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Abstract—Chow and Luo [3] showed in 2003 that the combinatorial analogue of the Hamilton
Ricci flow on surfaces converges under certain conditions to Thruston’s circle packing metric
of constant curvature. The combinatorial setting includes weights defined for edges of a
triangulation. A crucial assumption in [3] was that the weights are nonnegative. Recently we
have shown that the same statement on convergence can be proved under a weaker condition:
some weights can be negative and should satisfy certain inequalities [4].

On the other hand, for weights not satisfying conditions of Chow —Luo’s theorem we observed in
numerical simulation a degeneration of the metric with certain regular behaviour patterns [5].
In this note we introduce degenerate circle packing metrics, and under weakened conditions
on weights we prove that under certain assumptions for any initial metric an analogue of
the combinatorial Ricci flow has a unique limit metric with a constant curvature outside of
singularities.
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1. INTRODUCTION

The Ricci flow on a two-dimensional closed surface was introduced by R.Hamilton in [1]. The
solution for the Ricci flow exists for all time, and after a suitable normalization the solution
converges to a constant curvature metric as time goes to infinity [1, 2].

The combinatorial Ricci flow for triangulated surfaces was introduced by Chow and Luo in [3].
They gave a complete description of the asymptotic behavior of the solution to the combinatorial
Ricci flow under certain assumptions. Both the Euclidean and the hyperbolic background geometry
were considered.

Let us give a brief description of their results. Consider a closed surface X with a triangulation 7.
Let V = {A1,...,An} be the set of vertices of T. The set of all edges and faces is denoted by E
and F, respectively. A weight is a function w: F — (—1,1]. Given a triple (X,7T,w), Thurston
defined @ circle packing metric in the following way (see [6]). To each vertex A; € V assign a
number 7; > 0. For the Euclidean background metric assume that each face is a flat Euclidean
triangle. For an edge e;; joining vertices A; and A; define its length

_ 2 2
lij = \/Tz‘ + Ty + QTZ'Tij'j,

where w;; = wj; = w(A;A;). A circle packing metric is a collection r = {r; >0 : j=1,...,N}.
Clearly, only those r should be considered which define the collection {l;;} so that the triangle

“E-mail: pepa@physics.msu.ru
“E-mail: popelens@mech.math.msu.su

298



COMBINATORIAL RICCI FLOW FOR DEGENERATE CIRCLE PACKING METRICS 299

inequalities are satisfied on each face of triangulation. It is not difficult to show that for nonnegative
weights any choice of r = {r; >0 : j=1,..., N} satisfies this condition, see [6].

The curvature K; at A; is defined to be

AAZ‘AjAkEF

The combinatorial Ricci flow (as appeared in [3] for the first time) in the Euclidean background
is the system of ODE
d?‘i

dt = —Kﬂ’i, 1= 1, ,N. (12)

For the Euclidean background metric it is useful to consider the normalized Ricci flow

dT‘Z'

dt = _(Kz —K(w)n, 1= 1,...,N, (13)

where K% = 2”’5\5)(). A function 7;(t) is a solution to the Ricci flow (1.2) iff eX*"r;(t) is a solution
to the normalized Ricci flow (1.3). The circle packing metrics of constant curvature K; = K are

N
the equilibrium points of (1.3). The product [] r; is a first integral of the normalized Ricci flow.
i=1
Assume I C V is a proper subset of vertices. Let F7 be the subcomplex formed by simplices with
vertices from I. Let Lk(I) be the set of pairs (v,e), v € I, e € E, such that both end points of e
are not in I and v, e form a triangle.

Theorem 1 (see [3]). Suppose (X, T, w) is a triangulation T of a closed connected surface X with
a fized weight function w > 0. Then for any initial metric r(0) the solution r(t) to the normalized
combinatorial Ricci flow (1.3):

(a) exists for all t > 0;

(b) converges to a metric of constant curvature K = 2W>]<V(X) iff for any proper subset I C V.
2| I[x(X)/|V] >~ Y (7 —arccosw(e)) + 2mx(F)); (1.4)

(e,v)ELK(I)

(¢) converges to a metric of constant curvature exponentially fast under conditions (1.4) of
statement (b).

For surfaces of negative Euler characteristic it is natural to consider a piece-wise hyperbolic
metric. Namely, assume that each face is a triangle with the hyperbolic metric of constant curvature
—1. The length of the edge e;; joining vertices A; and A; is defined by the equation

cosh l;; = cosh r; cosh r; + sinh r; sinh 7;w;;.

