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Abstract—We consider a natural Lagrangian system defined on a complete Riemannian
manifold being subjected to action of a time-periodic force field with potential U(q,t,e) =
f(et)V(q) depending slowly on time. It is assumed that the factor f(7) is periodic and vanishes
at least at one point on the period. Let X, denote a set of isolated critical points of V(z) at
which V(z) distinguishes its maximum or minimum. In the adiabatic limit € — 0 we prove the
existence of a set &, such that the system possesses a rich class of doubly asymptotic trajectories
connecting points of X, for ¢ € &,.
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1. INTRODUCTION

We study a Lagrangian system on a complete Riemannian manifold M with Lagrangian
. 1.
ﬁ(q7Q7t7€) = 2|q‘2 _U(q7t7€)7 (11)

where the potential U(q,t,e) € C?(M x R,R) has the representation
Ulg;t,e) = f(et)V(q) (1.2)

with some periodic function f. The parameter ¢ is assumed to be small and the Lagrangian depends
slowly on time. The limit ¢ — 0 is called the adiabatic limit [1].
Introducing the slow time 7 = €t, we obtain a singular perturbed system:
2
€ dg
L ,€ /, — n2 _ Vv ’ A
(@ed,7) =, l¢]" = f(1)V(g), ¢ =
and the limit € — 0 can also be regarded as the anti-integrable limit [5, 6].

We note here that all results stated below are also valid for a system with Lagrangian
L(q,q,t,e) = K(q,q) — U(q,t,e), where the kinetic energy K is a positive definite quadratic form
in ¢ and U(q,t,e) satisfies (1.2). However, to simplify exposition, we prefer to consider the case

(1.3)

K= 5 |§|?. We will also assume that the manifold M is noncontractible to get a multiplicity result.

The study of transversal homoclinic and heteroclinic intersections for systems of type (1.1)
or (1.3) is the subject of many papers. In [8, 21] under assumptions that the system ¢” = D,V has
a pair of hyperbolic equilibria x, z1 connected by a heteroclinic (homoclinic if g = 21) orbit, while
the factor f is positive and has a nondegenerate critical point, the authors proved that for small
e # 0 the system (1.3) has a transverse heteroclinic (homoclinic) orbit connecting zy and z1. The
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main tool used in [8, 21] was the theory of exponential dichotomies. Due to the Birkhoff - Smale
theory this result also implies the existence of an infinite number of multibump trajectories close to
chains of heteroclinic orbits. Using the variational approach allowed constructing similar multibump
trajectories without the transversality assumption [5]. In [15, 24] the authors applied variational
arguments to prove the existence of infinitely many homoclinic orbits for systems of type (1.1)
without the smallness assumption on the parameter €. Another approach to establish homoclinic
(heteroclinic) intersections is due to singular perturbation theory [13]. Systems of type (1.1) give
the simplest example of the slow-fast systems. Indeed, the Hamilton equations associated to (1.1)
and considered in the extended phase space T M x R can be written as

G=p, p=—f(1)DV(g,T), T=e¢

Thus, (¢,p) can be considered as fast variables and 7 as a slow one. Setting € = 0, one gets the
so-called “frozen” system which is a one-parameter family with respect to the parameter 7. Under
the assumption that the frozen system possesses for all values of 7 a hyperbolic equilibrium which
depends smoothly on 7 one may prove (see, e.g., [29]) the existence of a periodic hyperbolic orbit
of the system (1.1) for sufficiently small ¢ # 0. Besides, if some Melnikov-type condition holds, the
separatrices of such a hyperbolic periodic orbit intersect transversally [13, 30]. It is to be noted
that the nonvanishing condition on the factor f is crucial for all mentioned results. The aim of this
paper is to prove the existence of a rich set of connecting orbits for the systems (1.3) in the case
when the factor f has at least one zero on its period. To formulate the main result, we introduce
some notations.

Due to compactness of the manifold M, the function V distinguishes maximum and minimum
on M. Let Vipax (Vinin) stand for the maximum (minimum) value of V. We introduce Xyax =
V= (Vinax) and Xpin = V1 (Vinin). Then in accordance with the behavior of the factor f one may
define a set X, as follows:

T, ={reR: f(r) > 0}, T ={reR: f(r) <0},

Xmaxa T = @,
Xe =14 Xpox U Xmin, Ta # 0, (1.4)
Xmin, T—i— = 0.

We assume that

(Ag) X, consists of isolated nondegenerate critical points of V.

In addition to (Ap), we also assume that f satisfies the following conditions:

(A1) there exist L different solutions 7; € T! = R/(TZ),l = 1,..., L of the equation f(7) = 0;

(Ag) for each I =1,...,L there exists a neighborhood of 7, where the function f can be
represented as f(7) = (1 — 71)*g;(7) with »¢ € N and some C'-function g; such that g;(r;) # 0.

In the theory of singular perturbed equations 7; is called the turning point and 7 is the order of
the turning point 7; [28]. Thus, (A1) and (A3) are equivalent to an assumption that the system (1.1)
possesses L different turning points of finite order.

We will say that a solution ¢: R — M is a heteroclinic (homoclinic) solution if there exist
x1,x2 € M (for the homoclinic solution zo = 1) such that ¢ joins z; to za, i.e., tEI_nOO q(t) = x1,
Jim o) =2 and lim_i(0) =0

Let T denote the period of the function f. It follows from the periodicity of a Lagrangian that
if q(t) is a solution of the system (1.1), then ¢(t + jT'/e) is also a solution for all j € Z. Thus,
connecting (i.e., homoclinic or heteroclinic) solutions are defined up to a translation.

Then we may formulate the main theorem.

Theorem 1. Under assumptions (Ag)—(Az) for any x1,x9 € X, there exist a positive £y and a
subset E, C (0,e9) such that for any € € &, the system (1.1) possesses a rich class of heteroclinic
(homoclinic) trajectories emanating from x1 and terminating at xs.

REGULAR AND CHAOTIC DYNAMICS Vol. 22 No. 5 2017



CONNECTING ORBITS NEAR THE ADIABATIC LIMIT 481

Remarks. 1. To prove this theorem, we construct connecting orbits of the system (1.1) which
stay most of the time in a small neighborhood of the set X. and leave this neighborhood when 7
approaches some of the turning points. In particular, for any x1,x2 € X, we prove the existence of
connecting orbits with a minimal number of bumps, the so-called one- or two-bump trajectories.
One-bump trajectories stay in small neighborhoods of the points x1,x2 and jump from one to
another when the parameter 7 is in a small (with respect to ) vicinity of a turning point 7;. Two-
bump trajectories connect 1 and xo via some intermediate critical point x,,;s. They stay near the
points 1, T4, 2 and jump from one to another as 7 gets close to turning points 7, 7,.

2. If 7, = 0 or 7_ = (), the subset &, coincides with (0,¢¢). It is also to be noted that in this case
the existence of heteroclinic (homoclinic) and multibump trajectories can be obtained by variational
methods for all € > 0 (see, e.g., [4, 25]). However, the origin of such trajectories is not related to
the existence of turning points in contrast to the connecting orbits from Theorem 1.

[e.9]
3. In the case 71 # () the subset &, has the structure &, = (0,e0) \ U [a;,b;], where positive
j=1

constants a;, b; are such that a; = o= 1), bj—a; =0 (e_cj) as 7 — +oo for some constant C' > 0.

