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Abstract—In this article, we first present the Kustaanheimo —Stiefel regularization of the
spatial Kepler problem in a symplectic and quaternionic approach. We then establish a set
of action-angle coordinates, the so-called LCF coordinates, of the Kustaanheimo — Stiefel
regularized Kepler problem, which is consequently used to obtain a conjugacy relation between
the integrable approximating “quadrupolar” system of the lunar spatial three-body problem
and its regularized counterpart. This result justifies the study of Lidov and Ziglin [14] of the
quadrupolar dynamics of the lunar spatial three-body problem near degenerate inner ellipses.

MSC2010 numbers: 70F07, 70F16, 37J15
DOI: 10.1134/S1560354715010025

Keywords: Kustaanheimo — Stiefel regularization, quaternions, symplectic reduction, secular
systems, quadrupolar system

1. INTRODUCTION

1.1. Kustaanheimo — Stiefel Regularization

By the use of spinors, an elegant generalization of the Levi-Civital) regularization of the
planar Kepler problem to the spatial case was made in Kustaanheimo [12] and Kustaanheimo
and Stiefel [11]. Later, quaternionic formulations of this regularization method were presented in
Waldvogel [21] and Saha [18]. The underlying geometry was investigated in Stiefel and Scheifele [19].
Its link with Moser’s regularization [16] of the spatial Kepler problem was investigated in
Kummer [10].

Following a formula in [15], we present a quaternionic formulation of this regularization similar
to [18] (while different from [21]), and investigate its underlying symplectic geometry in this setting.

The Kustaanheimo —Stiefel regularized Hamiltonian always has an additional S!'-symmetry
resulting from a Hamiltonian S*-action on the symplectic manifold 7*(H \ {0}), where H designates
the space of quaternions. The symplecticity of the Kustaanheimo—Stiefel transformation is
explained by the corresponding reduction procedure. We shall further show that, if we restrict
this regularization procedure to the cotangent bundle of some particular 2-planes called Levi-Civita
planes of H, then we recover the Levi-Civita regularization of the planar Kepler problem.

Following some formulae in a course of Chenciner [2], Féjoz in [5] established a set of action-
angle coordinates of the planar Levi-Civita regularized Kepler problem in the regularized phase
space. With the help of the Levi-Civita planes we generalize these coordinates to the spatial case
by further considering the effect of rotations. This set of LCF coordinates is analogous to a set of
canonical coordinates of Levi-Civita [13] in the phase space.

“E-mail: 1.zhao@rug.nl
DWhich could be called Goursat — Levi-Civita regularization, as it appears already in [8].
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1.2. Quadrupolar Conjugacy of the Spatial Lunar Three-body Problem

In the perturbative study of the three-body problem, the secular systems are obtained by
successive averaging over the fast, Keplerian angles of the two elliptic orbits of the unperturbed
Keplerian dynamics. These systems are not well-defined when the inner ellipse degenerates, since
the Keplerian fast angles, i.e., the mean anomalies or the mean longitudes, are not well-defined
when one of the elliptic orbits degenerates as for two-body collision-ejection motions.

Nevertheless, it is shown by Féjoz [5] that in the planar three-body problem, the secular systems,
which are integrable due to the presence of the SO(2)-symmetry of rotations, extend analytically to
degenerate inner ellipses. On the other hand, the inner double collisions being regularized, we may
define the secular regularized system by averaging over the resulting fast angles. Moreover, in the
planar case, Féjoz showed that the dynamics of the extended secular systems and that of the secular
regularized systems are closely linked: the dynamics of the secular (Levi-Civita) regularized system
is orbitally conjugate to the dynamics of the extended secular system after being fully symplectically
reduced by the symmetries, provided that a modification of the mass of the outermost body was
made.

The integrability of the secular systems is no longer guaranteed in the spatial three-body
problem. Nevertheless, in the lunar spatial three-body problem where the third body is very far from
the other two, it was noticed by Harrington [9] that the first nontrivial term in the expansion of the
secular system in powers of the semimajor axes ratio (the so-called quadrupolar system) is somehow
accidentally integrable. The fully reduced system by all the symmetries extends analytically near
degenerate inner ellipses, and its dynamics was extensively studied globally first by Lidov and
Ziglin [14].