It is not difficult to show that for nonnegative weights any choice of r ={r; >0 : j=1,...,N}
defines the collection {l;;} so that the triangle inequalities are satisfied on each face of triangulation,
see [6].
The Ricci flow is the system of ODE
dr:
dZ’ — —K;sinhry, i=1,...,N. (1.5)

The curvature (or, to be more precise, the defect of the curvature) at A; is defined by the
formula (1.1).
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Theorem 2 (see [3]). Suppose (X,T,w) is a triangulation T of a closed connected surface X of
negative Euler characteristic with a fized weight function w > 0. Then for any initial metric r(0)
the solution r(t) to the normalized Ricci flow (1.5):

(a) exists for all t > 0;
(b) converges iff the following two conditions hold:

(b1) if for three edges e1, ea, e3 forming a null-homotopic loop in X one has i arccos w(ej) =
m, then these edges form the boundary of a triangle of T, =

(b2) if for four edges ey, e, €3, e4 forming a null-homotopic loop in X one has f: arccos w(e;) >
2w, then these edges form the boundary of the union of two adjacent triangles ofjgi

(¢) converges to a hyperbolic metric with all K; = 0, provided conditions (bl) and (b2) hold.

The proofs of both theorems are based on representation of the Ricci flow as a negative gradient
flow of some convex function. In its own turn the convexity of the function is based on the following
fact from elementary geometry (Lemma 13.7.3 from Thurston’s book [6], see also [3] Lemma 2.2).
Denote by 6;,6; and 6), the inner angles of the triangle AA;A;A;. Then under the assumption
w € [0,1] we have 06,/0r, <0 and 06,/0r, >0 for p,q € {i,j,k}, p# ¢q. In our paper [4] we
proved that the same inequalities are true if for any face of the triangulation either all weights
are nonnegative or only one weight is negative, for instance, o < 0, and the other two, 8 and =, are
positive, so that o 4+ 3y > 0. This gives a partial answer to the question from [3] for what choices
of a weight function the statements of Theorems 1 and 2 can be proved. The same conditions were
independently found by Zhou, see [7], and were used by Xu in [8].

On the other hand, in our paper [5] we found several examples for which the statement of
Theorem 1 does not hold. Namely, for the tetrahedron AgAjAs A3z with the weights w1 = wez =
—0.8, wp2 = wia = wpz = wyz = —0.7 there exist 5 different equilibrium points of (1.2), that is, 5
different constant curvature metrics. One of them is a sink, and the other four are saddle points.
In every saddle point there are two nonattracting separatrices. One of them tends to the sink and
along the other the metric degenerates in such a way that one radius 7; tends to zero, while the
other three radii tend to infinity, and at the same time the curvatures have finite limits. These
observations suggest that there should exist a limiting circle packing metric which is in some sense
degenerate.

In the present paper we define a degenerate circle packing metric and prove analogues of
convergence theorems for both the Euclidean and the hyperbolic background geometry under
weakened assumptions on the weight function w. Apparently, these metrics are the limits which
were discussed in problem 3 of Section 7 of [3].

2. BASIC DEFINITIONS

Suppose T is a triangulation of a closed surface X. We assume that a lift of a closed face or an
edge to the universal cover X is an embedding. Denote the sets of vertices, edges and faces of T’ by V,
E, F, respectively. Divide the set of vertices into a disjoint union V' = V,, U Vg, such that there is no
edge connecting two vertices from V. Without loss of generality we can assume V,, = {Ay,..., Ay}
and Vg ={Apr41,...,An}. Vertices from V,, are called nondegenerate and vertices from V; are
called degenerate. Call a cell of T' (that is, an edge or a face) nondegenerate iff all its vertices are
nondegenerate, and degenerate otherwise. Denote the set of (non)degenerate edges and faces by Ey
(E,) and Fy (Fy,), respectively. Clearly, F = E,, LI E; and F' = F, Ll Fy. Sometimes it is useful to
denote a subset of vertices and the corresponding subset of indices by the same symbol.

A weight is a function w : E,, — (—1,1]. Fix a triple (X,T,w). A (degenerate) circle packing
metric is defined by a collection of numbers r = (r1,79,...,7n), where r; > 0 for 1 < j < M and
rj =0 for M +1 < j < N. This definition differs from the classical circle packing metric where all
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r; are positive, see [3, 6]. For the Euclidean background define the length of an edge connecting
two vertices A; and A; by the formula

12-2]- = Ti2 + 7“]2' + QT’iTj'LUZ'j. (21)
For a degenerate edge one of the numbers 7; or r; is zero, therefore the last term is assumed to be
zero, although the weight w;; is not defined. Moreover, if r; = 0, then [;; = r;. The curvature Kj;

at the vertex A; is defined as usual by formula (1.1).