2. STABILITY OF EQUILIBRIA

We begin with the observation that due to the special form of the potential (1.2) any critical
point xg € X, is an equilibrium of the system (1.1). In this section we analyze the stability of an
equilibrium zq for sufficiently small e. Consider a smooth embedding of the manifold M into R
for N = 2n + 1 with n = dim M and denote by (-,-) the Euclidean structure in R" together with
its restriction to M. Let V stand for the gradient operator with respect to the variable x. We fix
a critical point xy of the function V' and assume without loss of generality that the embedding
of M into RY is such that a small neighborhood of zg lies in a linear subspace R” ¢ RY. Taking
r > 0 to be sufficiently small, we may always assume that this neighborhood coincides with the ball
By (x0) = {x € R™: |x — z¢| < r}. To analyze the stability of the equilibrium, it is more convenient
to introduce the fast time 7 and consider the system (1.3). Then the equations of motion take the
form

e’Drq + f(T)VV(q) = 0, (2.1)

where D; is the covariant derivative (with respect to the Riemannian structure of M). Using local
coordinates in a vicinity of xg, we substitute ¢(7) = xo 4+ v(7) into (2.1) and make linearization
around g = x( to get the variational equations

o d?v 1%
2+ S (o) =0, (22
where HY stands for the Hessian of V. Since HY is symmetric, we may perform a change of
coordinates to diagonalize H" (xq) = diag{A2,...,A2} and represent (2.2) as
2d2vk 2
, + f(T)Agvr =0, E=1,...,n. (2.3)
dr

Further we will refer to such a local coordinate system near the point zy as LC(xg).
To analyze the stability of zy, we rewrite the kth equation of (2.3) in the Hamiltonian form

v =pk W= —f(Tve,  pe=e 'Ag (2.4)

and consider the Poincaré map @y, which is the period map for the equation of (2.4), i.e.
vR(T) vp(T+T)

—
Pi(T) pr(T+T)

Then x¢ becomes a fixed point of @. Since the Poincaré map is an area-preserving diffeomorphism,
det®; = 1 and the point zq is hyperbolic if

|Tr(1)k(7_7 :uk’)| > 2.
Note that Tr® (7, py) is independent of 7.

(T, ) (2.5)
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We use WKB-method to obtain an asymptotics of ®; when pp > 1 (see e.g. [8, 12, 18]
and literature therein). For simplicity we will omit the subscript & when it does not lead to
misunderstanding. Let 6 > 0 be sufficiently small. Then one may divide T' into intervals of the
form A} = [7; + 0,741 — 0] and A} = [7; — 6,7 + §]. According to WKB-theory the general solution
of (2.3) has different representation depending on how close the parameter 7 is to a turninig point. In
particular, on the interval A] (i. e. far from the turning points) it has the following asymptotics [12]:

|f(7-1)|1/4 (Ale—usl(l)(r) -I-Bze“sz(l)(T)) (1 + O(M—l)) . f(r) <o,
1 . (1) m
v(r,l) = F(r)|V/A <Al sin (,uSll (r)+ 4) (2.6)
+ By cos (,uSl( )(7')4—1))(1—1-0( ), f(r)>0,

where A;, B; are arbitrary constants and

s (7 / £ (s)|/2ds.

1+9

On the interval A} (i.e. in a vicinity of a turning point 7;) the general solution of (2.3) can be
represented [11] as

o(ri ) = (f(:))m <Ol(1)vl(1) (Mél 51(2)(7)) Loy ® (Mél 51(2)(7))> Q+0w), @7

where C’l(l), Cl@) are arbitrary constants and

2
my

/\f(s)|1/2d3 sign(r —7), f(r) = !

F@NST @R = a2,
l

while the functions {Vl(l), Vl(2)} denote a fundamental system of solutions of the model equation

d2 2
dgl; =q TZZ M2y, oy = +1. (2.8)

The model Eq. (2.8) possesses (see e.g. [11]) the following fundamental system:
Case 1: my is even, oy = 1

\/ Ky, (€702), £>0,
V2 [rese 2 Ly (€1772) + Ky l61772)] € <0,

where [y, and K, stand for the modified Bessel functions of the first and second kind,
respectively.

The second function Vl(2) is defined as Vl(2) & = Vl(l)(—f) and the Wronskian W of these
solutions is

V() =

W(Vl(l),Vl(Q)) = my csc T
my

The function Vl(l) has the following asymptotics as || — oo:

{2—4"” _gmz/2(1+0(€—ml/2)) £ — +o0,

Vi) =
l Tlel T (140 (jgm2)) € — —oo.

(2.9)
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Case 2: my is even, o = —1

V() = { _\/7r25 [tan oy Ty (E™2) + Yy, (fmm)} , £>0,
V7 [eot o7, o (E1772) = Y (161702)] € <0

where Jy/,,, and Y, denote the Bessel functions of the first and second kind, respectively.

As in the previous case, the second solution can be defined as VEQ) &) = Vl(l)(—ﬁ), while the
Wronskian takes the form

™
W(Vi(l)’ %(2)) = mlsecml

)

In this case the asymptotics of the function V}(l for large values of argument is

2—m
T R ) N SR S
2—m .
ese on 1€+ [eos (™2 = T) + 0 (17™2)], € — —cc.
Case 3: myisodd, oy =1
v ey = \/27§K1/ml (&m/?), £>0,
1 = - - . .
VT ot o7, Ta g (11772) = Yo (€1/2)] € < 0,
V) = { \/27§ [WCSC o Ty (€7172) +K1/ml(£"”/2)] : £>0,
/7 [tan 7, Ty (E7%) + Vi )] € <0,
with the Wronskian
i
W(Vi(l), ‘/Z(Q)) = mj csc -
The asymptotics of V}(l), V}(Q) for large |¢] are
2—m m
Vl(l)(é _ £ 4 lemEm? (140 (¢7m/?)), £ — 400, (2.11)
2—m .
esc o [ 1" [eos (IE[™72 = 1) + O (7)), € — —c,
x s 2T emy)2 —m
‘/2(2)(5) _ ) osc & 42_(35 (140 1/2)) , £ — 400, (2.12)
sec on 1€+ [cos (™2 + 1) + 0 (1E7™2)], € — —oc.

Case 4: m; is odd, oy = —1.
One may see that this case can be reduced to the previous one by the change & — —£.

