eR. (2.2)

The family is shown in Fig. 1.

Fig. 1. Family of confocal conics in the Minkowski plane. The solid lines represent relativistic ellipses, and
the dashed ones relativistic hyperbolas.
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466 ADABRAH et al

We may distinguish the following three subfamilies in the family (2.2): for A € (=b,a), conic
C, is an ellipse; for A < —b, conic C is a hyperbola with x-axis as the major one; for A > a, it is
a hyperbola again, but now its major axis is the y-axis. In addition, there are three degenerate
quadrics: Cg, Cp, Coo corresponding to the y-axis, the x-axis, and the line at infinity, respectively.

The confocal family has three pairs of foci: Fj(va+b,0), Fa(—+va +b,0); G1(0,va+b),
G2(0,—va +b); and Hi(1: —1:0), Hy(1:1:0) on the line at infinity.

We notice four distinguished lines:
x+y=Vva+b x+y=-—Va+b,
x—y=va+b x—y=—Va+b.

These lines are common tangents to all conics from the family.

Conics in the Minkowski plane have geometric properties analogous to the conics in the Euclidean
plane. Namely, for each point on conic Cy, either sum or difference of its Minkowski distances from
the foci Fy and F5 is equal to 2v/a — \; either sum or difference of the distances from the other
pair of foci G, G is equal to 2v/—b — X [13].

In the Minkowkski plane, it is natural to consider relativistic conics, which are suggested in [7].
In this section, we give a brief account of the related analysis.

Consider points Fi(va + b,0) and Fo(—+v/a + b,0).

For a given constant ¢ € Rt UiR™, a relativistic ellipse is the set of points X satisfying
dist(Fy, X) + dist(F», X) = 2¢, while a relativistic hyperbola is the union of the sets given by the
following equations:

dist(F1, X ) — dist(Fy, X) = 2¢,
dist(Fy, X ) — dist(F1, X) = 2¢.

Relativistic conics can be described as follows.

0 < ¢ < va + b. The corresponding relativistic conics lie on ellipse C,_.2 from family (2.2). The
ellipse C,_.2 is split into four arcs by touching points with the four common tangent lines;
thus, the relativistic ellipse is the union of the two arcs intersecting the y-axis, while the
relativistic hyperbola is the union of the other two arcs.

¢ > v/a + b. The relativistic conics lie on C,_. — a hyperbola with x-axis as the major one. Each
branch of the hyperbola is split into three arcs by touching points with the common tangents;
thus, the relativistic ellipse is the union of the two finite arcs, while the relativistic hyperbola
is the union of the four infinite ones.

c is imaginary. The relativistic conics lie on hyperbola C,_.2» — a hyperbola with y-axis as the
major one. As in the previous case, the branches are split into six arcs in total by common
points with the four tangents. The relativistic ellipse is the union of the four infinite arcs,
while the relativistic hyperbola is the union of the two finite ones.

Notice that all relativistic ellipses are disjoint with each other, as well as all relativistic
hyperbolas, see Fig. 1. Moreover, at the intersection point of a relativistic ellipse which is a part
of the geometric conic Cy, from the confocal family (2.2) and a relativistic hyperbola belonging
to Cy,, it is always A\; < Ag.

Elliptic coordinates. FEach point inside ellipse £ has elliptic coordinates (A1, A2), such that
“-b< A <0< X <a.

The differential equation of the lines touching a given conic C, is
dX n dXs
Vi0e =)0+ M)y = M) Vi(a=X2)(b+X2)(y = A2)
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PERIODIC BILLIARDS WITHIN CONICS 467

Billiards. Let v be a vector and p a line in the Minkowski plane. Decompose vector v into the
sum v = a + n, of a vector n, orthogonal to p and a belonging to p. Then the vector v = a —n,
is the billiard reflection of v on p. It is easy to see that v is also the billiard reflection of v with
respect to p. Moreover, since (v,v) = (v',v'), vectors v, v’ are of the same type.

Note that v =’ if v is contained in p and v' = —v if it is orthogonal to p. If n,, is light-like,
which means that it belongs to p, then the reflection is not defined.

Line ¢ is the billiard reflection of £ off ellipse £ if their intersection point £ N ¢ belongs to £ and
the vectors of £, £ are reflections of each other with respect to the tangent line of £ at this point.

The lines containing segments of a given billiard trajectory within £ are all of the same type:
they are all either space-like, time-like, or light-like. For a detailed explanation, see [18].

Billiard trajectories within ellipses in the Minkowski plane have caustic properties: each segment
of a given trajectory will be tangent to the same conic confocal with the boundary, see [13]. For
more on the Minkowski plane and related integrable systems, see [7, 17, 21].

3. PERIODIC TRAJECTORIES

Sections 3-8 deal with the trajectories with nondegenerate caustic C,, which will mean that
v € R\ {—b,a}. Such trajectories are either space-like or time-like. The case of light-like trajectories
which correspond to the degenerate caustic C, is considered separately, in Section 9.

The periodic trajectories of elliptical billiards in the Minkowski plane can be characterized in
algebro-geometric terms using the underlying elliptic curve:

Theorem 1. The billiard trajectories within & with nondegenerate caustic C., are n-periodic if and
only if nQo ~ nQ on the elliptic curve:

C oy’ =ela—a)(b+x)(y - ), (3.1)
with Qo being a point of € corresponding to v =0, Q4 to x = vy, and € = sign~y.

Proof. Along a billiard trajectory within £ with caustic C,, the elliptic coordinate A; traces the
segment [aq,0], and A9 the segment [0, 5], where oy is the largest negative and (3 the smallest
positive member of the set {a, —b,~}.

Case 1. If C, is an ellipse and v < 0, then oy = v, 1 = a. The coordinate A\; takes the value
A1 = 7 at the touching points with the caustic and the value \; = 0 at the reflection points off the
arcs of £ where the restricted metric is time-like. On the other hand, Ay takes the value Ay = a
at the intersections with y-axis, and Ao = 0 at the reflection points off the arcs of £ where the
restricted metric is space-like.

Case 2. If C, is an ellipse and v > 0, then a; = —b, 51 = 7. The coordinate A\; takes the value
A1 = —b at the intersections with x-axis and value A\; = 0 at the reflection points off the arcs of
& where the restricted metric is time-like. On the other hand, Ay takes the value Ay = v at the
touching points with the caustic, and Ay = 0 at the reflection points off the arcs of £ where the
restricted metric is space-like.

Case 3. If C4 is a hyperbola, then «; = —b, 51 = a. The coordinate \; takes the value A\; = —b
at the intersections with x-axis and value A\; = 0 at the reflection points off the arcs of £ where the
restricted metric is time-like. On the other hand, Ao takes the value Ay = a at the intersections with
y-axis, and Ay = 0 at the reflection points off the arcs of £ where the restricted metric is space-like.

In each case, the elliptic coordinates change monotonously between their extreme values.

Consider an n-periodic billiard trajectory and denote by ni the number of reflections off time-
like arcs, i.e., off relativistic ellipses, and by no the number of reflections off space-like arcs,
i. e, relativistic hyperbolas. Obviously, ny + ne = n. Integrating (2.3) along the trajectory, we get

0 d\ 0 d)s

or vVe(@—= )b+ M)y — A1) e =0, (32)

" 8 Ve(a = A2)(b+ Aa)(y — No)

n1(Qo — Qal) + n2(Qo — Q,31) ~ 0.
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In Case 1, this is equivalent to
n1(Qo — Q) + n2(Qo — Qa) ~ n(Qo — @),

since a closed trajectory crosses the y-axis an even number of times, i.e, ny must be even, and

2Q, ~ 2Q5.

Similarly, in Case 2, it follows since nj is even, and in Case 3 both n; and nsy need to be even. [

From the proof of Theorem 1, we have:

Corollary 1. The period of a closed trajectory with hyperbola as caustic is even.

Theorem 2. The billiard trajectories within & with caustic C, are n-periodic if and only if:

o Cy C3 C4
Cy =0, > =0, |oy 0 5| =0,... for n=3057,...
C3 Cy
Cy C5 Cg
Bs By Bs
Bs By
Bs =0, =0, By B; Bg |=0,... for n=4,68,....
B, B
Bs Bg By

Here, we have denoted:
Vela—z)(b+z)(y —2) = By + Bz + Boa® + ...,

vela- x)y(b_zx)w Tyt Crat O ..
the Taylor expansions around x = 0.
Proof. Denote by Q the point of € (3.1) corresponding to x = oo and notice that
2Q- ~ 2Qu. (3.3)

Consider first n even. Because of (3.3), the condition nQy ~ nQ is equivalent to nQy ~ nQx,
which is equivalent to the existence of a meromorphic function of ¥ with the unique pole at Qs
and unique zero at @, such that the pole and the zero are both of multiplicity n. The basis of
Z(nQx) is

]‘7:1;7 x27 A 7xn/27y7 xy7 xn/2_2y7 (3'4)

thus, a nontrivial linear combination of those functions with a zero of order n at x = 0 exists if and
only if

Byjor1 Bpp ... Bs
Byj2v2 Bpjay1 - Ba _o
Bp-1 By s Bn/2+1

Now suppose n is odd. Because of (3.3), the condition nQy ~ n@Q~ is equivalent to nQy ~
(n —1)Quo + @, which is equivalent to the existence of a meromorphic function of ¢ with only
two poles: of order n —1 at Q. and a simple pole at @, and unique zero at (. The basis

.i”((n —1)Qo + Q,Y) is

n-1)/2 Y xy p(n=/21

, Y (3.5)
y—z' y—x v —x

)
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thus, a nontrivial linear combination of those functions with a zero of order n at x = 0 exists if and
only if

Con-v241 Cam-1)2 -+ C2
Cin-1242 Cin-1yj241 --- C3 _0
Ch-1 Cn v Clnoyj241

4. TRAJECTORIES WITH SMALL PERIODS AND DISCRIMINANTLY SEPARABLE
POLYNOMIALS

4.1. Examples of Periodic Trajectories: 3 < n < 8
3-periodic trajectories

There is a 3-periodic trajectory of the billiard within (2.1), with a nondegenerate caustic C, in
the Minkowski plane if and only if, according to Theorem 2, the caustic is an ellipse, i.e., v € (—b,a)
and Cy = 0.