The curvature at a degenerate vertex does not depend on r and can be expressed in terms
of the weight w. Indeed, let A; € V3 and AA;AjA;, € F. Then Aj, A, € V,,. By the cosine law

cos LA;A; A = —wjy, hence LA;A; Ay, = m — arccos(wjy). Therefore, for the curvature K; we have
the expression
K; =2n — Z (7 — arccos(wj)). (2.2)
AAA;ALEF

The combinatorial Ricci flow is the system of ODE

dr;
dz — Ky, i=1,..., M. (2.3)

Fori=M+1,M +2,...,N one has r; = ‘Zg’ = 0, therefore in (2.3) one can assume 1 < i < N.
For a degenerate metric define the averaged curvature K :

N
1
K™= | 2mx(X) - > K. (2.4)
j=M+1

The normalized combinatorial Ricci flow is the system of ODE

d .
" (Ki— K%Yy, i=1,..., M. (2.5)
dt
The normalized and nonnormalized Ricci flows are in a certain sense equivalent.
Lemma 1. Functions ri(t),i =1,..., M, are the solution of (2.3) iff functions e®""'r;(t) are the

solution of (2.5).

Proof. Let #;(t) = e®""tr;(t). Then

dr;it) = KaveK““tri(t) + GKM( - KZT’Z(t)) = (KCW - Ki)eKM"f’i(t) = _(Kz — K(w)fi(t).
O
The normalized combinatorial Ricci flow has the following useful property.
M
Lemma 2. The product [] r;(t) is a first integral for (2.5).
Proof. =1
M
J= av
@t = (> - - k)| [[ri) =0
j=1 j=1
O

For the hyperbolic background geometry the length of the edge e;; joining vertices A; and A; is
defined by the equation

cosh l;; = cosh r; cosh rj + sinh r; sinh rjw;;. (2.6)
As in the Euclidean case for a degenerate edge one of the radii r; or r; is zero, so the last term is

assumed to be zero, though the weight w;; is undefined. Clearly, for r; = 0 one has [;; = r;. The
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curvature K; at the vertex A; is defined as usual by formula (1.1). The curvature at a degenerate
vertex A;, M +1 < i< N, is given by (2.2).
The (hyperbolic) combinatorial Ricci flow is the system of ODE

dr
d:; — _K;sinhr, i=1,..., M. (2.7)
Fori=M+1,M +2,...,N one has r; = ‘fi’z =0, hence in (2.7) one can assume 1 < i < N.

Remark 1. Equations (2.1) and (2.6) explain why it is natural to assume that no pair of degenerate
vertices is connected by an edge. Indeed, otherwise the length of such an edge should be zero, and
this edge should be shrunk to a point. A face with three degenerate vertices should be shrunk to
a point, while a triangle with exactly two degenerate vertices should be shrunk to a segment. This
means that the initial triangulation T should be modified.

It is very important to determine the combinatorial type of the triangulation which appears at
the limit as time tends to infinity when Theorem 1 (or Theorem 2) is not applicable. We do not
address this question here.

Now we investigate the space of metrics for a triple (X,7T,w). Denote by R, the set of all
r € RM x (0,...,0) € RY such that for every face of the triangulation the triangle inequalities
hold.
Lemma 3. Suppose any face of the triangulation satisfies one of the following conditions:

(a) the face is nondegenerate and all the weights of its edges are nonnegative;

(b) the face is nondegenerate, exactly one weight o of its edges is negative, the other two weights,
B and 7y, are positive, and o + 5y > 0;

(c) the face is degenerate and the weight of the nondegenerate edge of the face is not equal to 1.

Then for both the Fuclidean and the hyperbolic background geometry one has Ry, = Rf\f’.

Proof. We need to check the triangle inequalities for any r. For a face satisfying (a) it was done
in Lemma 13.7.2 [6]. For a face satisfying (b) it was proved in [4]. For a face AA;A;A), with the
degenerate vertex A; it follows from the equalities l;; = r;, lix, = r and (2.1) or (2.6). O

We say that condition (W) is satisfied for a weight function w iff the condition of Lemma 3 is
satisfied.

The following statement plays a key role in the proof of the main properties of the combinatorial
Ricci flow.

Lemma 4. Let AA;Aj Ay be a face of the triangulation T, and 0;, 0;, 0) be the angles of this face
at the vertices A;, Aj, Ay, respectively. Suppose condition (W) is satisfied.
(a) Suppose NA;A;Ay, € Fy,. Then

00 .o
al) arZ <0, pedijk};

(
(a2) g7 >0, p,g € {i,5,k}, p # ¢;
(

1
0(0;+0;+0 0(0;+0;+0
CL3) 0+ i+ k) (0;+ 40

=0 for the Fuclidean case and oy ) <0 for the hyperbolic case, p €

Tp

{i,4.k}.

(b) Suppose A; € V4. Then
(b1) 97 <0 and 9% < 0;
(b2) 57 >0 and % > 0;

8(0,4+05) _ 8(0:+0,+05)
(b3) c%rp Y= 87“2 *

hyperbolic case, p € {j, k}.