It has to be noted that all asymptotics for the functions Vl(l), Vl@) can be differentiated with
respect to £.
To obtain an asymptotics of the Poincaré map ®, we introduce new variables:

o(T )|/
( ) — E(T) , E(T) p— ‘f( )‘ 0 , T 75 Tl- (2.13)

(1) p(7) 0 ()

3>
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Due to periodicity of f the map ®(7; — §) can be represented as a composition

O(r—8) =21 —-0)odPod Vo odM)oE(n

a0 . ( o(m = 9) ) . ( 0(7141 — 9) ) '
p(m —9) (7141 —6)

We also decompose the map ) as follows:

where

o0 — 0 6 g,

where

@@:<wn+®)%<wnﬂa)'
s +8) )\ e —9)

Introduce the following notations:

R(a) cosa  sino Z(a) e 0
o) = , o) = .
—sina  cosa 0 e~

Then substituting (2.9)-(2.12) into (2.7) and taking into account that

—9), (2.14)

(2.15)

(2.16)

(2.17)

(2.18)

2—47"1 R B 2-my /
(w2mis@ @) () =t (0

one gets the asymptotics of the map ¥ up to the factor (1 + O(u~1)):

R(Z) Z <u5l++u5l_ +In <csc 777;>> R(—Z),

b R (MSJF > <ln <csc T;)) R (,uSl_ — Z) ,
R(Z) <M5++ In <csc£l>+;ln <cot 2;l>>R(,uSl_—Z),
R(,uS ) <,uS +1 (cscmﬂl>+;ln (cot 2::”))}2(—1),
where

+0
/Lf )[12ds, S = /Wf|W®

Using (2.6) we obtain

o0 { R(7)Z(uS) B(~7) (1+0(™). a(m) <0,
R (nS?) (14 0(u™). aln) >0,

REGULAR AND CHAOTIC DYNAMICS

my;— even, g;(7;) < 0,

mp— evenagl(Tl) > 07
(2.19)

my— odd, g;(1) <0,

my— odd, g;(1;) > 0,

(2.20)
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where

TH_l—(s
st= [ s
Tl+5

Note that R(a; + az) = R(a1)R(a2), Z(a1 + az) = Z(a1)Z(az). Hence, (2.19), (2.20) together
with (2.14)—(2.18) yield

Trd (7, 1) = Tr [R(1Se) Z(1Sh +7)] (1 + O™ 1)), (2.21)
where
L
S, :/|f(s)\1/2ds, Sh :/|f(s)\1/2ds, v=1] (2.22)
In{csc,” |, m;— even
n=1 ( 12 1 ] (2.23)
5 In (csc mz) +51n (cot le) , my;— odd.

Consider an inequality
|Trdg| < 2.
Due to (2.21)-(2.23) it is equivalent to
| cos(pSe) e (1 4+ O(u™h)) < 2. (2.24)
Solving (2.24) we arrive at the following lemma.
Lemma 1. There exists a sufficiently large constant po > 0 such that on the interval (ug, +00) the

[ee]
inequality (2.24) holds if u € | [(g +mj) St =l (5 +mj) Sot + 7“;»’] , where 1%, 7} are positive
J=jo
Sh
S

constants of the order O <e_(g+ﬂj) e> and jo is the least integer such that (g + 7Tj0) St > .

We now point out that the subscript £ enumerating degrees of freedom was omitted. Taking this
into account and the definition of uj (2.4), one obtains the following corollaries to the previous
lemma:

Corollary 1. There exists a sufficiently small eg > 0 such that for any k=1,...,n and for any
positive € such that
- T A / m A "
e € (0,e0) \ Exlwo), Enlzo) = | |An (2 +7T]) Se — €5, A (2 +7T]) Se+¢€5l,
J=Jjo

o NS
where e;-,e;-’ are positive constants of the order O <e_(2+7”)sz>, the origin is a hyperbolic

equilibrium for a system described by (2.3)y.

Denote by &, (o)

n
En(zo) = (0,20) \ | Exlwo).
k=1
Then due to the Floquet theory the following corollary holds:
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Corollary 2. For any positive € € E,(xg) the system (2.3) has two sets of n linear independent
solutions:
’Ufk) (1) = e_Akwak) (1), v?k) (1) = eAkerck) (1), k=1,...,n,

where A\, = A\p(xo) are the Floquet exponents and wfq)L(T) are T-periodic functions. The solutions

vfkl)b(v') span the stable and unstable subspaces E*"(xo,T) of the system (2.3).

Summarizing all these results, one gets

Corollary 3. For any positive € € E,(xg) the point xg is a hyperbolic equilibrium of the sys-
tem (2.1) possessing n + 1-dimensional invariant stable W*(xo) and unstable W"(xo) manifolds
in TM x R. For any €1 < g9 the Lebesque measure leb of the set (0,e1) N Ex(xo) can be estimated
as

1eb((0,1) N En(w0)) = O <e‘f?> .

For the rest of the paper we introduce the following notations. Consider the modified inequal-
ity (2.24)
|cos(ukSe)|e“kSh+7(1 +O0(u ")) <2+4p (2.25)

for some positive parameter p and define a set & (xo, p) such that for € € E(xp, p) (2.25) holds.
Then

Ex(wo, p) = G [Ak (;T +7Tj) _lse —€;(p), Ak (;T +7Tj) —158 + E;/(P)}

Jj=Jo

N
and €;(p), €] (p) are of the order O <e_( SHmi) st > We also introduce

En(z0,p) = (0,20) \ | &k (w0, p). (2.26)
k=1

It is to be noted that if € € £, (20, p), the Floquet exponent A (zo) > log(1 + /p).

3. DYNAMICS NEAR TURNING POINTS

In this section we fix a turning point 7, = 7; for some [ = 1, ..., L and consider the behavior of

the system (2.1) in a vicinity of 7. Due to assumption (As) the factor f is represented in a small

neighborhood of 7, as f(7) = (7 — 7.)* g« (7) with some nonvanishing at 7, C!-function g,. If we

introduce a new scaled time ¢ by the formula 7 — 7, = g2/ M+ with my = 2, + 2, the equations of
motion (2.1) in the neighborhood of 7, take the form

dg

Do+ ¢ g+ (e +M WV (g) = 0. gt = 4

(3.1)

Putting € = 0 in (3.1), we obtain the reference system
DCq/g + C}{*g*(T*)VV(q) =0. (3'2)

Note that the reference system is parameter-free and it is expected to be a good approximation for
the system (2.1) in a vicinity of the turning point 7,. The Lagrangian of the system (3.2) can be
written as

L(q,q;,¢) = K(q:40) —a(Q)V(q), a(C) = gu(Ts).
The factor a(() satisfies the following conditions:
(C1) ¢ =0 is a unique point ¢ € R such that a(¢) = 0,
(C2) |a(C)] — +o0 as ¢ — Fo0,
(C3) there exist constants Cy, Z, > 0 such that |a(¢)| > C,la’(¢)| for all |(| > Z,.
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Introduce subsets Xi C X, defined by the behavior of the factor f near 7.

Xma)u a(l) > 07 X* o Xma)u a(_l) > 07

X3 =
Xmin, a(l) <0, Xmin, a(—1) <0.

(3.3)

The following theorem was proved in [17] by variational arguments:

Theorem 2. For any two points v+ € X} there exist infinitely many heteroclinic (homoclinic)
solutions of the system (3.2) emanating from x_ and terminating at x4, i. e., glilf q(¢) = x4 and
— =00

li L =0.
C—l}:ilooqc

We denote the set of heteroclinic (homoclinic) solutions of the reference system (3.2) connecting
points 1 € Xy by Qp(x_, x4, 7). Then we arrive at the following lemma.

Lemma 2. For any q € Qp(z—_, x4, 7:) there exists (o = (o(q) > 0 such that for all || > (o

2—mx M
N R B S
where o is an arbitrary constant such that

2/g. (7:)["* Amin
My ’

0<0<0Omin, Omin=

Amin: min {Ak}
k=1,...n

Proof. First we note that due to lim ¢(¢) = x4 there exist constants (+ > 0 such that ¢(¢) €

(—=Fo0
B,(x4) for ¢ > ¢4+ (¢ < —(_, respectively). Here and in what follows B,(z() stands for the ball
B, (xg) = {x € M : |z —x9| <r}. Put (g = max{(s,(_}. Then the lemma follows immediately from
the following proposition.