We solve the equation
_3a%V? + 2ab(a — b)y — (a + b)*+?

% 8(ab)3/25/2

—0, (4.1)

which yields the following two solutions for the parameter ~ for the caustic:
_ab ( ab
= (a+1b)2 (a+b)?

Notice that both caustics C,, and C,, are ellipses since —b < v2 <0 < 7y < a.

a—b+2Va2+ab+b2), yo=— (—a+b+2va + ab + b2). (4.2)

Two examples of a 3-periodic trajectories are shown in Fig. 2.

N ()

Fig. 2. A 3-periodic trajectory with an ellipse along the y-axis as caustic (a = 3, b = 2, v & 2.332) is shown
on the left, while another trajectory with an ellipse along the x-axis as caustic (a =7, b =5, v~ —4.589) is
on the right.
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4-periodic trajectories
There is a 4-periodic trajectory of the billiard within (2.1), with a nondegenerate caustic C, in
the Minkowski plane if and only if B3 = 0. We solve the equation

(ab+ ay + by)(ab + ay — by)(ab — ay — by)

s 16(aby)5/2 (43)
which yields the following solutions for the parameter + for the caustic:
ab ab ab

- _ = — = ) 44

M=y I BT (4.4)

Since v1 € (—b,0), v3 € (0,a) and ¥2 ¢ (—b,a), therefore conic C,, is a hyperbola, whereas conics
C,, and C,, are ellipses.
In Figs. 3 and 4, examples of 4-periodic trajectories with each type of caustic are shown.

PN
7

Fig. 3. A 4-periodic trajectory with an ellipse along the y-axis as caustic (a = 2, b =4, v = 4/3) is shown on
the left, while another trajectory with an ellipse along the x-axis as caustic (e =9, b =3, v = —9/4) is on the
right.

Fig. 4. A 4-periodic trajectory with a hyperbola along the x-axis as caustic (a =5, b =3, v = —15/2).

5-periodic trajectories
There is a 5-periodic trajectory of the billiard within (2.1), with a nondegenerate caustic C, if
and only if, according to Theorem 2, the caustic is an ellipse, i.e., v € (—b,a), and C2Cy — C3 = 0,
which is equivalent to

0= (a+b)°~% —2ab(a—b) (a — 3b) (3a — b) (a + b)*7° — a*b? (29a* — 54ab + 296%) (a + b)% 4
—36a%b® (a — b) (a + b)*~° — a'b* (9a2 + 34ab + 9b2) 72 +10a°b° (a — b) v + 5a505. (4.5)

Examples of 5-periodic billiard trajectories are shown in Figs. 5 and 6.
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Fig. 5. 5-periodic trajectories with an ellipse along the y-axis as caustic. On the left, the particle is bouncing
4 times off the relativistic ellipse and once off relativistic hyperbola (a =5, b = 2, v &~ 4.7375), while on the
right the billiard particle is reflected twice off relativistic ellipse and 3 times off relativistic hyperbola (a = 6,
b=4, v~ 1.4205).

Fig. 6. 5-periodic trajectories with an ellipse along the x-axis as caustic. On the left, the particle is bouncing
once off the relativistic ellipse and 4 times off the relativistic hyperbola (a = 6, b = 4, v & —3.9947), while on
the right the billiard particle is reflected twice off the relativistic hyperbola and 3 times off the relativistic
ellipse (a =6, b =4, v ~ —1.5413).

6-periodic trajectories

There is a 6-periodic trajectory of the billiard within (2.1), with a nondegenerate caustic C, if
and only if B3Bs — B2 = 0, which is equivalent to

0= (—(a + b)%4% 4 2ab(a — b)y + 3a2b2) ((a +b)(a — 3b)y% 4 2ab(a + b)y + a2b2) »
4.6
X ((a + b)%y% 4 2ab(a — b)y + a2b2) ( — (a+b)(3a — b)y* — 2ab(a + b)y + a2b2).

The first factor, —(a + b)2y? + 2ab(a — b)y + 3a?b?, is a constant multiple of Cy (see Eq. (4.1)),
thus it produces 3-periodic trajectories, which have already been studied.
The discriminant of the third factor (a + b)24? + 2ab(a — b)y + a?b? is —16a3b?, which is negative,
therefore the expression has no real roots in 7.
Next, we consider the second factor: (a + b)(a — 3b)y? + 2ab(a + b)y + a®b?> = 0, which has two
real solutions:
ab

y= (a+b)(a_3b)(—a—bi2\/ab+b2).
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Finally, we consider the fourth factor: —(a + b)(3a — b)y? — 2ab(a + b)y + a?b? = 0, which yields
two real solutions:

ab
(a+b)(3a —b)

Examples of 6-periodic trajectories with hyperbolas as caustics are shown in Fig. 7.

v = (—a—b:l:Z\/ab—l—a2).

1 1
1 1
1 1
1

1 1
1 1
1 1
1 1

Fig. 7. A 6-periodic trajectory with a hyperbola along the x-axis as caustic (a =5, b =3, v~ —3.2264 is
shown on the left, while another trajectory with a hyperbola along the y-axis as caustic (a =3, b =7 and
v~ 3.1189) is on the right. On the left, the particle bounces off the relativistic ellipse twice and 4 times

the relativistic hyperbola, while on the right the particle bounces off the relativistic ellipse 4 times and the
relativistic hyperbola twice.

7-periodic trajectories

According to Theorem 2, there is a T-periodic trajectory of the billiard within (2.1), with a
nondegenerate caustic C, if and only if the caustic is an ellipse, i.e., v € (=b,a), and
Cy C3 C4
Cy; Cy Cs |=0,
Cy Cs Cg
which is equivalent to
0=—(a+b)"* "% +4ab(a—b)(a—3b)(3a—b) (a® — 6ab+b*) (a + b)° 4!
+2a%b* (59a* — 332a%b + 626ab? — 332ab® + 59b*) (a + b)® 1
+28a%b% (a — b) (13a® — 38ab + 13b?) (a + b)° °
+a*b* (7a® + 30ab + 7b%) (630 — 84a’b — 384%6* — 84ab® + 63b*) (a + b)*~®
— 8a°b° (a — b) (21a* — 420a%b — 50a?b* — 420ab® + 21b*) (a + b)*~7 (4.7)
— 12a%° (105a* — 420a°b + 422a%b? — 420ab® + 105b*) (a + b)* 7S
—24a"b" (a — b) (75a% — 106ab + 75b%) (a + b)*~°
— 3a%b® (437a® — 726ab + 4370%) (a + b)* * — 4a°b? (a — b) (121a® + 250ab + 121b7) 4*
— 14a'%'0 (3a® + 14ab + 3b%) v* + 28a*'b" (a — b) v + Ta'?b".
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Examples of 7-periodic trajectories are shown in Fig. 8.

PaN

o B

X

Fig. 8. A 7-periodic trajectory with an ellipse along the x-axis as caustic (a = 3, b =7, v = —6.9712) is shown
on the left, while another trajectory with an ellipse along the y-axis as caustic (a =7, b = 3 and v ~ 6.9712)
is on the right. On the left, the particle bounces once off the relativistic ellipse and 6 times off the relativistic
hyperbola, while on the right the particle bounces 6 times off the relativistic ellipse and once off the relativistic
hyperbola.

8-periodic trajectories

There is an 8-periodic trajectory of the billiard within ellipse (2.1), with a nondegenerate caustic
C, if and only if

Bs B, Bs
B, Bs; Bg =0,
Bs Bs Br

which is equivalent to
0= (ab—ay—0by) (ab+ ay+by) (ab+ ay — by)
( (a+b)*~* — dab (a + b) (=b+ a)*+® — 2a%b? (a + b) (5a — 3b) v* — 4a°b> (a + b) v

+ a4b4) ((a + )t + 4ab (a4 b) (—b+ a)* 4> + 2a%0% (a + b) (3a — 5b) 42 (4.8)
+4a3b3 (a+ b) y + a4b4) ( (a® — 6ab + ) (a +b)* M + dab (—b+ a) (a + b)*4?
+20%? (302 + 2ab + 36%) 7 + 4a®V? (~b + a) 7 + a'd*).

In Figs. 9 and 10, three examples of 8-periodic trajectories are shown.

Summary of numbers of touching points with relativistic ellipses and hyperbolas

In the table below, we summarize the examples given in this section. Here, n; and no
represent the numbers of bouncing points off the relativistic ellipses and the relativistic hyperbolas,
respectively.
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Fig. 9. On the left, an 8-periodic trajectory with a hyperbola along x-axis as caustic (a =6, b= 3,
v~ —3.0151), with 2 vertices on relativistic ellipses and 6 on relativistic hyperbolas. On the right, an 8-
periodic trajectory with a hyperbola along y-axis as caustic (a =6, b =3, v~ 6.9168), with 6 vertices on
relativistic ellipses and 2 on relativistic hyperbolas.