=0 for the FEuclidean case, and 8(95:;6’“) = 8(9igii+9’“) <0 for the

00,

Moreover, in both cases the partial derivatives

n,m € {i,j,k}.

are elementary functions of r;, 7,1, where
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Proof. (a) For a nondegenerate face with nonnegative weights see Lemma 13.7.3 from [6]. Other
cases of nondegenerate faces were considered in [4].
(b) In the Euclidean case by the cosine law

2 _ .24 2 1 L 2 2 2 e — O 2 2 . . .
T =15+ UGp = 2rjljp cos 0 = i + 15 + g + 2wikriry — 2r; \/"r’j + 7% 4 2wjgryr; cos ;.
Since
dcost; —sin@-aej
= Iy
87’]’ 87’]'

the sign of the derivative gfj: is opposite to the sign of the derivative 8680745_%. By the formula for a
J J

derivative of a fraction the sign of 83;5_% coincides with the sign of
J

1
5 (rj + wikre) (r? + 1t + 2w TET;)y,

= (rF + 1 + 2wjpryre) — (5 + wierr)?

(rj + wjrri)y, (rF + it + 2wjprjry) —

_ 2.2 e 22222 o 2201 a2
=15+ T 2w5Erire — T — Wiy, 2rjrpwig = rjg(1 wjk)'

Therefore,
00;
7 <.
87"]'
Similarly, the sign of 8%3193- coincides with the sign of

1
(rj + wjkrk);k (7’]2 + 7“,% + 2w,rTE) — 2(7“]' + wjkrk)(r? + 7‘1% + 2wjk7“k7“j);k
= w7} + i} + 2wirsry) — (v + wire) (7 + wjpr;)

_ 2 2 2 .. . 2 2 2 — e 2
= WjkT] + WikT) + 2W5EriTE — TiTk — WikT; — WikTh — WjTkTj = r]rk(wjk 1).

Therefore,
00,
> 0.
87’k
The hyperbolic case is considered in the same way. A detailed calculation of the derivatives can be
found in the proof of Lemma 5. U

Lemma 5. Suppose the vertices A; and Ay, of a face NA;A; Ay, are nondegenerate. Then

0.
o0 Ty = % Tk for the Euclidean case,
87“]' aTk
06y, 00, (2.8)
sinhr; =  sinhry, for the hyperbolic case.
or; ory,

Proof. For a nondegenerate face, equality (2.8) holds for three pairs of vertices. This case was
considered in Lemma 2.3 of [3].

Now assume the vertex A; is degenerate. For the Euclidean background geometry using the
notation from Lemma 4 we have

T+ w;gr
cosl; = J qkTk .
\/7,]2 + 72+ 2wy
Similarly to the proof of Lemma 4, we obtain

90;  dcost; Tjrk(w?k -1

—sing; [ 7 = = .
T ory, ory, (7,]2 + 12 + 2wjrjry )3/
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Consequently, )
- 69] _ TL ) Tjrk(wjk; - 1)
ory, sint;  (r? 4 7 + 2wjprjry)>/?
d
an r-aek o rjrk(w?k -1)
J or; sin 0, (7*]2 + 7“,%, + 2wjkrjrk)3/2'

To complete the proof in the Euclidean case, we note that by the sine law one has
Ty . Tk
sin Qk N sin 9j '
For the hyperbolic background we proceed as follows. For a triangle AA; A; Ay, denote by z;, x;, zj,
the lengths of the edges opposite to the vertices A;, A;, Ay, respectively. By the sine law, the quantity
A;j, = sinh z; sinh 2 sin 6}, is symmetric in indices 7, j, k. By Lemma A1 of [3] we have two equalities

00,  sinhxy 00y, 00y,

= an = — cos ;.
Oxp  Agjk Ox; oxy, J
1 — 7. J— — Al 1 0 cosh Iy,
In our setting x; = li, x; = rg, xx = rj. Note also or, = simhily  ory Then
00, . . sinh x;, o0x;
sinhr; = sinhr; 1 —cos 0 !
Ir; Aijk or;

1 ) . 12
= sinh” r; sinh” [ ;
Aijkz sinh2 ljk ( I ik
— sinh rj(cosh r;j cosh i, — coshry,)(sinh 7; cosh 7, + wjj, cosh r; sinh rk))
(1— wjzk) sinh? 7; sinh? 7,

)

Az‘jk sinh2 ljk
where the rightmost quantity is clearly symmetric in indices j and k. O