Proposition 1. Let U be an open subset of the tangent bundle TM containing the equilibrium
(x4,0) and ¢¢ be the flow of the reference system (3.2). Then there exists an n + 1-dimensional dif-

ferentiable manifold W*(z1) C TM x R such that for any & > Co ¢, (W3 (x4, ) C Wiz, G),
where W5($+,C0) - {(av b) €eTM: (CL? bv CO) € Ws(x—i-)}) and fOT' any (CL? b) € W5($+,CO)

I ,b) = (24,0).
Jim éc(a,b) = (z+,0)

Moreover, if q(¢) is a solution of (3.2) such that (q({o),q’(Co)) e W3(x4,(o), then
(6 = x| =0 (e ™) (o

Proof. The proof of this proposition is rather straightforward and similar to the proof of the
standard Stable Manifold Theorem (see, e.g., [23]). Let » > 0 be sufficiently small. We take (y > 0
such that ¢(¢) € B,(z4) for all ¢ > (p and consider the reference system on the interval ({p, +00).
Then one may rewrite (3.2) as

Dev 4 ¢ gu(m) HY (24 )0 = ¢ gu (7)) (H (x4 )v = VV (24 +0)) (3.4)

where v = ¢ — 2. Noting that —g,(7.)H" (2 ) is positively defined, we may rewrite (3.4) in the
local coordinates LC(x4.) as follows:

o — ¢l (r)[AJu = C#lgn(m)| (HY (2 )o = VV(@y +0)),, k=1..,n.  (35)

n:<ann>”“g

Introduce a new time

m
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Then (3.5) reads

2 2
vy — 77;* 7 Avy, = ni* 0 (Hv(a:+)v —VV(zxy + v))k, k=1,...,n. (3.6)
We supply (3.6) by the initial conditions
4|g(Ty 1/m
Uk(n()) = Gk, U;(UO) = bk’v o = < |gn(l2 )|> CO) k= 17 s (37)

and rewrite the Cauchy problem (3.6), (3.7) as an integral equation:

n
ok(n) = o () + v v (0) + v () / W Vg ()i (v(s))ds
o

. (3.8)
—or ) [ W Ou(e)ds, k=10
0
where vi,c are expressed via solutions of the model Eq. (2.8) with o = 1:
M - . ™ 2/me
o) =V, ) =sin (7 ) VA (39)

Wy, = —my Ay is the Wronskian of solutions (v, ,v}") and hy(v) is the right-hand side of Eq. (3.6).
The constants v+ satisfy

Y () + e vp (o) = ar, ' (o) + v V% (o) = b (3.10)
It follows from (2.9), (2.11), (2.12) that v;", v, have the asymptotics
2—mx i e
1)]:_(77) = Akzm* 772 4 e—Alm /2 <1 +0 <77—m*/2)) , N — 400, (3.11)
2—mx - -
ve(n) = A A (1 10 (n—m*/2)) . n— +oo. (3.12)

Note that (v(n),v'(n)) should converge to the origin as n — +oco. According to (3.8), (3.9) this
holds if

Ve Vg (M0) = / W, ok () (v(s))ds, k=1,...,n. (3.13)

Taking into account (3.13) together with (3.10), we rewrite (3.8) as
Uk(n) :Tk(U,n), k‘:l,...,n,

where
n
Tk (v,m) = (bkvi(ﬁo) - akv’i(no)) W, vl () + o (n) / W tog, (s)hy (v(s))ds
" (3.14)

+oo
+u (1) / W, o (s)h (v(s))ds.
n

One may solve this equation by the method of successive approximations. Define a sequence
0 i+1 '
o) =0, o) = T, n)
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and introduce
AU () = oD () — V) ().

It follows from (3.11), (3.14) that for sufficiently large ny and any 0 < A < Apin there exists a
constant K > 0 such that for all n > ng

K|yte i
msx—2 N

’[7 4

1AM ()] <

Assume that the induction hypothesis

K |y *fe
. o mx—2

2]7] 4

AU ()] < (3.15)

holds for j < m. Using the Lipschitz estimate satisfied by the function h with some positive
constant CY,

|h(v2) = h(v1)| < Cplvg — v1]
and taking 7y large enough for the asymptotics (3.11), (3.12) to be valid, one gets

n
. KCyly* e As /2
|A0UH) ()] < 2]h|’1y |max{vk /W R ds

4

_As’m*/2
+ v, (1 / W e ds}
4

m n mx /2
KO dl~vt — A+ /2 (Ag—A)s™=/
< ndly |max{e /Wk_le ds

msx—2

7] 4

X i—1 msx—2
27 s

m*/2 +oo

Ak—‘rA) mx /2
m*—2 / W_ m*—2 dS}

< KChd|’7+| { < 1 N 1 > e_A’”?m*/? }
max )
20=2m 77m* 2% (Ak - A)n(z) (Ak + A) nm*4_2

2—mx

where d = 4H1]?X{Ak e

Hence, for 7y such that

4Chd ma; { L + L } <1
X
m*ngl*_Q k (Ak — A)?]g (Ak + A)

the estimate (3.15) holds also for j = m + 1 and consequently for all j € N. In a similar manner
one can prove

AT )] < 279 K|yt e
with some positive constant K'.

Thus,forz'>j>Nand77>770

' + _Anm*/Q [e'e) + _Anm*/2
|,U(z ( )—U(] | < |U(l+1 — v l)(n)| < K"Y ‘e - 1 < Kh’ |e
msx—2 2l
4
n I=N 2N =1y

(3.16)

m*2
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and similarly
M —2 mx /2
K'[ytn ™ e
<

,(i)( 2N—1

n) — 'Y ()]

The last two expressions tend to zero as N — oo and therefore {(v7,v7)} is a Cauchy sequence. It
is standard to show that for sufficinetly small |y"| there exists

lim v () = v, (n,7),
j—00

which is a twice differentiable function of 7 and v satisfying (3.8) and therefore (3.6). It also
follows from (3.15) that for n > ng

QK |yt |e— A/
[vi(n, v 1) < g J,i_z :
7’] 4

Finally, to prove the proposition we note that if one takes 'y,j as coordinates, then equations

“+oo
2o (o) + / W tut (s (v (s,7H))ds = g,
70

+00
vy _
’y,jv’,:r(no) + E(UO) / W, 1v$(s)hk (v*(s,’ﬁ))ds = by
vy, (10)
0
define an n-dimensional invariant manifold W?* (x4, np). O

4. CONSTRUCTION OF CONNECTING ORBITS

In this section we fix two points x4 € X. and suppose first that there exists a turning point

T« such that z4 € X} defined by (3.3). Due to Theorem 2 the reference system corresponding

to the turning point 7, possesses a rich set Qp(x_, x4, 7,) of connecting orbits. Introduce a subset

Mz, x4, 7e) C Qu(x_, 24,7 consisting of transversal heteroclinic (homoclinic) solutions. In the
rest of the paper we will assume

(A3) the subset Q" (z_,z4,7,) is nonempty.
For any qo € Q¥ (z_, x4, 7:) define

Qo(7) = a0 ((7 = m)e /™) (4.1)
and rewrite (2.1) in local coordinates as
2Dy + €2 Dot + f(r)D*V (do)u + £(7) (VV(do + 1) — VV (o) — D*V (Go)u)
+(f(7) = g: () (T = 7)) VV (Go) + gu(7:) (T — 7:)** VV (Go) = 0,

where u = ¢ — §o. Note that the first and the last terms on the left-hand side of (4.2) vanish since
qo is a solution of the reference system. Thus, one can rewrite (4.2) as

e Do’ + f(T)D*V (Go)u = —f(7) (VV (4o + u) — VV (Go) — D*V (Go)u)

(4.2)

(4.3)
—(f(1) = g+ (7 (T = 7)) VV (Go)-
Now let us consider a linear equation
2D’ + f(7)D*V (Go)u = 0. (4.4)
If we set z = (v,e~ '), it may be rewritten as the first-order equation
D.z= A(t,e)z (4.5)
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with the matrix

A(r,e) =¢! 0 ! , (4.6)
—f(T)D*V(4o(T)) 0O

where I stands for the unit matrix in R™.