Fig. 10. An 8-periodic trajectory with an ellipse along y-axis as caustic (a = 6, b = 3, v &= 5.3707). There are
2 reflections off the relativistic hyperbola and 6 off the relativistic ellipses.

4.2. Cayley-type Conditions and Discriminantly Separable Polynomials

Similarly to the case of Euclidean plane [16], the Cayley-type conditions obtained above have
a very interesting algebraic structure. Namely, the numerators of the corresponding expressions
are polynomials in 3 variables. As examples below show, those polynomials have factorizable
discriminants which, after a change of variables, lead to discriminantly separable polynomials in

the sense of the following definition (see Remark 2 for more details).

Definition 1 ([8]). A polynomial F(x1,...,x,) is discriminantly separable if there exist polyno-

mials f1(z1),..., fn(zn) such that the discriminant &, F of F with respect to x; satisfies

-@wiF(l‘l)"')i‘i)"')xn) = Hf](‘r])v
J#
foreach i =1,...,n.
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Period nqy + ny Caustic

=
3
)

n=3 Ellipse along y-axis
Ellipse along x-axis
n=4 Ellipse along x-axis
Ellipse along y-axis

Hyperbola along x-axis
n=>5 Ellipse along y-axis
Ellipse along x-axis
Ellipse along y-axis
Ellipse along x-axis

n==~6 Hyperbola along x-axis
Ellipse along y-axis
n="7T Ellipse along x-axis
Ellipse along y-axis

n=3y8 Hyperbola along x-axis

Hyperbola along y-axis

DD O N O RN R W NDNN N =N
N N O = O N R R E NN WY NN NN -

Ellipse along x-axis

Discriminantly factorizable polynomials were introduced in [9] in connection with n-valued
groups. Various applications of discriminantly separable polynomials in continuous and discrete
integrable systems were presented in [10-12]. The connection between Cayley-type conditions in
the Euclidean setting and discriminantly factorizable and separable polynomials has been observed
in [16]. As examples below show, the Cayley conditions in the Minkowski plane provide examples
of discriminantly factorizable polynomials which, after a change of variables, have separable
discriminants. It would be interesting to establish this relationship as a general statement.

Example 1. The expression (4.1) is
Ga(v,a,b) = — (a+b)* %+ 2ab(a — b) v + 3a*V?,
and its discriminant with respect to ~ is
2,Gy = 2* (a® + ab + b*) a®b?,
which is obviously factorizable.
Example 2. The expression (4.3) is
Gs(v,a,b) = —(ab+ ay + by)(ab + ay — by)(ab — ary — by)
and its discriminant with respect to - is factored as
2,G3 = 25a%b% (a + b)*.
Example 3. The expression (4.5) is
Ge(v,a,b) = (a+b)°~% —2ab(a—b) (a — 3b) (3a — b) (a + b)*~°
— a?b? (290 — 54ab + 296%) (a + b)* v* — 36a®b% (a — b) (a + b)* 7
—a'p? (9(12 + 34ab + 9b2) 72 +10a°° (a — b) v + 5a°1°.
is discriminantly factorizable since its discriminant with respect to -y is

2.,Ge = —5 - 244(27a5 + 81a°b + 322 a*b? 4 50936 + 322426 + 81ab® + 276°) (a + )% b0,
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Example 4. Let us denote the expression (4.6) as
Gs(v,a,b) =(3a — b)(a — 3b)(a + b)%+® + 8ab(a — b)(a + b)°~7
—4a’?(3a* — 24a%b +10a2b% — 24 ab® + 3b%) (a 4 b)* F
~8a%b% (a —b) (9a% — 14ab+9b?) (a +b)*~°
—10a*b* (11a® — 18ab+ 116?) (a + b)*v* — 72a°0° (a — b) (a + b)* 4*
—4a%° (a+3b) 3a+b)7? +8a"b"(a — b)y + 3a%1°.
We find that the discriminant of Gg with respect to ~ factors is
2,Gg = —2% (a® + ab+b%) (a +b)"b™a™.
Example 5. The discriminant Z,Gi3 of the expression in (4.7) is
DGy = — 9184 2 (a+ b)40 (ab)172><
x (84375a'? 4 506250atb + 4266243 a'°b? 4 16690590 a”b> + 34989622 a®b?
+ 45383698 a"b° + 46564971 a®b°® 4 45383698 a®b” + 34989622 a*b® + 16690590 a>b?
+ 4266243 a?b'° + 506250 ab't + 84375 b'2),

thus, Gis is a discriminantly factorizable polynomial.

Example 6. The discriminant 2,G15 of the expression (4.8) is
P,Gis = — 2215(ab)?™ (27 a® + 46 ab + 271%) (a + b)® x
X (a5 +5a*b +10a%b® + 10a%0® + 5adb* + b5) X
x (a” 4+ 7a% + 21 a°b* + 35a*b® + 35a%b* + 21 a?b° + Tab® + ") x
X (8a?% 4 27b%° 4 200 a*b + 2427 a*1b? + 19048 a**b> + 108652 a**b* + 479688 0> b°
+ 1703702 a?°65 + 4993208 a'?b7 + 12286692 a'*b® + 25688608 a7 b + 46007797 a6 b°
+ 70961808 a5 b + 94556312 a'4b'? + 108998288 a13b'3 + 108671412 a2 b
+ 93545968 a1 15 + 69297712 a'9b1® + 43955208 b T +23703317 a6 +10761608 ¢ b'?
+ 4059132 a®b%° + 1248808 a°b*! + 305302 a*b?* + 57048 a®b*3 + 7652 a*b** + 656 ab®)
x (27 0% + 8b?° 4 656 a*b + 7652 a*1b? + 57048 a*3b> 4 305302 a**b* + 1248808 a*'b°
+ 4059132 6?85 + 10761608 a'?b” + 23703317 a'®® + 43955208 47" + 69297712 06510
+ 93545968 a5 b + 108671412 a**b'? + 108998288 a'®b'? + 94556312 a2 b
+ 70961808 a1 b'® +46007797 a0 + 25688608 b7 + 12286692 a®b® +4993208 a7 b?
4 1703702 a%b?° + 479688 a®b*t + 108652 a?b?? + 19048 a>b* 4 2427 a®b** + 200 ad*),
so Gis is a discriminantly factorizable polynomial.

Remark 1. Since the determinants obtained in Theorem 2 are symmetric in a, —b, and -, the
discriminants with respect to a and b of the polynomials in Examples 1-6 will be also factorizable.

Remark 2. We observed in Examples 1-6 that all polynomials are discriminantly factorizable.
However, it is important to note that their factors are homogeneous, thus, by a change of

~ ~ b
variables, say, (a,b) — (a,b), with b = | transforms the polynomials into discriminantly separable
a

polynomials in new variables (a, b):
2.,Gy = 2% a8 (1 +b+ 62) :
. N 2
2,Gy = 28 a8} (1 n b) ,
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~ ~ ~ N N N N A8
9.Gg = —5.21%0p% (27 + 81b + 3226 + 5090 + 3220% + 815° + 27b6) (1 + b) ,
~ ~ ~ A\ 18
2,Gs = 2% a5 (145+8%) (1+0) .

5. ELLIPTIC PERIODIC TRAJECTORIES

Points of the plane which are symmetric with respect to the coordinate axes share the same
elliptic coordinates, and hence there is no bijection between the elliptic and the Cartesian
coordinates. Thus, we introduce a separate notion of periodicity in elliptic coordinates.
Definition 2. A billiard trajectory is n-elliptic periodic if it is n-periodic in elliptic coordinates
joined to the confocal family (2.2).

Now we will derive algebro-geometric conditions for elliptic periodic trajectories.
Theorem 3. A billiard trajectory within £ with the caustic C, is n-elliptic periodic without being
n-periodic if and only if one of the following conditions is satisfied on € :

(a) C, is an ellipse, 0 <y < a, and nQo — (n — 1)Qy — Q_p ~ 0;

b) C, is an ellipse, —=b < v <0, and nQp — (n — 1)Qy — Q4 ~ 0;

(b) C
(c¢) C, is a hyperbola, n is even and nQy — (n —2)Qy — Q_p — Qq ~ 0;
) Cy is a hyperbola, n is odd, and nQy — (n —1)Qy — Qq ~ 0;

) C

(d
(e) Cy is a hyperbola, n is odd, and nQy — (n —1)Qy — Q_p ~ 0.

Moreover, such trajectories are always symmetric with respect to the origin in Case (c). They are
symmetric with respect to the x-axis in Cases (b) and (d), and with respect to the y-axis in Cases
(a) and (e).

Proof. Let My be the initial point of a given n-elliptic periodic trajectory, and M; the next point
on the trajectory with the same elliptic coordinates. Then, integrating (2.3) My to M; along the
trajectory, we get

n1(Qo — Qay) +n2(Qo — Qp,) ~ 0,

where n = nq + no, and n1 is the number of times that the particle hits the arcs of £ with time-like
metrics, and ng the number of times it hits the arcs with space-like metrics. We denoted by a; the
largest negative member of the set {a, —b,~}, and by f; its smallest positive member.