Proposition 1. Let (X,T,w) be a closed surface X with a triangulation T and a weight function
w. Suppose ri(t),i =1,..., M, satisfy the equations ‘Z} = —L;i(r1,...,ra)8(r;), where s(r;) = r; in
the Euclidean case and s(r;) = sinhr; in the hyperbolic case. Then the time derivative of the inner

angle ka at the vertex A; € V,, of a face AA;Aj Ay can be written as
ik
(1) ™ = —By;(L; — Li) — Byx(Ly — L) — BAL; for AA;A; Ay € Fy;

ik
(2) dfé = —Bij(Lj — Ll) — B;\L; for AAZA]Ak € Fy with Ay, € Vy.
Assume, in addition, that w satisfies condition (W). Then Bj; = Bj; and B; are positive

elementary functions for all i,5 =1,...,M,i # j. Here A =0 for the Fuclidean background and
A = —1 for the hyperbolic background.

Proof. Case (1) was proved in [3], Proposition 2.4. For convenience we recall the proof:

ag? oe?t  ae?* , del* ,  opl* g7 g7
g = or r; + o, T+ O, T = — or, L;is(r;) — o Ljs(rj) — O Lys(ry)
g g 67" 967" 67"
— (L= L)s(ry) — " (Lp — L — [ s ©os(rg ‘ L;
87,j( i = La)s(r) = g0 (L= Li)s(ri) <8n s(ri) + o sri) + g, 5(%)
967" 67" 967" 007 00
= or, (Lj = Li)s(rs) = . (Li = Li)s(rj) ( or, S0+ 872 s(ri) + ark; s(ri) | Li

—Bij(Lj — L;) — Bjp(Ly, — L;) — B;L;.
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For case (2) assume Ay € V;. Then

aol _ ool , o0l ool o0
dt or; it 57“]' EA or; Lis(ri) a 57“]' S(rj)Lj
967" 967* 007"
= _ o, (Lj — L;)s(rj) — < ar, L;s(r;) + or; Lis(r;)

7

06]* 063" it
= — 67“j (Lj — Li)S(Tj) - ( o Lis(n) + 6”[,1-3(742-)

o0k 07" + 6k + 617
= - 8;- (Lj — Li)s(rj) — < 87“J- M) Lis(ry)
J 7
O

From Proposition 1 we deduce the evolution of curvatures at nondegenerate vertices.

Proposition 2. Assume w satisfies condition (W). Then in the assumptions of Proposition 1 for
1 <i< M one has

dK;
b= Z Oij(Lj — LZ') + AC; L,
dt .=
tg, <M
where Cy; = Cj; and C; are positive elementary functions in ry,...,ry, and the summation is over

all nondegenerate vertices A; adjacent to A;.

Proof. The statement follows directly from Proposition 1 since

dK; o7
> :

da
AA A ALER

3. EXISTENCE OF THE SOLUTION TO THE RICCI FLOW FOR ¢t € [0, 0)

Let M(t) = max (K1(t),...,Kp(t)) and M(t) = min (K1 (t),..., K (t)). The solution to the
combinatorial Ricci flow with any given initial metric exists for all ¢ € [0, 4+00). This can be proved
by the same argument as in [3] Section 3.4 using the following maximum principle.

Proposition 3. Let r(t) = (ri(t),...,7m(t)) be a solution to the Ricci flow (2.5) or (2.7) on an
interval. Then

(1) for the Euclidean geometry the function M (t) is nonincreasing and the function M(t) is
nondecreasing;

(2) for the hyperboilc geometry the function max (O,M(t)) 18 monincreasing and the function
min (0, M (t)) is nondecreasing.

Proposition 4. Let r(t) = (r1(t),...,rm(t)) is a solution to the mormalized Ricci flow (2.5).
Suppose the curve r(t) is contained in a compact subset of RY. Then r(t) converges to a point
mn Rf such that the corresponding curvatures at nondegenerate vertices are equal to K% =

1\14 (27rx(X) — '>% 1Kj). The convergence is exponentially fast.
=M+
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Proof. Consider the function
M M
g(t) = 3 (K1) = K™)* = YK (1) - M(K™).
j=1 j=1

For its derivative we have
M
g =2 Kjt)Kj(®)
j=1
Let us calculate K(t). By Proposition 2 for L; = (K; — K) we obtain
Kit)y= Y Cy((K;—K™) — (K —K™)= Y CyK;-K).

Jorii<M jii<M
Therefore,
M
g =2) > Cukj(Ki—Kj). (3.1)
Interchanging indices ¢ and j, we obtain another expression
M
g =23 > CyKi(K; - K. (32)
i=1 joi,j <M
The sum of (3.1) and (3.2) gives
g,(t) = -2 Z CZ](KZ - Kj)Q.
inj <M

The curve r(t) lies in a compact subset of RYM and the functions C;; are positive. Hence,
there exists a constant ¢; > 0 such than for any adjacent vertices A; v~ A; one has the inequality
Cij (T(t)) =>c > 0.