Let A(7) be a real n x n matrix function, piecewise continuous on an interval J. It is said that
the system

2= A1)z (4.7)
[

has an exponential dichotomy on the interval J [9] if there exist a projection P and constants
K > 1, a > 0 such that a fundamental matrix X (7) of the system (4.7) satisfies for all s,7 € J

IX(r)PX7(s)| < Ke™*U=3) fors < 1, (4.8)

[ X(r)(I = P)X'(s)| < Ke =7 fors > . (4.9)
Denote 5;5 (p) = En(x+, p). Then one obtains the following

Lemma 3. There ezists e1 > 0 such that for any p > 0 and alle € (0,1)NE (p) NE; (p) Eq. (4.5)
possesses an exponential dichotomy on J = R4 for any constant o < Hgn{kk(xi)}, where R, =

[0,+00), R_ = (—00,0] and Ag(z+) stands for the Floquet exponent of the Poincaré map Py
corresponding to the point x4 .

Proof. Fix p > 0. We replace §o(7) by x4 in Definition (4.6) and consider Eq. (4.5) with the matrix

0 I
—f(1)D*V(z4) 0O

Ai(r,e) =¢!

This modified equation will be referred to as (4.5),. If we use local coordinates LC(xy)
and take €€ & (p), then by Corollary 2 one may define a fundamental matrix X(7) =
{z("’l),...,zfn),z?l), . ,zz‘n)} and a projection P* on E*(x,0) along E“(x,0), where z(s]g(T) =
(UEI’S(T), e~/ ‘qu)L(T)) and vfkq)L are the Floquet solutions. Note that for such a defined fundamental

matrix the projection P? takes the form

I 0
0 0

P =

Taking into account the representation of the Floquet solutions via T-periodic functions wfkq)L we
conclude that Eq. (4.5) has an exponential dichotomy on R with constant a = Hgn{kk(x+)} and

K= max ||wfk1§|| with || - || standing for the supremum norm. Note that due to Lemma 2 the distance

between §o(7) and x4 is of the order

Mk

2—mx
|(j0(7') — :L‘_,’_| = O <((7- _ 7-*)5—2/m*) 4 e—5*10'+(7'_7'*) 2 > ) (410)
Hence, we may choose ¢ > 0 such that for all ¢ < &/ and 7 > 7, + § the point §(7) lies in the chart
LC(z4). In local coordinates LC (x4 ) one may rewrite (4.5) in the form (4.7) and obtain that
IA(T,€) = As(r, )] = O™ do(7) — w+).
Then due to (4.10) for any A > 0 there exists 7. > 0 such that for any 7 > 7

|A(T,e) — Ay(T,6)|| < A.
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Using the roughness theorem from [9], we conclude that Eq. (4.5) has an exponential dichotomy on
the interval [7, +00) with exponent & = a — 2K A. Since an exponential dichotomy on the interval
[T}, +00) implies an exponential dichotomy on R4 with the same exponent « (see [9]) and due to
an arbitrary smallness of A we prove that for any p > 0 and all € € (0,]) N & (p) Eq. (4.7) has
an exponential dichotomy on R, for any constant a < mkin{)\k (x4)}.

Arguing in a similar way, one may prove that there exists ¢, > 0 such that for any p >0
and all €€ (0,e7)NE, (p) Eq. (4.5) has an exponential dichotomy on R_ for any constant
a < H}gin{kk(a:_)}. Combining these results and taking e; = min{e],e] }, one finishes the proof.

O

Let X1 (7) and P stand for the fundamental matrix and the projection corresponding to the
exponential dichotomy of (4.5) on Ry. Then one may define the stable and unstable subspaces
ET"(7) as

B3 (1) = im(Xe(r)PEXZH(7)), BL(r) = ker(Xi(r)PLXI'(7)).

Let W(7,7p) stand for the evolution operator of Eq. (4.5), i.e., z : 7 — ¥(7,79)(%0) is the unique
solution of (4.5) satisfying the initial condition z(7p) = zp. Since (4.5) has an exponential dichotomy
on Ry, it follows from [9] that Eq. (4.5) has an exponential dichotomy on R iff W(7, + 0,7, —
d)EY (14 — 0) is transverse to E5 (7, +6).

To analyze the transversality condition, we consider Eq. (4.4) on the interval [r, — 0, 7, + d]. If §
is sufficiently small, it can be approximated by

Devg + ¢ gu(r) HY (90())v = 0, (4.11)

where ¢ € [—de=2/™= §e=2/"+]. Let us define the evolution operator Wo((, () associated with (4.11),
Le,v:(r Pu(C,¢)(vo, Vo) is the unique solution of (4.11) satisfying v({o) = vo, V(o) = v}-
Lemma 4. If (v0,v"0) & T(go(¢o).qp(co)) WV @+ Co), then the solution v(C) = Wo((, (o) (vo,v'0) satis-
fies

2—mx i
[0(Q)] > Cluo,v/0)¢ 477 ¢ (= oo,
where o is an arbitrary constant such that 0 < ot < O‘I—;in and U;qin 1s defined in Lemma 2.

Proof. Since qo(¢) — x4+ as ( — 400, we may take (y to be sufficiently large and use local
coordinates LC(z4 ). Then introducing new variables

g= 2 ¢mP uw=(", (112)
e
rewrite (4.11) as
1 1 1

Deug + g« (r.)HY (Go(&))u + <4 - m2> 2= 0, (4.13)

where Go(&) = qo (("3 5)2/7”*)-

Letting w = (u,v/¢), one may represent (4.13) as
w' = B(&w, B(E) =By +0(E7%) +0(|do(€) — z+]), (4.14)
0 I

B+ =
—94(r)D?V(z4) 0
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Since B, is a constant matrix with eigenvalues {=£|g.|'/?A;}, the equation w’ = B,w has an
exponential dichotomy with exponent o = |g,|'/? H%gin{Ak}. Due to (4.14) the difference B(§) — B+

tends to zero as & — +o00. Hence, one can apply the roughness theorem [9] to show that (4.14) has
an exponential dichotomy on R, with any exponent & < |g|'/? mlgn{Ak}. Denote by W (&) and Pg

a fundamental matrix and an exponential dichotomy projection associated with Eq. (4.14). Then
the condition (vo,v'0) & T4y (co)qy(co)) V' (¥+,Co) of the lemma guarantees that the initial point

w(&o) ¢ im(W({o)PBW_l(fo)). Substituting w(§) into (4.9) and using (4.12), we get the desired
estimate of the lemma. O

Remark. The similar estimate is valid as { — —oo. Namely, if (vg, v'o) ¢ T(qo(Co),q{)(Co))Wu(m—v o),
then the solution v(¢) = Wo(¢, o) (vo,v') satisfies

0(¢)] > Clvg,v'o)[¢] 4 e K= ¢ = —o0,

where 0~ is an arbitrary constant such that 0 <o~ < o_, and o_; is defined in Lemma 2.