Notice that the relevance of the quadrupolar dynamics near degenerate inner ellipses in the
study by Lidov and Ziglin with the real dynamics of the lunar three-body problem requires further
justification, since a priori the secular system and the quadrupolar system are not well-defined
by construction. To make such a justification, we construct the quadrupolar regularized system
by the same averaging-truncating procedure in the spatial lunar three-body problem with inner
double collisions regularized by the Kustaanheimo— Stiefel regularization. With the help of the
LCF coordinates we establish the following result in the spatial lunar three-body problem:

Theorem 1. After symplectic reduction of the Keplerian T?-symmetry and the SO(3)-symmetry
of rotations, the dynamics of the quadrupolar system, being extended to degenerate inner ellipses,
is conjugate to the quadrupolar reqularized dynamics up to a constant factor, provided that a
modification of the mass of the outermost body is made.

This result generalizes the result of Féjoz from the planar three-body problem to the spatial
lunar three-body problem, and simultaneously justifies the relevance of the study by Lidov and
Ziglin [14] near degenerate inner ellipses. This is used in [22] to prove the existence of a set of
positive measure of almost-collision orbits in the spatial lunar three-body problem, along which the
inner bodies get arbitrarily close to each other without ever colliding (a slightly different approach
can be found in [23]).

This article is organized as follows: We start in Section 2 by recalling some preliminaries
about quaternions, and then present the Kustaanheimo—Stiefel regularization in Section 3. The
Delaunay-like LCF coordinates, together with their symplecticity are presented in Section 4. Finally,
we investigate the conjugacy relation between the quadrupolar and the quadrupolar regularized
dynamics in Section 5.

2. PRELIMINARIES ON QUATERNIONS

For a quaternion z = zg + 217 + 29§ + 23k € H = R?* we denote by Re{z} its real part zp and
by Im{z} its imaginary part z1i + 225 + 23k. A quaternion z of the form zyi + 225 + 23k (i.e., with
vanishing real part) is called a purely imaginary quaternion and can be naturally identified with
the vector (z1, 22, 23) in R3. This identification enables us to speak of the inner (“”) and vector
(“x”) products of two purely imaginary quaternions. The product of two quaternions is given by

zw = Re{z}Re{w} — Im{z} - Im{w} + Re{z}Im{w} + Re{w}Im{z} + Im{z} x Im{w}.
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KUSTAANHEIMO -STIEFEL REGULARIZATION 21

The conjugation Z of z is defined by z = 29 — 219 — 295 — z3k. The modulus v/z - Z of a quaternion z
is denoted by |z|.
A quaternion-valued mapping fi : H — H is called differentiable if it is differentiable considered

0 fu 0 fu 0 fu 0 fm
aZO dzo + 82’1 dZI + 822 dZ2 + 823

having values in R*. We shall consider it as quaternion-valued via the identification R* = H.
Following Sudbery [20], we define the wedge product ¢g A ¢y of two quaternion-valued 1-forms

¢m, Yy as:

as a mapping from R* to R?. Its derivative dfy = dz3 is a 1-form

Vo, wy € H, ¢u A Yu(ve, wr) = ¢u(ve)vu(wn) — ou(wn)vn(ve).

We shall only deal with quaternion-valued 1-forms and their wedge products in this article.

Due to the noncommutativity of the quaternion algebra, the exterior product of two quaternion-
valued 1-forms is not antisymmetric in general. In particular, the exterior product of a quaternion-
valued 1-form with itself need not be zero: we find

dz Ndz = 2(dzy A dzs)i + 2(dzg A dzy)j + 2(dzy A dzo)k.?)

Nevertheless, it can be directly verified that the real part of the wedge product of two quaternion-
valued 1-forms is symmetric and is independent of the order of the two quaternions involved.

With these notations, the canonical symplectic form on T*H can be written as
Re{dy N dx} = —Re{dz N dy},
where z € H, y € T)H = H are the natural coordinates on the cotangent bundle 7H.
Rotations in R? = TH := {z € H : Re{z} = 0} can be represented by unit (i.e., of modulus 1)

quaternions in the following way: Let p; be a purely imaginary quaternion and p = cos 2’7 + Im{p}

a unit quaternion, then pp1p is the purely imaginary quaternion rotated from p; with rotation angle
6, and rotation axis Im{p}. Unit quaternions form a group Spin(3) = SU(2), which is diffeomorphic
to S? and doubly covers SO(3) since two unit quaternions p and —p determine the same rotation.
Note that instead of using special coordinates (e.g., Cayley — Klein parameters etc.) on SU(2) or
SO(3), we shall stick to the use of quaternions, which leads to rather elegant formulae.

3. KUSTAANHEIMO - STIEFEL REGULARIZATION
3.1. Levi-Civita Regularization of the Kepler Problem

Before dealing with the regularization of the spatial Kepler problem, let us first recall the Levi-
Civita regularization of the planar Kepler problem. Complex numbers are enough for our present
purpose in this section; quaternions will appear only in Section 3.2.