The Cauchy inequality

M M
> Y >3
SN
M SN M
for y; = K; — K; gives
M 2 M
> (K — Ky) > (K — Kj)?
Jj=1 < Jj=1
M = M
Therefore,
M
zl(Ki - Kj)?
(KZ _ Kav)2 < J= v
Taking a sum on ¢ from 1 to M, we obtain
M | M
> (K- K™)* < M > (K — Kj) (3.3)
i=1 ij=1
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Any two nondegenerate vertices A; and A; can be connected by a sequence of edges joining
consequently nondegenerate vertices A;, A;,, ..., 4;,, A;. Hence for the constant co =p+1> 0 we
have

(Ki — K;)? <o (K — Ky )2+ (K, — Kip)* + ...+ (K

ip

- K;)%).

Since the number of edges in such a sequence is bounded by |V,,| — 1, there exists a constant cg > 0
such that

M
S K- K <es Y (Ki—K)) (3.4)
i,j=1 1~j<M
From (3.3) and (3.4) we obtain
M c
S k< Y -
i=1 ij<M

hence,

MM CLU
Yo CyE-EK)Pza Y (K- Kj) Z - K

g <M 1~j<M

.
—

Therefore, there exists a constant ¢4 > 0 such that

M
g/ = -2 Z CZ](KZ — Kj)2 g —Cyq Z(KZ — K(w)2 = —C449.
inj <M =1

Now we have the inequality
g(t) < cxe™ 4t

for some positive constants ¢4 and cs. Finally, we obtain
( ch < Z Kav < 656—041&'

O

Proposition 5. Let r(t) = (r1(t),...,ram(t)) be a solution to the Ricci flow (2.7). Suppose curve
r(t) is contained in a compact subset RY. Then r(t) converges exponentially fast to a point
(ri,...,rym) € Rf such that the corresponding curvatures K1, ..., Ky vanish.

Proof. The proof is the same as that of Proposition 3.7 from [3]. O

4. RICCI FLOW AS A NEGATIVE GRADIENT FLOW

Consider the following change of variables. For the Euclidean background geometry define
uj = Inr;, and for the hyperbolic background geometry define u; = Intanhr;/2. Then both Ricci
flows, (2.3) and (2.7), take the form

de

g =K i=1 M (4.1)

Under assumption (W) for the Euclidean background u = (uy, ..., uas) belongs tod = RM | and
for the hyperbolic background u belongs to U = (—o0,0)™ ¢ RM. By Lemma 5
0K; O0K;

= ,7=1,... M.
8'[19 8UZ"Z’] )
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M
Hence, the 1-form Q = )" Kjdu; is closed. Since in both cases U is simply connected, there
j=1
exists a function F'(uq,...,ups) : U — R such that dF' = .

Proposition 6. Assume the weight function satisfies condition (W). Then

(a) for hyperbolic background the function F(uq,...,upr) is strictly convez;
(b) for the Euclidean background the function F(uq,...,up) is strictly convex on any plane
M
> uj = const.
j=1
Proof. The proof is the same as that of Proposition 3.9 from [3]. O

From this proposition it easily follows that in the hyperbolic background the metric is determined
by its curvatures, and that in the Euclidian background the metric is determined by its curvatures
up to a scalar multiple. This gives us rigidity of circle packings with degenerations.

5. DEGENERATION
Proposition 7. Suppose X is a closed surface with a triangulation T and a weight w, satisfying
condition (W). Let I be a proper subset of V,,. Denote by Dy the set of all degenerate vertices

adjacent to a vertex from I. Consider a sequence of metrics r(™ = (TZ(") ci=1,...,M) in the
(n) (n)
>

FEuclidean or in the hyperbolic backgound geometry such that li_}rn r; S
n (o]

0 forie{l,...,M}\ I. Then
lim ZKZ (T(”)) + Z K; =— Z (7 — arccosw(e)) + 2mx(Frup, )- (5.1)

n—oo - !
iel jeDy (e;,v)eLk(IUDy)

=0 foriel and lim r
n—oo

Moreover, for any metric v in the Euclidean or in the hyperbolic backgound geometry and any
proper subset I € V,, we have

ZKZ(’I") + Z K; > — Z (7 — arccos w(e)) + 2mx(Frup, )- (5.2)

iel JjE€D (e,v)€Lk(IUDy)

Proof. Equality (5.1) can be obtained by the same argument as the equality in Proposition 4.1
from [3] or at the end of the proof of Theorem 13.7.1 in [6] taking into account that the curvatures
at the degenerate vertices are fixed. But to prove (5.2) for the weight function w satisfying conditions
(W), we need to look at the details of the proof.