The trajectory is not n-periodic if and only if at least one of ny, ns is odd, which then leads to
the stated conclusions. O

The explicit Cayley-type conditions for elliptic periodic trajectories are:

Theorem 4. A billiard trajectory within € with the caustic Q. is n-elliptic periodic without being
n-periodic if and only if one of the following conditions is satisfied:

(a) Cy is an ellipse, 0 <y < a, and

Dy Dy Ds
Dy D,
D, =0, =0, Dy D3 Dy |=0,... for n=246,...
Dy Dj
Ds D4y Ds
Ey E35 Eu
Ey FEj
Ey, =0, =0, Es Ey E; |=0,... for n=357,..;
Es E,
Ey FE5 Eg
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(b) C, is an ellipse, —b < v < 0, and

E, B, Ej
Ei Ey
Ey =0, =0, FEy Es3 E,; |=0,... for n=246,...
Ey, Es
Es E, Es
Dy, D3 D,
Dy D
Dy =0, =0, Dy Dy Ds |=0,... for n=3,5T7,...;
D3 Dy
Dy Ds Dg
(¢) Qy is a hyperbola, n even and
o o Cy Cy Cs
C1 =0, b =0, Cy Cs Cy|=0,... for n=246,...
Cy C4
Cy Cy Cjs
(d) Q, is a hyperbola, n is odd, and
Dy, Ds D,
Dy D3
Dy =0, =0, D3 Dy Ds |=0,... for n=3,5T7,....
D3 Dy
Dy D5 Dg
(e) Qn is a hyperbola, n is odd, and
By, By E,
Ey, Es
Ey, =0, =0, Es Ey E; |=0,... for n=357,....
FEs E4
Ey E5 Eg

Here, we have denoted:
Vela—z)(b+x)(y — )
a—x
Vela—x)(b+x)(y — )
b+z
the Taylor expansion around x = 0, while Bs and C's are as in Theorem 2.

:D0+D1$—|—D2$2—|—...,

= Ey+ Eiz + Fax® + .. .,

Proof. (a) Take first n even. Using Theorem 3, we have
nQON (n_l)Q’y+Q—bN (n_2)QOO+Q—b+Q’y ~ (n_2)Qoo+Qoo+QaN (n_l)Qoo“‘Qa'
The basis of Z((n — 1)Quo + Qa) is
n/2—1
2 /21 Y ry Y

1,33,1’,..., ) ) ) )
r—a r—a Tr—a

thus, a nontrivial linear combination of these functions with a zero of order n at x = 0 exists if and
only if

D, /o Dy .. D1
Dn/2+l Dn/2 oo Do —0
Dy 4 Dy > e Dn/2
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For odd n, we have
nQo ~ (n—1)Qy + Q—p ~ (n — 1)Qoc + Q—p-
The basis of Z((n —1)Qc + Q_p) is

n—l)/2—1y

9

n—1)/2 Yy xry 33(
"z4+b x+b  x+b

thus, a nontrivial linear combination of these functions with a zero of order n at x = 0 exists if and
only if

Ep-1)211 Ewm-12 .- E2
En-1)212 Em-1)241 --- E3 _0
E, 1 En 2 R e YL X
Case (b) is done similarly as (a).
(¢) We have nQo ~ (n —2)Qy + Q—p + Qo ~ (n — 1)Qoc + Q5.
(d) We have nQo ~ (n — 1)Q'y + Qo ~ (n—1)Qoo + Q-
(e) We have nQp ~ (n — 1)Qy + Q—p ~ (n — 1)Qoo + Q. O

6. EXAMPLES OF ELLIPTIC PERIODIC TRAJECTORIES: 2 <n <5
2-elliptic periodic trajectories

There is a 2-elliptic periodic trajectory without being 2-periodic of the billiard within (2.1), with
a nondegenerate caustic C, if and only if, according to Theorem 4 one of the following is satisfied:

e the caustic is an ellipse, with v € (0,a) and D; = 0;
e the caustic is an ellipse, with v € (=b,0) and E; = 0;

e the caustic is a hyperbola, n is even, and C7 = 0.

We consider the following equations:

b)y — ab b b —b b
Dlz(a+ )y —a o, _ _(a+d)y+a o, Olz(a ¥ +a o,
2/ adby 2/ ab3y 2/ aby3
which, respectively, yield the solutions for the parameter v of the caustic:
_ab B ab B ab
TTawr 7T e 7T ey

Some examples of 2-elliptic periodic trajectories without being 2-periodic are shown in Figs. 11
and 12.
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PN

7

Fig. 11. A 2-elliptic periodic trajectories with ellipses as caustics. On the left, the caustic is an ellipse along
x-axis (a =5, b =3, v = —15/8), and on the right an ellipse along y-axis (a =5, b =7 and v = 35/12).

Fig. 12. A 2-elliptic periodic trajectory with a hyperbola as caustic (a =7, b = 3, v = —5.25).

S-elliptic periodic trajectories
There is a 3-elliptic periodic trajectory without being 3-periodic of the billiard within (2.1), with
a nondegenerate caustic C, if and only if one of the following is satisfied:

e F5 =0 and either the caustic is an ellipse with v € (0,a) or the caustic is a hyperbola with
n even;

e Dy = 0 and either the caustic is an ellipse with v € (—b,0) or the caustic is a hyperbola.
The equations Fo = 0 and Dy = 0 are, respectively, equivalent to
—(a + b)(3a — b)y* — 2ab(a + b)y + a*b* = 0, (6.1)
(a +b)(a — 3b)y* + 2ab(a + b)y + a®b* = 0,
which, respectively, yield the pairs of solutions for the parameter ~ of the caustic:
(—a — b=+ 2va? + ab)ba (—a — b=+ 2Vb2 + ab)ba

(@+b@Ba—b 7T (a+b)(a—3b)
Examples of 3-elliptic periodic trajectories which are not 3-periodic are shown in Figs. 13-15.
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Fig. 13. 3-elliptic periodic trajectries with hyperbolas as caustics. On the left, the caustic is orientied along
the x-axis (a = 6, b =3, v &= —3.1595918), and on the right along y-axis (a = 3, b = 5, v & 3.2264236).

Fig. 14. A 3-elliptic periodic trajectory with an ellipse along x-axis as caustic (a =9, b = 2, v =~ —0.8831827).

X7

Fig. 15. A 3-elliptic periodic trajectory with an ellipse along y-axis as caustic (a = 4, b =9, v ~ 1.312805).

4-elliptic periodic trajectories

There is a 4-elliptic periodic trajectory without being 4-periodic of the billiard within (2.1), with
a nondegenerate caustic C, if and only if, according to Theorem 4, one of the following is satisfied:

e the caustic is an ellipse, with v € (0,a) and D3D; — D3 =0, i.e.,

(a4 b)*y* — dab(a + b)(a — b)*y> — 2a%b%(a + b)(5a — 3b)y* — 4a3b>(a + b)y + a'b* = 0;
e the caustic is an ellipse, with v € (—=b,0) and E3E; — E5 =0, i.e.,

(a4 b)*yt + dab(a + b)(a — b)*y> + 2a%b%(a + b)(3a — 5b)y* + 4a3b>(a + b)y + a'b* = 0;
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e the caustic is a hyperbola and C3C; — C2 =0, i.e.,
(a® — 6ab + b?)(a + b)*y* + 4ab(a — b)(a + b)*~® + 2a%b? (30> + 2ab + 3b%)+?
+ 4a®b®(a — b)y + a*b* = 0.

Each real solution v for the above equations for some fixed values of a and b will produce a
4-elliptic periodic trajectory which is not 4-periodic. Some examples are shown in Fig. 16.

Fig. 16. 4-elliptic periodic trajectories. On the left, the caustic is an ellipse (a = 5, b = 3, v &~ 4.6216), and it
is a hyperbola on the right (a =5, b = 3, v ~ —3.0243).

5-elliptic periodic trajectories

According to Theorem 4, there is a 5-elliptic periodic trajectory without being 5-periodic of the
billiard within (2.1), with a nondegenerate caustic C, if and only if one of the following is satisfied:

e the caustic is an ellipse, with v € (0,a) or a hyperbola and F2Ey — E2 =0, i.e.,
(50 — 10ab + b*)(a + b)*+° + 2ab(5a — 3b)(a + b)*~°
— a?b?(a + b)(9a® — 45a%b — 5ab® — 156%)y* — 4a3b3(a + b)(9a? — 10ab + 5b2)~>
— a*b*(a + b)(29a — 15b)72 — 6a’b(a + b)y 4 a8 = 0;

e the caustic is an ellipse, with v € (—b,0) or a hyperbola and DaDy — D3 =0, i.e.,
(a® — 10ab + 5b%)(a + b)*7° + 2ab(3a — 5b)(a + b)*4°
+ a?b*(a + b)(15a> + 5a%b + 45ab® — 963 )y* + 46363 (a + b)(5a? — 10ab + 9b*)~>
+ a*b*(a +b)(15a — 29b)y* + 6a°b°(a + b)y + a®b° = 0.

Each real solution v for the above equations for some fixed values of a and b will produce a
5-elliptic periodic trajectory which is not 5-periodic. Some examples are shown in Fig. 17.