The Hamiltonian function of the planar Kepler problem reads

T(P.Q) =, IPI*+ (P.Q) € C x C\ {0},

For fixed f > 0, we change the time from ¢ to 7 on the negative energy hypersurface
{T(P,Q)+ [ =0}
In the new time variable 7, the flow on this energy hypersurface is given by the Hamiltonian function

QT (P, Q) + f)-

This is a function which is not even C! at {Q = 0}. To obtain a system regular at {Q = 0}, we
make use of the Levi-Civita transformation

L.C.: T*(C\{0}) — 1T*C
9 w
5 pr— ?P prm— ) .
(z0) = (Q=2P=
As (z,w) and (—z,—w) have the same image, this transformation is 2 to 1.

ZNote that our formula differs from [20, Eq. (2.35)] by a factor of 2.
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It is direct to verify that L.C. is symplectic in the sense that
L.C*Re(dP A dQ) = Re(dw A dz).
The pull-back of ||Q|(T'(P,Q) + f) by L.C. is found to be of the form

K(z.w) = LE(QUTERQ) + 1)) = o fof + f12F = oD

which is the Hamiltonian of two harmonic oscillators in 1 : 1 resonance and its dynamics can be
extended regularly to {z = 0} C C x C which corresponds to the collisions {@ = 0} of the Kepler
problem T'(P,Q). Note that it is only on the zero-energy hypersurface (diffeomorphic3) to S%)
of K(z,w) that its dynamics extends the dynamics of T'(P, Q). The compactification of an energy
surface of T'(P, Q) determined by this regularization procedure is thus diffeomorphic to the quotient
of §% by identifying the antipodal points, which is SO(3).

3.2. Kustaanheimo — Stiefel transformation

We now consider the regularization of the spatial Kepler problem.

By identifying T*H with H x H (the fibers in T*H are identified with the second factor), for
z,w € H, we may consider BL(z,w) := Re{ziw} as a function on T*H. The bilinear relation (as it
is called in [19])

BL(z,w) =0
thus defines a 7-dimensional quadratic cone > € H.
We remove the origin from the quadratic cone X to obtain a 7-dimensional hypersurface X0 :=

Y\ {(0,0)} of (T*H, Re{dw A dz}). Since the quadratic cone ¥ has index 4, X is diffeomorphic to

S3 x 8% x R. The quotient V0 of X0 by its characteristic foliation, i.e., the foliation by the orbits of
the free circle action

(z,w) — (72, ew)
is thus a smooth manifold. By standard symplectic reduction, the symplectic form Re{dw A dz}
descends to a symplectic form w; on V7.

Set ¥ = 3\ {# = 0} (diffeomorphic to S? x R3 x R). This is a dense open subset of ¥* and it
is invariant under the above S'-action. Hence, the quotient space V! is an open dense submanifold
of VY. By the same symplectic reduction procedure, the symplectic form Re{dw A dz} descends to
wy on V1.

Definition 1. The Kustaanheimo — Stiefel mapping s
K.S.:T*(H\ {0}) - IH x H

(z,w) — <Q = Ziz, P = zzw2> .
2|]

The fibers of this mapping are the circles {(e’z,e™w), 9 € R/(21Z)}. We call the angle 9
Kustaanheimo — Stiefel angle. The fibers of K.S. in X! coincide with the leaves of the characteristic
foliation of X1, and 3! is sent to 7*(IH \ {0}) by this mapping. One checks that K.S. is surjective

and that the tangent mapping K.S., at every point in X! is surjective and has exactly a one-
dimensional kernel. Therefore, by the inverse function theorem, K.S. induces a diffeomorphism
from the quotient space V! to 7% (IH \ {0}).

Theorem 2. K.S. induces a symplectomorphism from (V1 wy) to (T*(IH \ {0}), Re{dP A dQ}).

To proof this theorem, it is enough to show that the induced diffeomorphism of K.S. is
symplectic, which is deduced from the following lemma:

3 All diffeomorphisms are considered to be of class C', unless otherwise stated.

REGULAR AND CHAOTIC DYNAMICS Vol. 20 No. 1 2015



KUSTAANHEIMO - STIEFEL REGULARIZATION 23
Lemma 1. (K.S.)*Re{dP A dQ}|sy = Re{dw N dz}|s:.
Proof. The relation BL(z,w) = 0 implies

Ziw = Wiz,
which can be equivalently reformulated as
2 VYiw = wiz !t
By differentiating the last equality, we obtain
d(zVyiw + zfj;“ = d‘qj‘f +wid(z ).
From the relation
0=d(zt2)=d(z Yz +27tdz
we obtain
d(z™1) = —z7Ydz)z L.
Also, one checks directly that
Im(dzi ANdz) = 0.
Our aim is to calculate the expression
zidw

1y - _. _.
d(z)iw + 2‘2‘2> A (dzzz—i—zzdz)}.