Denote by {(v (k)( ), 0" () (€ ))}Ye_, and {(v (k)( ), 0" (1 (€ ))}2_; two bases in Ty )W (@4, C)
and T(qo((),qé(())wu(w—’ (), respectively. We also define n x n matrices
VS :(Ufl),...,vfn)), Vu: ('UEL]_),...,U'(U‘H)).

If the assumption (As) holds, then T(y,¢).q () TM = T(g0(0).ay( )WV (242 Q) & Tigo(0)a )W (2=, )
and

VIO = [ KB v = e K D (s oo
VIQ) =gl e B vy = I " e M D (o e
V¥(¢) = |<|2’i" Tem M gy () = —f¢| " eI D¢ oo
VI(Q) =[] e M gty = [T e M D, o
Here n x n matrices BS*, B+ D%* D%% are nondegenerate and satisfy
B>~ = B>, |B"7||<B"", (— —o0 (4.15)
DY = m*;_ B (140 (j¢7™2) ), D = m*;_ B~ (140 (|7 %)), ¢ = o0

IB=Hl < 85T, BT =T, (= 4oo

Dot — m*2‘7+ B (1+0 (ICI"”*”)) , D%t = m*20+ Bt (1+O (ICl_m*/2)) G oo,

where 5%, 3%* are some positive constants independent of (.
Represent (4.11) as the first-order equation by setting y = (v, vé):

y' = Ao(Q)y, (4.16)

0 I
—Cg(r)H" (q0(C)) 0

and define a fundamental matrix Y (¢) as

Ao(¢) =

Y(Q) = Vi VHO ) (4.17)

V() V)
Consider  the evolution — operator — Wo(Co, —Co) = Y (¢0)Y " H(—(o) : Tlao(—¢o)ay(—con TM —
Tlqo(co)aly (o)) TM, associated with (4.16).
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Lemma 5. In local coordinates LC(x+) the operator Wo((o, —Co) has the following asymptotics as
Co — +oo:

2

B s G 2 - — T G
Vol o) oo G e L (1+0(Iol™")) .
m*20' |<'0| 2 Gu g_ Gu
where G* = Bwt (B%~)7!.
Proof. The lemma immediately follows from (4.15), (4.16) and (4.18). O
Now take sufficiently small § > 0. In particular, let § = O(¢7/™+) with some 0 < v < 2. Then we
arrive at the following lemma.

Lemma 6. For any positive constants 6y and vy < 2 define § = 6y?/™=. Then the evolution operator
V(71 — 6, T« + 0) has the following representation as € — 0

mx —2 mx —2
7 2m
o++07 Tré* Gu 2e — * 5 2 Gu
U (7= 5, 7ot 6) = e 172 % L mea meo 0 )(1+O (51‘3)+O (53))
m*(:n*72 50 2 Gu 0'7 Gu
26177 2ma g

Proof. Due to (Az) one may rewrite (4.5) in terms of the variable ¢ = (7 — 7,)e~ 2/ as
u = 0.

Deu' + ¢ gu(r.) (14 O(¢s*™) ) D2V (a0(¢)) (4.18)

2
Hence, if one puts (o = dpe™~ m:, then on the interval [—(p, (o] we get

~ ¥

B(—¢,¢) = Wo(—¢,0) (140 (7)),
where ¥ denotes the evolution operator of (4.19). Applying Lemma 2 and taking into account that

D, = g=2/m= D¢ yield the desired estimate. O

In accordance with (2.4) and (2.14), introduce variables
. . +
2= (o, 2), A= f@)IMNE, g = ()T ALY, (4.19)

where v* denotes the local coordinates LC(z+) and Ay = diag{A;(2+),..., Ay(z+)}.
In these variables the evolution operator ¥ takes the form

U(ry — 6,70 + ) = 072 o m*o_+GAu_1Gu UT%:qufA‘ (1 +0 (51—3) +0 (52)) (4.20)
2 A4 o D+ -

Since qo(¢) — x+ as ( — oo, the invariant subspaces E"(7, —¢) and E7 (7. + J) become
exponentially close to TWY(x_; 7. —9) and TW*(zy; 7 + ), respectively. But TW"(z_; 7, — 0)
and TW*(x; 7, + &) expressed in terms of 2z are the unstable and stable subspaces of the Poincaré
map (7, £+ 9) associated with the equilibria x4, respectively. We also note that the map @ is
of the form

F 0 ... 0

0 @ ... 0
¢:|:: . . . . ’

0 0 ... @f

where ®3(7) are defined by (2.5), (2.15).
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Let E be a subspace of a Hilbert space V. Denote by CN(FE, k) a cone neighborhood of F, i.e.,
CN(E,k) ={veV:|L(v,E)| <k},
where Z(v, E') denotes the angle between v and FE.

Define
I 2 A I — 2.A
N_ = ker mxa , Ry=11m maot ,
I mfa— A I _mfa“'A"'

Lemma 7. Assume TWY(x_;7« —09), TW5(x4; 7 + 0) satisfy
2" ¢ CN(N_,k), Vz"eTW"(x_;7«—9),
2° ¢ CN(R4, k), V2% e TW?*(xi;7e +0),

Y

2}

for some constant kg > 0. Then ¥(71, — 0,7y 4+ 0)E" (7. — 0) is transversal to E3 (7. +6).

1_"/
k= komax{e " 2,e

Proof. The first condition of the lemma guarantees that one may use the leading term of (4.20)
and TW"(x_; 7 — 0) to control the image ¥(7. — J, 7 + 6) E* (7« — J). The second condition of the
lemma implies the transversality. U

Remark. It has to be noted that Lemma 7 gives sufficient conditions for transversality of
the subspaces W(7, — 0,7 +0)E" (7 —0) and E% (7. +6) for small € in terms of the stable
ES(xy, 7 +0) =TW?3(x4;7« +0) and unstable E%(x_, 7, — ) = TW?*(x_; 7. — 0) subspaces (see
Corollary 2) associated to the equilibria z1. They can be analyzed by means of the Poincaré map
&, and its representation (2.14). Note that (2.14) contains information on all turning points. It
follows from the estimate (2.24) that the invariant subspaces E*(zy, Ty + ), E“(x_, 7. — 0) rotate
rapidly as € approaches the boundary of £ }jf (0). In contrary, the subspaces N_, R, are independent
of . Hence, one may conclude that the subset &, (z_,x1) C & ,jf(O) of those values of the parameter
¢ for which the conditions of Lemma 7 hold is nonempty. In Section 5 we discuss the case when
the function f(7) has two simple turning points. In this case the asymptotics of the Poincaré map
&, is constructed using (2.14)—(2.20) and it is shown that the conditions of Lemma 7 are valid for

all e € S}jf(O). We point out that in the general case, i.e., for an arbitrary set of turning points, it
seems cumbersome to get the asymptotics of the Poincaré map.