Discriminantly separable polynomials and elliptic periodicity

Since the case n = 2 is trivial, we start with the case n = 3.
From (6.1) and (6.2), we have

Gi(a,b,y) = —(a +b)(3a — b)y? — 2ab(a + b)y + ab?,
Ga(a,b,7) = (a +b)(a — 3b)y* + 2ab(a + b)y + a?b?,
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7
1

Fig. 17. 5-elliptic periodic trajectories. On the left, the caustic is an ellipse (a =7, b =4, v ~ —3.3848) and
a hyperbola on the right (a =3, b =7, v = 3.4462).

and we calculate the discriminants, which factorize as follows:
2,G1 = 16a*b*(a +b), 2,Gy = 16b%a*(a +b).

Similarly, for n = 4, we have
Gs(a,b,v) = (a + b)*y* — dab(a + b)(a — b)*y> — 2a%b%(a + b)(5a — 3b)7? — 4a®b(a + b)y + a*b?,
Gy(a,b,y) = (a + b)*4* + 4ab(a + b)(a — b)*v> + 2a®b*(a + b)(3a — 5b)y? + 4a®b>(a + b)y + a’b?,
Gs(a,b,v) = (a® — 6ab + b*)(a + b)*~y* + 4ab(a — b)(a + b)*y> + 2420 (3a® + 2ab + 3b%)~?
+ 4a®b*(a — b)y + a*b*.
The discriminants of these polynomials factorize as follows:

2,G3 = —2'%a1%p™ (842 + 8ab + 27b%)(a + b)*,

2.,Gy = —21%a1*p1%(27a® + 8ab + 8b*)(a + b)*,

2,G5 = 212(32a° — 4916°b — 439a*b? + 19400 — 62a2b* — 39ab° + 50°)(a + b)*b*5al?.

“ ~ b
Using the transformation (a,b) — (a,b), where b = | we get
a

2.,Gy = 16a5b*(1 + b),

2.,Gy = 16a°b>(1 + b),

2.,Gg = —21663pM (8 + 8b + 276%) (1 + ),

D.,Gy = —21543016(27 + 8b + 8b%)(1 + D),

2.,Gs = 2'2a%5b15 (32 — 491b — 4390% + 1946° — 620* — 39b° + 5b%)(1 + b)°.

7. POLYNOMIAL EQUATIONS

Now we want to express the periodicity conditions for billiard trajectories in the Minkowski
plane in terms of polynomial functions equations.

Theorem 5. The billiard trajectories within € with caustic Cy are n-periodic if and only if there
exists a pair of real polynomials pq,, q4, of degrees di, dg, respectively, and satisfying the following:
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(a) if n =2m is even, then dy = m, do =m — 2, and

s = (5= 1) (s ,) (5= ) et =1

(b) if n=2m+1 is odd, then dy =m, do =m — 1, and

<s _ i) P2 (s) — s <s - i) <s + 2) 2 _1(s) = —sign-.

Proof. We note first that the proof of Theorem 2 implies that there is a nontrivial linear combination
of the bases (3.4) for n even, or (3.5) for n odd, with the zero of order n at x = 0.

(a) For n = 2m, from there we get that there are real polynomials p}, (x) and ¢, _,(z) of degrees
m and m — 2, respectively, such that the expression

P () = @ 2()V/e(a = 2) (b +2)(y — @)

has a zero of order 2m at x = 0. Multiplying that expression by
P (@) + @z (@) V/e(a = 2) (b +2)(y — @),
we get that the polynomial (p:n(m))2 —ela—z)(b+2x)(y - a;)(q;‘n_Q(m))z has a zero of order 2m at
x = 0. Since the degree of that polynomial is 2m, it follows that
(Pra(@))” = ela = 2) (b + 2) (3 = 2) (g ()" = ea®™,

for some constant c. Notice that ¢ is positive, since it equals the square of the leading coeflicient of
g
p¥.. Dividing the last relation by cz?™ and introducing s = 1/z, we get the desired relation.

(b) On the other hand, for n =2m + 1, we find that there are real polynomials p},(z) and
q},_1(x) of degrees m and m — 1, respectively, such that the expression

Vela—2)(b+2)(y — )
vy —x
has a zero of order 2m + 1 at z = 0. Multiplying that expression by

¢e<a—x><b+m><v—x>>

Pin() = @1 (2)

(v — =) (pfn(x) +qp-1(7) Yz

we get that the polynomial (y — z) (pq*n(ﬂv))2 —ela—2x)(b+x) (qﬁl_l(aj))z has a zero of order 2m + 1
at z = (. Since the degree of that polynomial is 2m + 1, it follows that

(v = 2) (P (@) = ea — 2) (b + 2) (g}, 1 (2))” = ca®™H,

for some constant c. Notice that ¢ is negative, since it equals the opposite of the square of the
leading coefficient of p,. Dividing the last relation by —ecz?™*! and introducing s = 1/x, we get
the desired relation.

Corollary 2. If the billiard trajectories within £ with caustic C are n-periodic, then there exist
real polynomials P, and Gn—o of degrees n and n — 2, respectively, which satisfy the Pell equation:

p2(s) —s <3 — i) (s + i) <s — i) @ 5(s)=1. (7.1)

Proof. For n =2m, take p, = Zp%n —1 and §n_2 = 2pm@Gm—o. For n=2m+1, we set p, =
2 (ys — 1) p, + sign~y and Gn—2 = 2pmGm—1- O
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Theorem 6. The billiard trajectories within & with caustic C, are elliptic n-periodic without being
n-periodic if and only if there exists a pair of real polynomials pq, , qa, of degrees d1, da, respectively,
and satisfying the following:
(a) C, is an ellipse, 0 < v < a, and

—n=2m is even, dy =dys =m —1,

s(s= 2@ (s ) (5= 1) st =1

—n=2m+11isodd, d =m,ds =m—1,

(s ) —s(s= 1) (s= 1) o =x

(b) Cy is an ellipse, —b < v < 0, and

—n=2mis even, di =do =m — 1,

(s )it = (s 0) (5= 1) s =1,

—n=2m+1isodd, di =m,dy=m—1,

(5= 0 ) —s(s4,) (s= 1 )l =1

(¢) C, is a hyperbola and n = 2m is even, di = dy =m — 1,

<3 - i) Pii(s) — s <s — i) <s + 2) ¢2,_(s) = —sign~y;

(d) Cy is a hyperbola, n =2m +1 is odd, dy =m, dp =m — 1,

(5= ) s (s4,) (s= )t =1

(e) C, is a hyperbola, n =2m + 1 is odd, di =m, dy =m — 1,

<s + 2) P2 (s) —s <s — i) <s — i) @ 1 (s)=1.

Proof. (a) For n = 2m, the proof of Theorem 4 implies that there are polynomials p},_(x) and
q;,_1(z) of degrees m — 1, such that the expression

)\/(a—w)(bﬂ)(’y—w)

a—T

Pr—1(2) = g1 (z
has a zero of order 2m at x = 0. Multiplying that expression by

\/(a—w)(b+m)(’y—m)>

a—x

(@ — ) (pfn_l(x) +qm1(7)

we get that the polynomial (a — x) (pin_l(:r))2 —(a—z)(b+x) (q;fn_l(:r))2 has a zero of order 2m
at z = (. Since the degree of that polynomial is 2m, it follows that

(a—2)(ph_1 (€)= (0 + 2) (v — 2) (g5 () = cz®™,
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for some constant c. Notice that c is positive, since it equals the square of the leading coefficient of
q;,_1- Dividing the last relation by cx®™ and introducing s = 1/z, we get the desired relation.

For n = 2m + 1, the proof of Theorem 4 implies that there are polynomials p},(z) and ¢}, _;(x)
of degrees m and m — 1, such that the expression

( ) \/(a - l‘)(b + l‘)(’}/ - l‘)

Pin() — G b
has a zero of order 2m + 1 at z = 0. Multiplying that expression by

@ ¢<a—x><b+az>w—x>>

(b+x) (p,’;,(x) + a1 btz

we get that the polynomial (b+ z) (p,’;l(a:))2 —(a—z)(y—2x) (q;f‘n_l(m))z has a zero of order 2m + 1
at x = 0. Since the degree of that polynomial is 2m + 1, it follows that

(b+2) (phy(2))* = (a — &) (v — 2) (1 (2))* = ca®™

for some constant c. Notice that c is positive, since it equals the square of the leading coefficient of
pi,. Dividing the last relation by cz?™*! and introducing s = 1/z, we get the desired relation.

(b) For n = 2m, the proof of Theorem 4 implies that there are real polynomials p’ _;(x) and
q;,_1(z) of degrees m — 1, such that the expression

V=(a—2)(b+z)(y - )
b+z
has a zero of order 2m at x = 0. Multiplying that expression by

\/—(a—w)(b+w)(7—w)>
b+ x ’

Pr—1(®) — ¢ ()

(b+x) (p:q,—l(x) + Gm_1()

we get that the polynomial (b+ a:)(p;l_l(m))z +(a—x)(y —x) (q;f‘n_l(a:))2 has a zero of order 2m
at x = 0. Since the degree of that polynomial is 2m, it follows that
« 2 « 2 m
(b+2) (Pr1(2))” + (a = 2) (v = 2) (g1 ()" = ez®™,

for some constant c. Notice that c is positive, since it equals to the square of the leading coefficient
of ¢f,_;. Dividing the last relation by cz?™ and introducing s = 1/z, we get the desired relation.