(K.S.)*Re {dP N dQ} = Re {d(z_liw) A d(EiZ)} = —He {(;

By using the relations we have deduced beforehand, we have
1 .. zidw . B . 1 .. zidw
Re{(Qd(z Yiw + 2’2’2> /\(dzzz)} = Re{(dzzz)/\ <2d(z )iw + 2‘2‘2>}

1 Zid
= Re { 2d§iz Az Yz Viw — dziz A = w}

2|z[?
= —Re 1d21' Adzz Vw3 — Re{ dziz A Zidw
N 2 2|z|2
1
= 2Re {dz A dw} .
1 . 1 .
Re { (2d(z_1)iw + ;Tjﬁ) A (zidz)} — Re { <2wid(z_1) + Zﬁij) A (zidz)}
T R dwiz  _.
= —Re o Wiz d(2)z"" A Zidz — 222 A Zidz
= —;Re {dw A dz}
= ;Re{di/\dw}.

Therefore,

1 1
= —2Re{d2/\dw} — 2Re{d§/\dw}
= Re{dw Ndz}.
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24 ZHAO

By expression, the pull-back (K.S.)*F(z,w) of a function F' € C?(T*IH, R) naturally extends
to a function defined on T*H \ {(0,0)}. We keep the same notation for the extension.

Proposition 1. For any F € C?*(T*IH, R), the space X° is invariant under the Hamiltonian flow
of (K.S.)"F.

Proof. The S'-action (z,w) — (e”z, ™ w) by the Kustaanheimo - Stiefel angle on T*H \ {(0,0)} is
generated by the vector field (iz, iw) € T(, ., T*H\ {(0,0)}, which is exactly the Hamiltonian vector

field of —BL. Since the function (K.S.)*F is invariant under this S'-action, the Hamiltonian flow
of (K.S.)"F and BL commute, and BL is a first integral of the Hamiltonian flow of (K.S.)*F. O

A Hamiltonian system (T*IH, Re{dP A dQ}, F) is thus transformed into a Hamiltonian system
(T*H, Re{dw A dz}, (K.S.)"F) which keeps %0 invariant.

3.3. Regularization of the Spatial Kepler Problem
The Hamiltonian of the spatial Kepler problem with mass parameters (ug, Mp) is of the form

oMo
el

where (P,Q) € T*(R3\ {0}) = T*(IH \ {0}). We know that all negative energy levels of T'(P, Q)
are orbitally conjugate to each other, and the flow is singular at {Q = 0}.

1
T(P.Q) =, IPI*+

For any f > 0 fixed, we change the time from ¢ to 7 such that ||Q||dr = dt on the negative
energy surface {T'+ f = 0}. In the new time variable 7, the flow on {T + f = 0} is the (restricted)
Hamiltonian flow of the function ||Q||(7 + f), in which the velocities remain bounded at the limit
{Q = 0}. Finally, pulling back the Hamiltonian ||Q||(T + f) by K.S., we find

(KS)(IQIT + £)) = K(z,w) = |2A(T(P,Q) + f) = 8;0 wl* + f|2[* — poMo,

which describes four harmonic oscillators in 1 : 1 : 1 : 1-resonance, and is well defined on the whole
T*H and in particular near the codimension-4 submanifold {z = 0} corresponding to the collisions
of the Kepler problem.

Note that it is only on X.° that on its zero-energy hypersurface, the dynamics of K (z,w) extends
the dynamics of the spatial Kepler problem. Reducing by the S'-action of the Kustaanheimo — Stiefel
angle, it defines a regular system on the regularized phase space V. The zero-energy submanifold
of the reduced space in V? is a compactification of the given Kepler (negative) energy manifold. It
is obtained by adding “at infinity” a 2-dimensional (hence codimension-3) sphere corresponding to
all possible directions of collision.

Lemma 2. The compactification of the energy surface of the spatial Kepler problem determined by
K.S. is diffeomorphic to S* x S3.

1
Proof. The zero-energy surface of K(z,w) = f|z|> + 8 |w|? — oMy is diffeomorphic to S7. Its
Ho

intersection with the quadratic cone ¥ = {(z,w) : BL(z,w) = 0}, whose index is 4, is diffeomorphic
to S? x S3. The group S! acts diagonally on the intersection by

0 (z,y) = (€?z,ey),0 € R/27Z, (z,y) € S® x S* € H x H.