As an immediate consequence of this lemma we get

Corollary 4. Provided that the conditions of Lemma 7 are fulfilled for some positive kg, Eq. (4.5)
has an exponential dichotomy on R with any exponent o < mlgn{)\k(:ri)}.

We now state the following

Proposition 2. For any positive constants p, kg, v < 2 and any qy € Qﬁf(m_,m, T.) there exists
a positive constant 1 such that for all € € (0,e1) N & (p) NE, (p) NEp(x—, 1) the system (1.3)

Y

msx—1
possesses a doubly asymptotic trajectory connecting x_ and x4 which stays in e’ m= -neighborhood

of the curve qq.
Proof. To prove Proposition 2, represent (4.3) as
D.z=A(r,e)z+ h(z,7), h(z,7) = hi(7) + ho(z,7), (4.21)
with the matrix (4.6) and
0
hi(t) = ) (4.22)
= (f(7) = g« (1) (T = 7)) VV (Go)
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ha(z,7) = 0 . (4.23)

—f(1) (VV(Go + z1) — VV(Go) — D*V (go)2)

Denote by BC the Banach space of bounded and continuous functions BC = {z: R — T(T M)}
endowed with the norm

[[2[| = sup |2(7)|.
TER

Since (4.5) possesses an exponential dichotomy on R, one may rewrite (4.21) as

T

25(1) = ¥ (r,70)2°(10) + /\I’(T, s)P(s)h(z(s), s)ds,

T

() = W) () + [ W) (T~ P(s)h(:(s),9)ds,
70
where 2°(7) = P(7)z(7), 2*(7) = (I = P(7)) 2(7) and P(r) = X (7)P*X (1) is a projection-valued
function associated with the exponential dichotomy of (4.5) on R, which is guaranteed by

Corollary 4. One may show that P(7) is invariant with respect to the evolution W, i.e., P(7)¥ (7, s) =
U(r,s)P(s) [9]. Note that |z(7)| is bounded as 7 — +o0. Together with (4.8), (4.9) this leads to

Then (4.21) takes the form

2(1) = / U(r,s)P(s)h(2(s),s)ds — /\I/(T, s)(I —P(s))h(z(s),s)ds.

In a vicinity of x4 the potential V' admits an estimate VV(x) = O(|z — z+|). Hence, Lemma 2
together with (As) yields

M
243y)msx —4—67y 082 E—(l—'\//Q)

(
|h(7)] < Cre tme e=9% T =T > 8™

for some positive constant C7, 0 < v < 2 and sufficiently small €. On the other hand, if 7 is close
to Ty, we get for some constant Cy >0

my—1
| (T)] < Codp= e me | |7 — 7 < 50/

Then h; € BC and there exists a positive constant C3 independent of € such that

Il < Cae™ e (4.24)
Besides, it follows from (4.23) that for sufficiently small | z||
|ho(2,7)| < Cylz()|? (4.25)
with some constant Cy > 0.
Define a map F : BC — BC according to
Fiz— / U(r,5)P(s)h(2(s),s)ds — /\I/(T, s)(I —P(s))h(z(s),s)ds. (4.26)

REGULAR AND CHAOTIC DYNAMICS Vol. 22 No. 5 2017



CONNECTING ORBITS NEAR THE ADIABATIC LIMIT 497
The estimate (4.25) implies

|F(0)| < sup / | U (7, s)P(s)hi(s |ds+/|\II 7,8)(I —P(s))hi(s)|ds | < 2Ka 'Cse” ;z*l,
TER

where K, o are the parameters of exponential dichotomy associated to (4.5).

Denote by BC, the closed ball of radius r in BC centered at 0. Then (4.25), (4.26) imply for
sufficiently small r

I7(z) = F(O)Il < Ko™ Cull=]?

and all z € BC,.. This shows that F is a contraction on BC, whenever

vyt o o 4.9
<4KC’3T’ T<4KC4' (4.27)

Thus, we conclude that if for some kg > 0 the conditions of Lemma 7 are valid, then for any p > 0

there exists g9 > 0 such that for any e € (0,£9) N & (p) NE; (p) inequalities (4.27) hold and there

exists a unique fixed point z. of F. This finishes the proof of Proposition 2. O

€

Finally, we consider the case when two fixed equilibria 71 € X, satisfy 2+ ¢ X% for all turning
points 75,1 = 1,..., L. This may occur only if 73 # () and both points x4+ € Xpax (or x4 € Xppin).
Then there exists a sequence of turning points 7, < ... < 7, such that z_ € Xl_l, T4 € Xfﬁ”
and z4 ¢ X%,Q < k < M — 1. Besides, one may take zo € X, satisfying zg € X2,z € Xﬁ”‘l (it
also follows that zq € Xi, <k <M —1). Assume that Q¥ (z_,z,7,) and Q¥ (zg,x4,7,,) are
nonempty. Then for any ¢_ € Qi (z_, zo,7,) and ¢4 € Q¥ (zo, x4, 7,,) define

q- <(T - Tll)E_z/mll) ) T < Tmid — 57
Go(7) = w(T,e), |7 — Timial <6, (4.28)
q+ <(T - TZM)E_2/mlM> , T 2 Tmid + 6,

where 7,4 is any middle point 7,4 € (71,,7,,) such that 7., # 7 for all [=1,...,L and J is
a small positive constant such that the interval (7,,iq — 6, Timig + ) does not contain the turning
points. The function w(7, ) is a solution of the Lagrange equation (2.1) satisfying the following
boundary conditions:

W(T7 E) =q- ((T - Tll)g_z/mh) ’ T = Tmid — 67
w(7_7 5) =g+ ((7_ - TIM)E_Q/mLM) s T = Tmid + 0.

The existence of such a function w(r,¢) for sufficiently small e follows from the theory of singular
perturbed differential equations [27] and is similar to the Shilnikov lemma [10, 26] (see also [5]).
Besides, one may prove [27] that |w(7,e) — x| = O(e) as e — 0.

Then we get the following

Proposition 3. For any positive constants p, ko, 7<2 and any q_ € Q';f(x_, x9), q+ €
QI (w0, x4 ) there exists a positive constant £1 such that for alle € (0,e1) NE (p) NEL(p) NE, (p) N

Eir(w—, o) N E(x0,24) the system (1.3) possesses a doubly asymptotic trajectory connecting
my—1
v

x_ and xy which stays in €' mx -neighborhood of the curve §o, where m, = min{m;,,my,, },

& (p) = Enlzo, p).