Denote by 67 * the inner angle at the vertex A; of a triangle AA;A; Ay of the triangulation 7.
The faces of the triangulation having a vertex in I U D are divided into three types 11,75, T3,
where a face belongs to T iff it has exactly s vertices in I U D counting multiplicities (in other
words, the lift of the face to the universal cover 7 : X — X has exactly s vertices in 7~ (I)). Write
the curvature at a vertex A; as 2r — a;. Then ) a; is equal to

i€lUDy
> 67" + > " + %) + > (7" + 0% + 6)).
A; €IUDy, A;,Aj € TU Dy, A, Aj, Ay € TU Dy,
AAiA]'Ak [SMA AAiA]'Ak [Sb AAiA]'Ak (SN

Applying the arguments from the proof of Proposition 4.1 of [3], we obtain the statement about
the limit behavior of ) K; (r(”)), namely, the formula (5.1).
i€l
For (5.2) note that 9? by 9;-]‘3 + 9,? in the third sum is not greater than 7 for any metric r. Also,
Hg Py 9;-'“ in the second sum is less than m for any metric . In the first sum there are two types
of terms. For A; € Dy we have 9{ ¥ — & — arccos wji. Finally, assuming that the weight w satisfies
condition (W) for A; € I, we have 927 ¥ < & — arccos wj by monotonicity from Lemma 4. O
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6. THE EUCLIDEAN CASE

Theorem 3. Suppose X is a closed surface with a triangulation T and a weight w, satisfying
condition (W).

The solution to the normalized Ricci flow (1.3) converges for any initial metric iff for any proper
subset I € V,,

[T\ K" + Z K; > — Z (7 — arccosw(e)) + 2mx(Frup, )- (6.1)
JED; (e,v)eLk(IUDY)
Furthermore, if the solution converges, then it converges exponentially fast to the metric with
K,=K® i=1,...,M.

Proof. Consider the set metrics
M
My ={(r1,...,rm) |ri>0forali=1,...,M and Hn =a},

where a > 0. Also consider the curvature map Z: M, - RM Z(r) = (Ki(r),...,Kn(r)). By
Proposition 6 the map = is injective. Its image is contained in the hyperplane

=< (Ky,...,Kuy) RM|ZK_27r£ Z K;

i=1 j=M+1

Consider the convex open polytope Px C II, defined by the inequalities

ZKi > — Z (7r — arccos w(e )) + 27nx(Frop, ) — Z K;,

i€l (e,v)ELk(IUDY) Je€Dr

where I runs through all proper subsets I C V,,. Then we have an injective continuous map

= : M, — Pk, where both M, and Px are homeomorphic to RM-1, By the invariance of the
domain theorem the map = is a homeomorphism of M, onto imZ=. Applying Proposition 7,

we see that imZ = Pg. Therefore, there exists a unique r(© = (r§0),.. (0)) € M, such that

2(rWY) = e € Pg, that is, the metric of constant curvature exists and is unique up to
=2(r©) = (K K®™) € Pk, that is, the metric of constant t ts and i t
scalar multiplication.

Now we pass to convergence of the normalized Ricci flow. As we have already seen, after the
change of variables u; = Inr;,7 =1,..., M, the normalized Ricci flow takes the form

dui
dt

Also, there is a function F' such that gfi = K;(u) — K*. Hence, the latter equation is the
negative gradient flow of F. Now we fix a = 1. The restriction of F' on the hyperplane Uy = {u €

— —(Ki(u) — K®). (6.2)

M
RM | 3" w; = 0} is strictly convex. By the argument at the beginning of the proof F' has a unique
i=1

critical point u(9) € Uy. Therefore, this point is a minimum of F. A gradient line of F with initial

point in Uy is contained in Uy. Let us show that a (negative) gradient line converges to w9,

Consider a negative gradient line u(t), that is, ng = —grad F'. Choose a sequence t,, — +00 and

denote u(™ = u(t,). Since F is bounded from below and dF(dli(t)) —|| grad F|,— |I?, it follows
that after passing to a subsequence we have grad F’ (u( )) — 0. For a sequence ™ corresponding

to u(™ this means that ll)I_il_l K;(r™) = K% Since there exists a neighborhood of the point
n o0

(K ..., K®) € Pk such that its closure is compact and is contained in Pk, passing to a
subsequence we see that 7™ belongs to a compact in M, and, therefore, contains a convergent

subsequence. Hence, u(™ contains a convergent subsequence. Therefore, all (negative) gradient
lines converge to a metric with K; = K*, i =1,..., M.

REGULAR AND CHAOTIC DYNAMICS Vol. 24 No. 3 2019



310 PEPA, POPELENSKY
7. THE HYPERBOLIC CASE

Theorem 4. Suppose X is a closed surface of negative Fuler characteristic with a triangulation T
and a weight w, satisfying condition (W).