In order to calculate the quotient of S3 x S? by this S'-action, we apply the diffeomorphism
(z,y) — (z,27y) from S3 x S§? to itself. The diagonal S'-action on the source space S* x S?* induces
an S'-action on the target space

(z,y) — (e?z,y),0 € R/27Z.

REGULAR AND CHAOTIC DYNAMICS Vol. 20 No. 1 2015



KUSTAANHEIMO -STIEFEL REGULARIZATION 25

The quotient of the first factor S* by the S'-fibers of the Hopf mapping
H—-1IH =z~ Zic

being diffeomorphic to S?, the quotient of S* x S3 by the S'-action is thus diffeomorphic to S? x S3.
O

This method of regularizing the collisions of the spatial Kepler problem is called Kustaanheimo —
Stiefel regularization. Let us sum up these discussions by the following diagram:

/ i
T+ (H\ {0}) X)) ——— (VT VO),w1)
K.S. K.S.

symplectic
(IH \627{0}g)>< B (1 {0}), Re{dQ A dP})

1QINT(P.Q)+)

(T(P,R)+])
R

3.4. Dynamics in the Physical Space

It is only on the regularized zero-energy level that the regularized dynamics extends the Kepler
dynamics after the time has been slowed down. The regularized dynamics with nonzero regularized
energy thus appears to be irrelated to the Kepler problem. Nevertheless, we notice that:

Lemma 3. For any regularized energy f satisfying f > —uoMoy, the projections of the orbits of the
reqularized Kepler flow in the physical space are Keplerian ellipses.

Proof. The equation

]w|2 2
K=3g - + flz]” = poMo = f
Ho
is equivalent to
P> poMo+ f
1Qll - +f]=0,
2p10 QI

that is,

P> M0M0+f:_f
2u0 Q|

By assumption pgMg + f > 0. The Hamiltonian flows of the left-hand side in the above equality
and T'(P,Q) are thus the same up to time parameterization. Since the orbits of the Keplerian
problem with negative energy are ellipses, the projections in the physical space of the orbits of the
regularized Kepler flow are ellipses as well. O

We call these ellipses KS-ellipses and call the Keplerian ellipses of
IPI*  poMo
20 QI

initial ellipses. From Lemma 3, we see that according to the same initial condition (P,Q), the
KS-ellipse is just the (initial) Keplerian ellipse, after changing the mass M of the Kepler problem

to Mo + f/ 0.

T(P,Q) =
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3.5. Levi-Civita Planes

In H, the orbits of the regularized Kepler problem K (z,w) lie in planes spanned by two vectors
v1, v € H satisfying the bilinear relation BL(v1,v2) = 0. Such a plane is called a Levi-Civita plane.

Lemma 4. Suppose x and y are unit quaternions satisfying BL(x,y) =0 and (x,y) =0, then
1

Tir = —yiy, and 2(a_ciy + gix) = Tiy is a unit quaternion linearly independent of Tix = —yiy.

Proof. The bilinear relation

BL(z,y) = Re{ziy} = Tiy — yix = 0

implies
(@y — yz)(Tiy — yiz) =0,
that is,
ly|2ziz + |z > iy = gagiz + TyTiy,
2y |2ziz + 2|z|*giy = 2(gx + Ty)(Tiy + giz),
thus,

ly|*Ziz + |2 [*giy = (z,y)(Tiy + giz) = 0.

Since x and y are unit quaternions, (Ziy + yix)/2 = Ziy is also a unit quaternion. Moreover, since
x and y are linearly independent and Zi is not zero, Zix and Ziy are also linearly independent. [

Proposition 2. The Hopf mapping

H—-IH 2z~ Zziz
sends a Levi-Civita plane to a plane containing the origin in IH. On the other hand, any plane
containing the origin in TH is exactly the image of a P -family of Levi-Civita planes.

Proof. The first assertion follows from Lemma 4. To prove the second, let e;, es be an orthogonal
basis of a plane in TH. Any rotation sending 7 to e; determines a unit quaternion z satisfying
e; = Tiz. The unit quaternion y = —izey thus satisfies es = Ziy. Since ey is purely imaginary,

BL(z,y) = Re{ea} = 0.
Moreover, we have
BL(z,y) = Re{zy} = —Re{zixzziy} = Re{€ies} = (e1,e2) = 0.
The plane spanned by x and y is thus a Levi-Civita plane.
Once (z,y) is given, the S family {(e’x,e™y),9 € R/27Z} corresponds to the same (ej,es),
in which the pair (e’z, e?’y) and (T, e+™y) determine the same oriented Levi-Civita plane.