For n = 2m + 1, the proof of Theorem 4 implies that there are polynomials p},(z) and ¢, _;(x)
of degrees m and m — 1, such that the expression

V—(a—2)(b+x)(y - z)

(@) = dfa (2) o

has a zero of order 2m + 1 at = = 0. Multiplying that expression by

\/—(a—:r)(bJrﬂC)(v—w))

a—x

(@ — ) (pi%(ﬂc) + @1 ()

we get that the polynomial (a — x) (p;’;l(z))z +(b+x)(y—2) (q,’:qj_l(m))2 has a zero of order 2m + 1
at z = 0. Since the degree of that polynomial is 2m + 1, it follows that
« 2 « 2 m
(a—2)(pr(@)” + b+ ) (v —2) (gr 1 (@) = ca®™

for some constant c. Notice that ¢ is negative, since it is opposite to the square of the leading
coefficient of p,. Dividing the last relation by —cz?™*! and introducing s = 1/, we get the desired
relation.
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For (c), the proof of Theorem 4 implies that there are polynomials real p}, (z) and ¢, _;(x) of
degrees m and m — 1, such that the expression

Vela—2)(b+2)(y — )
vy —x
has a zero of order 2m + 1 at = = 0. Multiplying that expression by

(o) VE@— D)+ a)(y - x))

Pin() = @1 (%)

(y =) (pi%(w) + -1 2z

we get that the polynomial (y — z) (pq*n(ﬂv))2 —ela—2x)(b+x) (q;ﬁl_l(ﬂv))2 has a zero of order 2m + 1
at x = 0. Since the degree of that polynomial is 2m + 1, it follows that

(v = &) (@) — ela = 2)(b + 2) (g5 1 (2))° = ca”™
for some constant c. Notice that ¢ is negative, since it is opposite to the square of the leading
coefficient of pZ,. Dividing the last relation by —ecz?”*! and introducing s = 1/z, we get the
desired relation.
(d) The proof of Theorem 4 implies that there are real polynomials p}, (z) and ¢, _;(z) of degrees
m and m — 1, such that the expression

. . Vela—2)(b+2)(y — )
pm(m) qm—l(x) a—z
has a zero of order 2m + 1 at = = 0. Multiplying that expression by

)¢e<a—x><b+m><v—x>>

a—x

(@ — ) (p?;b(w) + 41 (@

we get that the polynomial (a — x) (p:;l(ﬂj‘))Q —elb+x)(y—x) (q;ﬁl_l(a}))z has a zero of order 2m + 1
at z = 0. Since the degree of that polynomial is 2m + 1, it follows that

(a = 2)(pra(@))” = e(b +2)(y = 2) (451 (2))” = ea®™
for some constant c. Notice that ¢ is negative, since it is opposite to the square of the leading
coefficient of p,. Dividing the last relation by —cz?™*! and introducing s = 1/x, we get the desired
relation.
(e) For n = 2m + 1, the proof of Theorem 4 implies that there are real polynomials pj,(z) and
q;,_1(z) of degrees m and m — 1, such that the expression

Vela—a)(b+a)(y —x)
b+zx
has a zero of order 2m + 1 at = = 0. Multiplying that expression by

¢e<a—x><b+x><v—x>>

Pin() = @1 (2)

(b+x) <pfn($) + @1 (%) b+

we get that the polynomial (b + x) (p;ﬁl(:r))2 —ela—z)(y—x) (q’:,hb_l(ﬂv))2 has a zero of order 2m + 1
at z = (. Since the degree of that polynomial is 2m + 1, it follows that
* 2 * 2 m
(b+2) (prn(2))” —ela — 2)(y = 2) (g1 (2)) " = ca®

for some constant c. Notice that c¢ is positive, since it equals the square of the leading coefficient
of p%,. Dividing the last relation by cz?™*! and introducing s = 1/x, we get the desired relation. [

After Corollary 2 and relation (7.1), we see that the Pell equations arise as the functional
polynomial conditions for periodicity. Let us recall some important properties of the solutions of
the Pell equations.
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8. CLASSICAL EXTREMAL POLYNOMIALS AND CAUSTICS
8.1. Fundamental Properties of Extremal Polynomials

From the previous section we know that the Pell equation plays a key role in functional-
polynomial formulation of periodicity conditions in the Minkowski plane. The solutions of the
Pell equation are the so-called extremal polynomials. Denote {c1,ca,c3,¢c4} = {0,1/a,—1/b,1/~v}
with the ordering c¢; < ¢3 < c3 < ¢4. The polynomials p,, are the so-called generalized Chebyshev
polynomials on two intervals [c1, ca] U [e3, ¢4], with an appropriate normalization. Namely, one can
consider the question of finding the monic polynomial of certain degree n which minimizes the
maximum norm on the union of two intervals. Denote such a polynomial as P,, and its norm L,,. The
fact that polynomial p,, is a solution of the Pell equation on the union of intervals [c1, co] U [c3, c4]
is equivalent to the following conditions:

(2) ﬁn:pn/iLn

(i7) the set [c1, ca] U [e3, 4] is the maximal subset of R for which P, is the minimal polynomial
in the sense above.

Chebyshev was the first who considered a similar problem on one interval, and this was how
celebrated Chebyshev polynomials emerged in the 19th century. Let us recall a fundamental result
about generalized Chebyshev polynomials [5, 6].

Theorem 7 (A corollary of the Krein —Levin — Nudelman Theorem [19]). A polynomial
P, of degree n satisfies a Pell equation on the union of intervals [c1, ca] U [c3, c4] if and only if there
exists an integer ny such that the equation holds:

ny /6:3 f(s)ds = n/:o f(s)ds, f(s)= \/H?:is B Ci). (8.1)

(Here C' is a nonessential constant.) The modulus of the polynomial reaches its maximal values Ly,
at the points ¢; : |Py(c;)| = Ly.

In addition, there are exactly 71 = n —ny — 1 internal extremal points of the interval [c3, c4] where
|P,| reaches the value Ly, and there are 79 =mny — 1 internal extremal points of [c1,ce] with the
same property.

Definition 3 ([15, 16, 20]). We call the pair (n,n1) the partition and (71, 72) the signature of
the generalized Chebyshev polynomial F,.

Now we are going to formulate and prove the main result of this section, which relates ni,no the
numbers of reflections off relativistic ellipses and off relativistic hyperbolas, respectively, with the
partition and the signature of the related solution of a Pell equation.

Theorem 8. Given a periodic billiard trajectory with period n = ni 4+ no, where ny is the number
of reflections off relativistic ellipses, no the number of reflections off the relativistic hyperbolas, then
the partition corresponding to this trajectory is (n,n1). The corresponding extremal polynomial p,
of degree n has n1 — 1 internal extremal points in the first interval and n — nqy — 1 = ny — 1 internal
extremal points in the second interval.

Proof. Recall that ¢1 < ¢ < ¢3 < ¢4. From equation (3.2), one has

0 0
ny | flz)de+ny | flx)de =0, (8.2)
B1

a1
where oy is the largest negative value in {a, —b,~v} and (; the smallest positive value in {a, —b,~v}.
The proof decomposes to the following cases:

e Case 1: C, is an ellipse and vy < 0, shown in Fig. 18;
e Case 2: C, is an ellipse and v > 0, shown in Fig. 19;
e Case 3(i): C, is a hyperbola and v < —b, shown in Fig. 20;
e Case 3(ii): C, is a hyperbola and v > a, shown in Fig. 21.
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[ @ @ J
—b v 0 a
[ @ @ L
1 1
Y ; a
[ @ @ L
C1 Co C3 C4

Fig. 18. Case 1: a1 = v, f1 = a.

[ L 4 4 L
—b 0 Y a
[ L 4 4 ]
1 1 1
b a Y
@ @ @ ®
c1 Co C3 C4
Fig. 19. Case 2: 1 =y, a1 = —b.
@ @ L 4 @
Y —b 0 a
Lo - - -
1 1 1
b ¥ a
o - = L
C1 Co C3 C4
Fig. 20. Case 3(3): /1 = a, a1 = —b.
[ L 4 4 9
—b 0 a Y
[ L 4 4 9
1 1 1
b ¥ a
@ @ @ ®
C1 C2 C3 Cy4

Fig. 21. Case 3(#): f1 = a, a1 = —b.

We provide a proof in Case 1. The proofs for other cases are analogous.
Equation (8.2) is equivalent to

0=m Lof(x)dx+n1 /Oaf(a:)da:~l—n2/aof(a:)da:—n1 /Oaf(:z:)dzz:
a 0
:nlL f(:z:)d:v+(n1~|—n2)/a f(z)dz,
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thus
nl[Y f(z)dz = (nq +n2)/0 f(z)dz.

Since the cycles around the cuts on the elliptic curve are homologous:

A s = [ :f(m)dx,

—b a
n1/_ flz)dz = (n1 + ng)/o f(z)dx.
1 1 1

(8.2) is equivalent to

1
Substituting: s= ,c1= ,co=—,,¢c3=0,¢c4 = (see Fig. 18), we get that
x v b a
0

m [ F(s)ds= (i +no) [ Fls)ds
-1/b 1/a

is equivalent to
c3 oo
n1/ f(s)ds = (n1 + ng)/ f(s)ds, (8.3)
c2 Cq
where f(s)ds is obtained from f(z)dz by the substitution. O

In particular, for n = 3, if the caustic C, is an ellipse with v < 0, then n; = 1. Such polynomials
and corresponding partitions (3,1) do not arise in the study of Euclidean billiard trajectories. On
the other hand, if the caustic C, is an ellipse with v > 0, we have n; = 2. Such polynomials for
~ > 0 can be explicitly expressed in terms of the Zolatarev polynomials, see Proposition 1. Since
their partition is (3,2), they appeared before in the Euclidean case (see [16]). The corresponding
extremal polynomials ps in both cases v < 0 and v > 0 are shown in Fig. 22. We will provide in
Proposition 6 explicit formulae for such polynomials in terms of the general Akhiezer polynomials.