The solution to the hyperbolic Ricci flow (1.5) converges for any initial metric iff for any subset
eV,

Z K; > — Z (7 — arccosw(e)) + 2mx(Fiup,)- (7.1)
JED; (e,v)ELk(IUDY)
Furthermore, if the solution converges, then it converges exponentially fast to the metric with
K,=0,i=1,...,M.
Proof. Consider the set of all metrics
M=A{(ri,...,rpr) | rs >0foralli=1,...,M}.
Also, consider the curvature map Z: M — RM Z(r) = (Ki(r),..., Ky (r)). By Proposition 6 the

map = is injective. By the Gauss—Bonnet theorem the image of = is contained in the halfspace
L ¢ RM_ given by the inequality

ZK>— ZK+27TX X).

j=M+1

Also, consider the subset Li C L, defined by the inequalities

ZKZ- > — Z (7r — arccos w(e )) + 2mx(Frup;) — Z Kj,

iel (e,v)€Lk(IUDYy) JED;
where I runs through all proper subsets I C V,,. Then = : M — Lk is an injective continuous map.
Both of them are homeomorphic to RM.

To prove that there exists a metric r(©) with K; (T(O)) =0fori=1,..., M, we proceed as follows.

Choose an initial metric r(0) such that the curvatures K;(r) are close to 27 for ¢ = 1,..., M. This
is possible by the following statement.

Lemma 6 (see [3], Lemma 3.5). Let A; € V,, and condition (W) be satisfied. Then for any

e > 0 there exists a number L such that for any r; > L and any r; and rj, the inner angle Hgk
of the hyperbolic triangle NA;A; Ay is smaller than €.

Fix a number § > 0 such that K;(r(0)) < 2m — 4. Consider the solution 7(t) to the hyperbolic
Ricci flow (1.5) with the initial value 7(0). By the maximum principle (see Proposition 3)

min <K1 (r@®),...,Ku (T(t)),O) is not decreasing as t — +oo. Therefore, K;(t) > 0 for all t > 0
and ¢ =1,..., M. On the other hand, max (Kl (r(t)),...,KM(r(t)),O) is not increasing, thus

K;(r(t)) <2m—6 for all t >0 and i =1,..., M. Therefore, K(r(t)) is contained in a compact
subset of L. Hence, the curve r(¢) is contained in a compact subset of M. By Proposition 5 7(t)

converges to a metric 7 with K; = 0 for i = 1,..., M. Therefore, () exists.
Now we pass to convergence of the Ricci flow (1.5). As we have already seen, after the change
of variables u; = Intanh % ,i = 1,..., M, the Ricci flow takes the form
du;
dtZ = —K;(u), (7.2)

where u € U = (—00,0)M. Also, there is a strictly convex function F on U such that 35; = K;(u).
Hence, the latter equation is the negative gradient flow of F'. By the argument at the beginning of
the proof, F has a unique critical point u(?) € U. Therefore, this point is a minimum of F. Let us
show that a (negative) gradient line converges to u(?.
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Consider a negative gradient line u(t), that is, Ccll? = —grad F. Choose a sequence t,, — +00 and
denote u(™ = u(t,). Since F is bounded from below and dF(;t(t)) = —| grad F,_y %, it follows

that after passing to a subsequence we have grad F' (u(”)) — 0. For a sequence r(™ corresponding
to u(™ this means that liril Ki(r(”)) = 0. Since there exists a neighborhood of the point
n—-+0oo

(0,...,0) € Lk such that its closure is compact and is contained in Ly, passing to a subsequence
we see that (™ belongs to a compact in M and, therefore, contains a convergent subsequence.

Hence, u(™ contains a convergent subsequence. Therefore, all (negative) gradient lines converge to
a metric with K; =0,i=1,..., M. O
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First of all, note that by the sine theorem equality (2.8) can be written as gi? sin @, = gfz sin 6;

for both the Euclidean and the hyperbolic geometries. Using the notation from the proof of
Lemma 5, denote by x;,xj,x) the lengths of the edges opposite to the vertices A;, A;, Ay of a
triangle AA; A; Ay, respectively. Assume that the angle 6; is fixed. Then by an elementary geometry
Oz;
Dy
example, one can consider the right-angled triangle AA,A;H, where H is the point on the geodesic

line A;A; such that the geodesic line Ay H is perpendicular to A;A;.

argument one can show that = cost; in both the Euclidean and the hyperbolic cases. For

. 27 .
In our setting w; = L, xj = ry, 1, = 75, and %l?{f = cos ¢;. Therefore, Egkléjfj = —sinf; - gfi. Then
2]
finally from the Mixed Derivative Theorem we find that this is equal to 8(?”jg7lfk = —sinfy - ‘gﬁf_. O
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