Therefore, for each oriented two-plane in IH passing through the origin, its preimage is a P!-family
of oriented Levi-Civita planes.

The fibers of the Hopf map are S'-circles each of which intersects a Levi-Civita plane at 0 or 2

points. Therefore, the preimage of any plane in IH consists exactly in a P!-family of Levi-Civita
planes. U

An important relation between the Kustaanheimo — Stiefel transformation and the usual Levi-
Civita transformation (L.C.) is the following:

Proposition 3. Given a Levi-Civita plane E, there exist identifications to C of E and of its image
under the Hopf map, which make the restriction of the Hopf map into the form

C—C, z— 22

Moreover, the restriction of K.S. to T*E becomes

LC.:T"C—-T'C, (z,w)— (22, ;Uz) .
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Proof. Let z = cir1 + corg, w = c3r1 + c4r9 € E C H, where ¢, co,c3,c4 € R, r1,r9 € E are two unit
orthogonal quaternions. The Hopf map sends z into
(C% — C%)f'l’il‘l + 2cqcorairs,
K.S. sends (z,w) into
(6103 + CQC4)f‘1iI‘1 —+ (6104 — CgCg)f‘Q’iI‘Q
2(ci + ) '

It is thus enough to make the identifications ri ~ ¥4iry ~ 1, ro ~ Tpirg ~ i. O

<(C% - c%)f‘lirl + 2c1coT9irs,

The restriction of the Kustaanheimo — Stiefel regularized Kepler problem to the cotangent bundle
of a Levi-Civita plane is thus just the Levi-Civita regularized Kepler problem.

4. LCF COORDINATES
4.1. Planar Case
Let us first recall a set of Delaunay-like action-angle coordinates of the Levi-Civita regularized
planar Kepler problem (that we have presented in Section 3.1) obtained in [5]. In this subsection,
the variables z,w are complex numbers instead of being quaternions.
We first switch to the symplectic coordinates

(WﬂZ)==(y;;f,©%uwk>,

in which the function K = K(z,w) is transformed into

K=¢J(W”HWW—mMy
H1

To diagonalize the associated Hamiltonian vector field, we set

D W2
USRI (A
V2 iv/2
In (W', Z") coordinates
K:¢J(WFHWW%wwh
M1
and the symplectic form is transformed to ;(dW’ NAW' +dZ' NdZ").
We further switch to polar symplectic coordinates (74, 04,75, 0p) defined by
(Z/W') = <\/2raei9“, \/2rbei€b) .

In these coordinates, we have

f
K = — ugMop.
\/2M1 (rq + 1) — poMo

Finally, we set

Ta +7Tp
2

2
K:£¢f—MML
Ho

and the symplectic form is transformed into the form dL A dd + dG A dy. As has been remarked
in [5], the translation by 7 in the definition of -y is due to the reason that one considers the argument
of the pericenter of an ellipse rather than its apocenter.

—T
70a+0b7ra ’

9 ,Ga—«%—i—ﬂ).

c5.62)=

We have in these coordinates
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4.2. Spatial Case

Following [4], we define the diffeomorphism k; from V0 to itself by the following formula:

P
by (P.Q) - (P = ).
d V20 fL
so that the ellipse determined by (P, Q) in the physical space under the flow of the regularized
Hamiltonian K (z,w) coincides with the ellipse determined by (P’, Q) under T'(P, Q). We note that
in the above formula, (P, Q) does not determine (P’, Q) uniquely since L, as part of the Delaunay
coordinates defined below, is related to the Keplerian energy of the corresponding KS-ellipses with

regularized energy f, which corresponds to a modification of the masses by f (Lemma 3 and
discussions below it). In particular, v/2uofL = 1 if and only if f = 0.

Identifying the space of spatial Keplerian ellipses of fixed semimajor axis, possibly circular or
degenerate (to a line segment), to S* x S? (see [1, Lecture 4]), the mapping & induces the identity

mapping from S? x S? to itself. However, the mass parameters of the source and the target not
being necessarily the same, the associated symplectic forms on the source and target spaces do not

necessarily agree, hence the identity mapping of S? x S? is not symplectic in general.