Let us recall that the Chebyshev polynomials T},(z),n = 0, 1,
To(l‘) =1, Tl(l‘) =, Tn+1($) + Tn—l(l‘
for n =1,2... can be parameterized as

T,(x) = cosng, == cosao, (8.5)

Tn(az):;<v”+v1n>, m:;<v+11)>. (8.6)

Denote Lo =1 and L, =2'"",n =1,2,.... Then the Chebyshev theorem states that the polyno-
mials L, T),(z) are characterized as the solutions of the following minmax problem:

find the polynomial of degree n with the leading coefficient equal to 1 which minimizes the uniform
norm on the interval [—1,1].

2,... defined by the recursion:
) = 22T, (x), (8.4)

or, alternatively,

8.2. Zolotarev Polynomials

Following the ideas of Chebyshev, his student Zolotarev posed and solved a handful of problems,
including the following ([5, 16]):

For the given real parameter o and all polynomials of degree n of the form
p(x) = 2" —nox™ 4 per™ 2 + ... py, (8.7)

find the one with the minimal uniform norm on the interval [—1,1].
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1 @
[ ) ) ®
C1 Co C3 \ / Cyq
—1 ) ®
1 e ° °
C1 82' C3f 04.
-1 ® ®

491

Fig. 22. On the left: the polynomial p3 corresponding to n =3, n1 =1, no =2, v < 0. On the right: the

polynomial ps corresponding ton =3, n1 =2, na =1, v > 0.

Denote this minimal uniform norm as L,, = L(o,n).

For o > tan?(m/2n), the solution 2, has the following property ([5], p.298, Fig. 9):

II1 — The equation z,(x) = Ly, has n — 2 double solutions in the open interval (—1,1) and simple
solutions at —1,1,c, B, where 1 < a < 3, while in the union of the intervals [—1,1] U [«, 5] the

inequality 22 < Ly, is satisfied and z, > Ly, in the complement.
The polynomials z,, are given by the following explicit formulae:

1 ) sn?y + sn? &
T = n
bl

o=t (00" +

v(u)™ sn2y — snﬂ;’
where
, 1 ( VAB3(0) )2” oy O (=)
T \e()es()) 00 (5 +u)
and

e (1 69
7= cnf dnf sn%f 0y (Irf) '

Here 0;, 1 = 0,1,2,3 are the classical Riemannian theta functions and

1
dt
K- / .
0 V(1= 2)(1—kt?)
The formulae for the endpoints of the second interval are
_1+/12$n2[§ 1+ snﬂrf

o = =
dn?E 7 en2&
n n
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with
PRRCESICES))
(a+1)(B-1)
According to Cayley’s condition, for n = 3 and v € (0,a) we have
ab(a — b) + 2abv/a? + ab + b2
(a+b)?

In order to derive the formulas for p3 in terms of z3, let us construct an affine transformation:

h:[-1,1]Ue, 8] = [-bH00U[a" 7Y, h(z) = ax +b.
We immediately get

~ 1
a=—b a=,
and
a=2t+1,
2b
=5
where t = b/a.

Now we get the following

(8.10)

(8.11)

Proposition 1. The polynomial ps can be expressed in terms of the Zolotarev polynomial z3 up to

a nonessential constant factor:

]33(3) ~ 23(2b8 + 1).

To verify the proposition, we need to make sure that the definition of o and 5 from (8.9) for
n = 3 and relations (8.10), (8.11) are compatible with the formula for v we have obtained before

as Cayley’s condition, see (4.2).

In order to do that, we will use well-known identities for the Jacobi elliptic functions:

Sn2u + cn2

k?sn?u + dn?u =1,

u=1,

snucnvdnov + snvcnudnu

sn(u +v) = 1 — k2 sn2u snv ’
cnu
sn(K —u) = dnw’

In particular, we get
< 2K :2sn§cn§dn[3{
3 1 — k2sn? [g

2 K cn[g{
sn<3K>:sn<K— 3>: dng'

K
Y =
().

then from the previous two relations we get as in [16]:

1—2Y +2x%Y2 — k2Y* = 0.

Let us denote

(8.16)

(8.17)
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We can express k in terms of Y and get

, 2V —1

T yseoyy

(8.18)

By plugging the last relation into (8.9) for n = 3, we get

Y2 -4y +1
y2—-1 °

o =

Since at the same time from the Cayley condition we have o = 2t + 1, with ¢ = b/a, we can express
Y in terms of ¢:

tY242Y — (t+1) =0,

and
—1EV1+t+1t2
We plug the last relation into the formula for 8 from (8.9) for n =3
1+Y?
IB = 2 )
1-Y
and we get another formula for 3 in terms of ¢:
2%+t +2—£2Vt2 +t + 1
g WAtT V2 +t+ . (8.20)

—t—24+2V/2 +t+1

We see that the last formula with the choice of the + sign corresponds to a formula for 8 from
(8.11). This formula relates 5 and vy from the Caley condition (4.2). From (8.20), taking the positive
sign in [ yields

22t 2-2V2 4t 41

8.21
’ —t—2+42V12 +t+1 (8.21)
Substituting (8.21) into (8.11) produces
2b —2—t+2V1+t+1¢2
Y _ +2vV1+t+ . (8.22)
B=1 "24t+2—-2V1+t+12
On the other hand, from the Cayley formula (4.2) we have
ab
= —b+2va%+ ab+ b?).
ol (a+b)2(a +2va? +ab+ )
. b L .
Knowing that ¢ = , the equation is equivalent to
a
1—t+2V1+t+12
_ +2V1+t+ (8.23)

(1+1¢)2

In order to show that the two expressions in (8.22) and (8.23) are identical, we simplify their
difference that yields zero. This finalizes the verification. (One can observe that the — sign option
from the formula (8.20) would correspond to the — sign in the formula for v (4.2).

Among the polynomials p, the property of type II1 can be attributed only to those with
n = 2k + 1 and winding numbers (2k + 1, 2k), in other words, to those with the signature (0, 2k — 1).
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8.3. Akhiezer Polynomials on Symmetric Intervals [—1, —a] U [«, 1]

The problem of finding polynomials of degree n with the leading coefficient 1 and minimizing the
uniform norm on the union of two symmetric intervals [—1, —a] U o, 1], for given 0 < o < 1, turned
out to be of significant interest in radio engineering applications. Following the ideas of Chebyshev
and Zolotarev, Akhiezer derived in 1928 the explicit formulae for such polynomials A, (z;a) with
the deviation L, («) [5, 6].

These formulas are especially simple in the case of even degrees n = 2m, when Akhiezer
polynomials A, are obtained by a quadratic substitution from the Chebyshev polynomial T,:

. (1—a?)m 222 — 1 —a?
Ao (x5 00) = o2m—1 T 1 a2 , (8.24)
with
(1—a?)m
LQm(a) = 922m—1

We are going to construct ps4(s) up to a nonessential constant factor as a composition of A4(z; )
for certain o and an affine transformation. We are going to study the possibility of having an affine
transformation

g:[-1,—a]U[a,1] = [ L,y M ul0,a7Y), g(z) =az+ b,

which corresponds to the case when v < —b ie a > b. For n = 4 such a caustic is (4.4):

_ab
TS h_a
From g(—1) = —b71, g(1) = a~! we get
A_Cl+b lA)_b—CL
“T oup ~ 2ab
Then, from g(a) =0 we get
_a—1b
Ca+b

Finally, we calculate:
a+bb—a b—a b-—a
9(=a) = 2ab a+b + 2ab  ab

We recognize v~ " on the right-hand side of the last relation.
This proves the following:

1

Proposition 2. In this case the polynomial p4(s) is equal, up to a constant multiplier, to

Pa(s) ~ Ta(2abs® + 2(a — b)s + 1), (8.25)

1
where Ty(z) = 22% — 1 is the second Chebyshev polynomial and x = ) (2ab8 +a— b).
a

Let us study the possibility of having an affine transformation
f : [_17 —Oé] U [Oé, 1] - [_b_lv 0] U [’7_17 a_l]a f(l‘) =ax + l;a
which corresponds to the case when v > a, i.e., a < b. For n = 4 such a caustic is
ab

T

REGULAR AND CHAOTIC DYNAMICS Vol. 24 No. 5 2019



PERIODIC BILLIARDS WITHIN CONICS 495

From f(—1) = —b~1, f(1) =a! we get
P a+b P _ b—a
2ab ’ 2ab
Then, from f(—a) =0 we get
b—a
a+b

Finally, we calculate:

a+bb—a b—a b—a

fla) = 2ab a—l—b+ 2b  ab

We recognize v~ on the right-hand side of the last relation.
This proves the following proposition, which is the same as (8.25).