REGULAR AND CHAOTIC DYNAMICS Vol. 22 No. 5 2017



498 IVANOV

Proof. The proof of this proposition is similar to the proof of Proposition 2. Indeed, the conditions
of the proposition guarantee that the variational Eq. (4.4) along the curve ¢y defined by (4.28) has
an exponential dichotomy on R with any exponent o < mlgn{)\k(mi), Ai(x0)}. Then applying the

contraction principle to (4.2) (where gy is replaced by ¢p), one obtains the existence of a doubly
asymptotic trajectory connecting z_ and x4 in a small neighborhood of ¢p. U

Remark. Following [5, 25|, we call the trajectories constructed in Proposition 2 (Proposition 3)
as one-bump (two-bump) orbits. In a similar way one may construct multibump orbits. Namely, if
one takes a sequence of turning points 74,k = 1,..., M (here we consider turning points not in T*
as above, but in R), a sequence of equilibria xp, k = 0,..., M, satisfying z;_1 € XF x, € X¥ and
a sequence of heteroclinics g € Q¥ (zg—1,2x),k = 1,..., M, one may define
4

@ ((r—m)e2m), T < Tiid,1 + 9,

ar (1 — mp)e=2/me) | Tmidk—1+0 T < Tigp — 0, 2<k<M—1
qo(T) = ¢ wi(r,e), 17 — Tomiak] <6, 2<k<M-—1

Qi1 (T — Top1)e Y ™41) | Toiage + 6 < 7 < Trnidporr — 0, 2< k<M —1

anr (1 — mag)e=2/mar) T 2 Tmid,M — 0,

with functions wy (7, €) solving the Lagrange equation (2.1) and satisfying
w(7,€) = qr—1 ((T - Tk—l)E_z/mk_l) s T = Tmidk — 0,

wr(r,e) = g (T =)™ ) . 7 = Tmian + 4,

where 7,05 are some intermediate points and 6 > 0 such that (7ax — 9, Tmiak + 0) does not
contain the turning points. Then arguing as in Propositions 2 and 3, one may prove the existence
of a doubly asymptotic trajectory connecting xy and x; which stays in a small neighborhood of ¢y.

It is essential that multiplicity of such connecting orbits follows from arbitrariness of all
considered sequences (of turning points, equilibria and heteroclinics).

5. AN EXAMPLE

To illustrate the results obtained, we consider a classical example of conservative systems with
two degrees of freedom — the double mathematical pendulum. It consists of two masses myq,mo
attached to sequentially connected arms of lengths [; and o, respectively. The upper end of the
first arm is fixed and the system is subjected to the action of the constant gravity force with
acceleration g. Following [16], denote by @1, 2 the angles of deviation of the arms from the
vertical axis and introduce parameters

s (L 1/2 B E 1/2
- ml’ £ ll ’ ve legll ’

where F is the energy of the system. If one takes z1 = 1, x93 = w2 — ¢1 as coordinates of the
system, then in the limit § — 0, € — 0 the equation of motion takes the form

o +sinxy =0, (5.1)
el + (3cosxy + 4 — 2)sinay = 0. (5.2)
The general solution of (5.2) is

2arctan (1/ SH(T_T‘W)) , v <l1;

dn(r—70,v)
z1(T) = {0 2arctan(sinh(r — 1) or w, v=1;

2arctan (SH(V(T_TO)’V_I)) , v>1,

en(v(rt—70),v—1)
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where sn(7, k), cn(7, k), dn(7, k) are the Jacobi elliptic functions of module k and 79 is an arbitrary
constant. If we put ¢ = 2o — /2, Eq. (5.3) describes a Lagrangian system defined on TM x R!,
M = S! with a Lagrangian

1 .
6(907 S0/7E) = 2“0/‘2 - fl/(T) Sm @, (53)
6dn?(r,v) + 4% -5, v <1;
fu(T) =9 6cosh™2(r) =1 or —1, v=1;
6en?(vr, v ) 4+ 42 -5, v > 1.

We will refer to this system as the reduced system. Note that for v # 1 the factor f, is a T-periodic
function with 7" = 4K (v), where K (v) is the elliptic integral of the first kind:

w/2 &
i y v <1
1—12sin2 0
K(v) = 7?/2
f (179 v>1

If v < \}2 or v > \é‘:’, the factor f,(7) > 0 for all 7. In that case it was proved [16] by Fenichel’s

geometric singular perturbation theory (see, e. g., [13, 30]) that for sufficiently small e the reduced
system possesses a hyperbolic periodic orbit whose invariant manifolds intersect transversally. On

the contrary, when \}2 <v< \g’ the factor f, has two zeroes of multiplicity 1 (or one zero of
multiplicity 2 if v € {\}2, \é5}) and the singular perturbation theory cannot be applied to the
reduced system.

In what follows we assume that v € { ! \/5} \ {1}. In this case the set X, defined by (1.4)

V27 2
consists of two points {£7/2} if v € (\}27 45) \ 1 and of one point {r/2} if v € {\}27 \é5} The
variational Eq. (2.2) around ¢ = +7/2 is
2" F f,(r)v =0.
Let 74+ be the turning points such that
fulte) =0, 74 >0, 7-<0, |r¢|<2K(v).
Then (2.23) reads
SH= / £ (s)|2ds, S = / £ (s)|2ds,  So =8y, S, =S5, 4f=h2

T <[|s|<2K (v) |s| <7y

Using properties of the elliptic functions, one gets

2 1/2
fllre) =+ <3(1 + 42 (202 —1)(5 — 41/2)) .
Noting that the conditions (A;), (Ag2) hold, we obtain the reference system associated to 74

d?p _

ac? + fu(rs)Ccosp =0, (= (r—7s)e 23, (5.4)
Applying the results of [17] to the reference system (5.4), we arrive at

Proposition 4. For any m € Z there exists a doubly asymptotic trajectory ot (C) of the
system (5.4) associated to the turning point T+ such that lime_,_o 0L (¢) = Fr/2 — mnm and
e oo 0 (C) = £m/2 + mm, i.e., the trajectories ¢ (() connect the points Fm/2 —mm with
+7/2 + mm via m full rotations.
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Due to symmetry of (5.4) with respect to (¢, ) — (—(, —p) one may show that the functions ¢ (¢)
are odd. If one considers the variational Eq. (4.11) along the trajectory goi(( ), it also can be proved
that ¢ () is transversal at least for m = 0.

To verify the conditions of Lemma 7, we note first that one may easily obtain an expression
for the Poincaré map ®(7) corresponding to ¢ = £7/2. Indeed, take, for example, ¢ = —7/2.
Then (2.14), (2.16), (2.19), (2.20) yield up to a factor (14 O(e))

B(r_ —§) = E(r_ — 6)R(n/4) Z(a)R(D) Z(c) R(—7/4)E(r— — ), (5.5)
where
T_ T+ AK(v)+7-—06
o=c / Fuls)lds + 7, b=c! / o (s)[ds, c=e! / Fuls)lds + 7
T_—0 T— T+

Hence, the stable and unstable subspaces E*"(—n/2;7_ — ) in coordinates z~ (see (4.19)) are
spanned by the vectors z%%:

sin be“~ ¢
22" = R(r/4) (1+0(e)), (5.6)
cos bsinh(a 4 ¢) + (cos? bsinh?(a + ¢) — sin? b)/2

where the sign '+’ corresponds to 2% and '~ to 2°.
Let 1 denote the angle between the stable and unstable subspaces. Then

sin?b (e2(‘3_“) + 1)2

cos? i) = 9
sin? b (e2(¢=@) 4 1)” + 4e2(¢=) (cos2 beosh?(a + ¢) — 1)

(1+0(c)). (5.7)

One may see that 1 oscillates as ¢ — 0. However, since A_ = 1, the first condition of Lemma 7
holds as it follows from (5.5), (5.6). In the same manner one may check that the second condition
of Lemma 7 is also fulfilled. Thus, applying Proposition 2 we get

Proposition 5. For any m € Z there exists a doubly asymptotic trajectory ¢ (7) of the sys-
tem (5.3) such that lim, o §7 (1) = £7/2 and lim¢_ 4« ik (7) = Fr/2, which stays in O(*/3)-
neighborhood of the curve go(jf((v' — Ty — 4mK(u))€_2/3).
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