Let a,e,i be, respectively, the semimajor axis length, the eccentricity and the inclination®) of
an elliptic solution of the Kepler problem with Hamiltonian T'(P, Q). In terms of the (symplectic)
Delaunay coordinates (L, [, G, g, H, h), for which

)
L = ppv/Mo+/a circular angular momentum

l mean anomaly

G = Lv1—¢€2 angular momentum

g argument of pericenter
H = Gcosi vertical component of the angular momentum
h longitude of the ascending node,

and in terms of the diffeomorphism k;, we define the LCF' coordinates, seen as coordinates on

an open subset V1 of the regularized phase space V° determined by the conditions that the
corresponding KS-ellipse is nondegenerate (in this case, even if [ is replaced by u in this set of
coordinates, the orbital plane is nevertheless not well-defined), noncircular and nonhorizontal, as
follows:

( 2 L2
L= \é/Qf o ky
o'~ Mo
0 = wo ky, where u is the eccentric anomaly
2fLG
g - \/3/']2(. o k‘f
o'~ Mo
Y =goks
H=H
¢ =h.

Y The use of the same i for the inclination and for the imaginary unit should not cause any ambiguity for the
readers.
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p Mg

On the energy surface K(z,w) = 0, we have f = 5 L20 , therefore, k; induces an identification

of the Delaunay coordinates with the corresponding LCF coordinates

L=Loksy, é=uoky, G=Goky, y=goky, H=H, (=h.

(except for the fast angle, which is the eccentric anomaly u in LCF coordinates and the mean
anomaly [ in Delaunay coordinates).

To obtain a simple proof of the symplecticity of the LCF coordinates, we shall use the following
“rotation lemma’”:

Let R! be the simultaneous rotation in each factor of R? x R? around the first axis with angle

I, and let R% be the simultaneous rotation in each factor of R? x R? around the third (“vertical”)
axis with angle h. Let

(a7, 2%, 4, 41, Y2, y3) = RS o Ri(x1,22,0,1,72,0).
Lemma 5 (Rotation Lemma).
dyy A dahy + dyh A daly + dys A daly = dyy A dzy + dys A dae + d(2hyh — 2hy1) A dh.
Proof. An elementary calculation leads to
da’y A dyy + dahy A dyhy + daly A dyy = dzy A dyy + dxe A dys + dh A d((21y2 — 22y1) - cos T)
= dxy A dyy + dza A dys + dh A d(2)yh — 2hy)).
O

By Proposition 2, the mapping K.S. restricts to L.C. on the cotangent bundle of a Levi-Civita
plane. Since (£, 9,G,~) form a set of Darboux coordinates, we deduce from Lemma 5 that

Proposition 4. LCF coordinates form a set of Darboux coordinates on V.

Remark 1. Starting with a formula of [2], the set of coordinates (£, d,G,~) was established and
was called “Delaunay-like coordinates” in [5]. On the other hand, a set of closely related Darboux
coordinates of the (nonregular) phase space has been built by Levi-Civita in [13] both in the planar
and the spatial cases with a very different approach. The abbreviation LCF stands for Levi-Civita,
Chenciner, and Féjoz.

Note that LCF coordinates, similarly to the Delaunay coordinates, are not well-defined for
collision-ejection Keplerian motions: there is no well-defined “orbital plane” for a degenerate ellipse.

Remark 2. As another application of Lemma 5, we may deduce the symplecticity of the spatial
Delaunay coordinates (L,l,G, g, H,h) from that of the planar Delaunay coordinates (L,[, G, g):
indeed, from dy; A dxi + dys A dxe = dL A dl + dG A dg, and by definition of H = 2y}, — 24y}, one
gets from Lemma 5 that

dyr N dxy + dys A dxs + dys A des = dL AN dl + dG A dg + dH A dh.

5. AVERAGING AND REGULARIZATION
5.1. Jacobi Decomposition of the Spatial Three-body Problem

The spatial three-body problem is a Hamiltonian system on the phase space
1 := {(pj, j)j=012 = (0}, P5,0},4j, 4}, 4}) € (R® X R*’IVO < j #k <2,¢; # ar}

with the (canonical) symplectic form

2
> dp; Add,

=0 I=1
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and the Hamiltonian function

ool T (11 S e
in which qg, q1, g2 denote the positions of the three particles, and pg, p1, p2 denote their conjugate
momenta, respectively. The Euclidean norm of a vector in R? is denoted by || - ||. The gravitational
constant has been set to 1.
The Hamiltonian F' is invariant under the translations in positions. To reduce the system by
this symmetry, we switch to the Jacobi coordinates (P;, Q;),i =0, 1,2, defined as

Po=po+p1+p2 Qo = qo
Py =p1+o1p2 Q1=aq —q
Py =py Q2 = g2 — 00q0 — 0141,
where
1:1+m1’1:1+m0'
g0 mo 01 my

Due to the symmetry, the Hamiltonian function is independent of ). We fix the first integral
Py (conjugate to Q) at Py = 0 and reduce the translation symmetry of the system by eliminating
Qo. In coordinates (P;, Q;),i = 1,2, the (reduced) Hamiltonian function F' = F(P1, Q1, P2, Q2) thus
describes the motion of two fictitious particles.