1

Proposition 3. In this case the polynomial py(s) is equal, up to a constant multiplier, to

Pa(s) ~ To(2abs® + 2(a — b)s + 1), (8.26)
1
where Ty(z) = 222 — 1 is the second Chebyshev polynomial and x = atb (2ab8 +a— b).
Let us study the possibility to have an affine transformation

hi:[-1,—a]U[o,1] — [y L =b7U[0,a7Y], h(z) =ax+b,

which corresponds to the case when v € (—b,0). For n = 4 such a caustic is

B ab
T Tt
From h(1) = a™!, h(a) = 0 we get
1 1 A a 1
a g b = — .
“Tiaa l-aa
Then, from h(—a) = —; we get
a a
l—a 2b
ie.,
_a
a+2b
Finally, we calculate:
1 a 1

h-1)=—(1+_ ")

l1-a’a 1—-aad’

a1l al 1 1 a+b

2b)a_2ba__a_b ab

We recognize v~ on the right-hand side of the last relation.
This proves the following:

h(-1)=—-(1+

1

Proposition 4. In this case the polynomial py(s) is equal, up to a constant multiplier, to

. 2a2bs? + 2a%s — (a+ b
Pa(s) ~Ts ( ( )> ;

8.27
a+b ( )

where Ty(x) = 22% — 1 is the second Chebyshev polynomial.
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Let us study the possibility to have an affine transformation
l:]-1,—a] U, 1] = [-b750]U et 7Y, I(z) = az + b,

which corresponds to the case when v € (0,a). For n = 4 such a caustic is

_ab
TS a4
From [(—1) = =b7 1, I(—a) = 0 we get
1 1 A a 1
A: b: .
T aw 1—ab
1
Then, from (o) = we get
a
a b
l—a 2a
ie.,
b
 b+2a’
Finally, we calculate:
a 1 a 1
I(1)y=(1
(1) (+1—a)b+1—ab’

b1 b1 1 1 a+b

l(l):(1+2a)b+2ab:a+b: ab

We recognize v~ ! on the right-hand side of the last relation.
This proves the following:
Proposition 5. In this case the polynomial py(s) is equal, up to a constant multiplier, to

9 22_22 _
ﬁ4(s)~Tg< ab®s b*s (a—l—b)>’

2
a+b (8.28)

where Ty(x) = 222 — 1 is the second Chebyshev polynomial.

8.4. General Akhiezer Polynomials on Unions of Two Intervals

Following Akhiezer [1-3], let us consider the union of two intervals [—1, o] U [8, 1], where

a=1-2s0("K), B =2sn2 <"_mK> ~1. (8.29)
n n
Define
1
TA,(x,m,k) =1L <v”(u) + v”(u)) ; (8.30)
where
_ 01 (u — ’ZZ’K) _ sn?(u) cn2(’:K) + cn?(u) sn2(’:K)
vlu) = 01(u+"K)’ v sn?(u) — sn?(" K) ’
and

1 6(0)6500) o 2B-a)
b= o (emK)eg(?;K))’ T (l—a)1+8)

Akhiezer proved the following result:
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Theorem 9 (Akhiezer).

(a) The function T A, (x,m, k) is a polynomial of degree n in x with the leading coefficient 1 and
the second coefficient equal to —nTy, where

g SR E) () ( 1 9/(7;K)> |

dn(™K) sn(*"K)  0("K)

(b) The maximum of the modulus of T A, on the union of the two intervals [—1,a] U [5,1] is L.

(¢) The function T A,, takes values +L with alternating signs at ;1 = n —m+ 1 consecutive points
of the interval [—1,a] and at v = m + 1 consecutive points of the interval [3,1]. In addition,

TA,(a,m,k) =TA,(B,m,k) = (—1)"L,
and for any x € (o, ) the following inequality holds:
(-D)"TA,(x,m,k) > L.

(d) Let F be a polynomial of degree n in x with the leading coefficient 1, such that:

i) max|F(z)| =L forx € [-1,a)U|[B,1];

1) F(x) takes values £L with alternating signs at n —m + 1 consecutives points of the interval
[—1,a] and at m+1 consecutive points of the interval [3,1].

Then F(z) =TA,(z,m,K).

Let us determine the affine transformations when the caustic is an ellipse.
Case v € (=b,0). For h:[-1,0]U[3,1] = [y~ 1, =b~1U[0,a™ '], k() = ax + b, we get

11, p1 1-8
““a_ab "T B-—ab B-a a
Thus,
_pB-1  a-p
fy_l—l—ﬁa_ﬁ+1b. (8.31)

Example 7. For n = 3 and m = 2. From (8.29), one gets
2 K
a:1—25n23K, ﬁ:25n23 —1.

It follows that
b 1-— 1— sn2X&
. 3 (8.32)
a b —« sn?Z K + sn?3 —1
Thus,
a—0 1—sn2§—8n2§K

= 8.33
B+1 snﬂg{ ( )

From the addition formula:

K) snK cn _3K dn _BK + sn _BK cnK dnK

2
sn K=sn|K-— =
3 < 3 1 — k2sn? —3K sn2K
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Hence,
2K 22
sn22K: 1— sn 3 _ sn 3K—1 '
3 1—/12sn2[§ mzsn2§K—1
Let snK =7
3
9 27 —1
K = .
Z3(2—-27)
Also,

a=27°—-4Z+1, B=27°-1.
Equation (8.32) implies that
11—z
C2Z-1

Thus, we have two expressions for . One is from the Cayley condition (4.2) and the other is from
(8.31). We want to show that these two expressions are identical, that is,

t (8.34)

b;:_f =0 j_bb)2(—a+b+2\/a2+ab+b2). (8.35)
In order to do so, we first express both the left-hand side and the right-hand side of the above
equation in terms of ¢ = Z and then transform both sides in terms of Z. We show that the left-
and the right-hand sides yield the same expression:
72— 741
2Z —1
therefore, (8.35) holds.

Case v € (0,a). Forl:[-1,a]U[B,1] = [-b~1,0]U[a~ !, A7Y], I(z) = az + b, we get
1 1

6 o @ I a+l a
Ca+1b’ Ca41b B—a b
Thus,
a+1
= b. 8.36
=L, (8.36)
Example 8. For n = 3, and m = 1. From (8.29), one gets
K 2K
a:1—25n23, 5225n23 —1.
b — sn??K + sn?& — 1
_p= e E (8.37)
a a+1 1—sn23
Thus,
1= snng
7= snﬂg{ '

From the addition formula:
2K <K K> snk cn _3K dn _BK + sn —3K cnK dnK
= sn — .

sn =
3 3 1 — k2sn? —3K sn?K
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Hence,
2 1— sn2&
2 3
K= .
g 1— k2 Snzé{
Let sn® = Z:
,  2Z7-1
kS = .
Z3(2—-2)
Also, B = —272+4Z —1,and a = 1 — 2Z2. Equation (8.37) implies that
27 —1
t=— .
72 17 (8.38)

Thus, we have two expressions for v. One is from the Cayley condition (4.2) and the other is from
(8.36). Similarly, as in Example 7, we can show that these two expressions are identical.

Proposition 6. Forn =3 and v € (—b,0), the polynomial ps is up to a nonessential factor equal
to

K K
p3 ~ TAs <2a <1— sn? 3>s+25n2 3 —1;2,/{) .
Forn =3 and v € (0,a), the polynomial p3 is up to a nonessential factor equal to

pg ~ TAg <2b (1— sn2[§> 8+1—28n2§;1,ﬂ> .

Now, using the Akhiezer theorem, part (¢) (see Theorem 9), one can compare and see that the
number of internal extremal points coincides with n; — 1 and ny — 1 as proposed in Theorem 8.
These numbers match Fig. 22 and the table from Section 4.1.

9. PERIODIC LIGHT-LIKE TRAJECTORIES AND CHEBYSHEV POLYNOMIALS

The light-like billiard trajectories, by definition, have at each point the velocity v satisfying
(v,v) = 0. Their caustic is the conic at infinity C. Since successive segments of such trajectories
are orthogonal to each other, the light-like trajectories can close only after an even number of
reflections. In [13]*Theorem 3.3, it is proved that a light-like billiard trajectory within £ is periodic
with even period n if and only if

a km n n
< = . .
arccot\/be{n |1\k<2,<k,2) 1} (9.1)

For k not being relatively prime with n/2, the corresponding light-like trajectories are also periodic,
and their period is a divisor of n.
Applying the limit v — 400 in Corollary 2, we get the following proposition.

Proposition 7. A light-like trajectory within ellipse £ is periodic with period n = 2m if and only
if there exist real polynomials py,(s) and §m—1(s) of degrees m and m — 1, respectively, if and only

if
o p2(s)— <s - i) (s—i— 11)> G2,_1(s) =1; and

® (jm_l((]) =0.

The first condition from Proposition 7 is the standard Pell equation describing extremal
polynomials on one interval [—1/b,1/a], thus, the polynomials p,, can be obtained as Chebyshev
polynomials composed with an affine transformation [—1/b,1/a] — [—1, 1]. The additional condition
Gm—1(0) = 0, which is equivalent to p/,(0) =0 implies an additional constraint on parameters a
and b. We have the following
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Proposition 8. The polynomials p,, and the parameters a,b have the following properties:

2ab a—>

e p(s) =T <a+ pS + ot b>’ where T, is defined by (8.5);

o the condition Gm—1(0) = 0 is equivalent to (9.1).

Proof. The increasing affine transformation h : [—1/b,1/a] — [—1, 1] is given by the formula h(s) =
(2abs +a —b)/(a +b). The internal extremal points of the Chebyshev polynomial 75, of degree m
on the interval [—1, 1] are given by

k
xk:cos< 7T>, k=1,...,m—1,
m

according to the formula (8.5). The second item follows from h(0) = xj. This is equivalent to

a_be{cos<k7r> |k:1,...,m—1},
a+b m

which is equivalent to (9.1). O
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