We further decompose the Hamiltonian F'(Py, Q1, P, Q2) into two parts F' = Fiep + Fpert, where
the Keplerian part Fke¢p and the perturbing part Fyer are, respectively,
AP IRl? My pa Mo
FKep - + - - )
2 22 @l Q2]

b= 2 (10t~ o) * (10 st~ 101
pert = —H1T12 oo \ Q2 — 00Q1|  ||Q2]l o1 \||Q2 +01Q1]  [|Q2] ’

with (as in [6])
o111 1

= = +
b b
1 mo M1 U2 mo + m1 mo
My = mg +mq, My = mg + mq + mo.

We shall only be interested in the region of the phase space where F' = Fi¢), + Fpert is a small
perturbation of a pair of Keplerian elliptic motions with non-intersecting orbits.

5.2. Regularized Hamiltonian

We now apply the Kustaanheimo — Stiefel regularization to regularize the inner double collisions
Q1] = 0 of the system F.

We fix a negative energy surface

F=—-f<0,
and switch to a new time variable 7 which satisfies
|Q1]| dT = dt.

In time 7, the corresponding motions of the particles are governed by the Hamiltonian ||@Q1]|(F + f)
and lie inside its zero-energy level. From now on, we will call K.S. the mapping

(z,w,Py,Q2) — | Q1 = Ziz, Py = zzw P, Qo
2|22
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and set
F=(KS) (|Qull (F+[)).
This regularized Hamiltonian is a well-defined function on X% x 7*(R?\ {0}) and is decomposed as
F = Frep + Fperts

where the reqularized Keplerian part
|w|? [P2]*  pobMo
Ficep = K-S (|Qill(Frep + 1) = 1 4+ (S + -
€p H H( ep f) 8#1 f 2,“/2 HQQH
describes the skew-product motion of the outer body moving on an Keplerian elliptic orbit, slowed
down by four “inner” harmonic oscillators in 1:1: 1 : 1-resonance, and the reqularized perturbing
part

) 22 = My

Foert = K57 (1 Qu | Fyert)

is small. Both terms extend analytically through the set {z = 0} corresponding to inner double
collisions of F.

The function F descends to a function (still called F) on V°\ {0} x T*(R?\ {0}) that we shall
deal with in the sequel.

5.3. The Quadrupolar System and its Regularized Counterpart

Due to the proper degeneracy of Fi., (that all bounded orbits of the Kepler problem are closed),
to carry out perturbative studies of Fg,, we must understand the dynamics of the secular system

1
sz [, Bt

in which l1,lo are the mean anomalies of the inner and outer ellipses, respectively. The system
Fyee has 6 degrees of freedom and has the Keplerian T? and the rotational SO(3)-symmetry. In
particular, it is not a priori integrable.

We now consider the lunar case of the three-body problem, that is, when the ratio of the

Fsec:

. . ai . . . . . . .
semimajor axes o = is sufficiently small, with a; and ag being the semimajor axes of the inner

a2
and outer ellipses, respectively. We suppose, in addition, that both the inner and outer ellipses are
noncircular and nondegenerate, so that we may use the Delaunay coordinates

(Li7li7Gi7gi7Hi7hi)7 1= 172

to describe them, respectively.
The function Fjpe,4 is naturally an analytic function of a1, as, Q1/a1,Q2/a2 (by replacing @Q; by

; a
a; @i ,i =1,2). With the substitution as = ! , it is also an analytic function of a1, o, Q1 /a1, Q2/as.
Q@

1
By expanding Fie. in powers of a, we find
Fsec = Lquad Oé3 =+ O((l4),

where, as noticed by Harrington [9] that if we perform the standard Jacobi elimination of the nodes,
that is, to fix the total angular momentum vertically having norm C' (one has therefore hy = hg + 7
and Hy + Hy = C) and to reduce by the S'-symmetry of rotations around the vertical axis (so as
to ignore the angles hi, hy ), the (reduced) quadrupolar system

Ia _ _mgm1m2 L% G% 1 (02 - G% - G%)Q
quad mo + m1 8(11G§’ L% 4G%G%
Gi 2 o (C? =GP = G3)? Gi
+15(1_L%> [cos g1 +sin” g; 4G%G% ]_6(1_L%>_4}
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is integrable, since it is also independent of the outer argument of the perihelion go. The dynamics
of Fjuqq was investigated by Lidov and Ziglin [14] and later by Ferrer and Osacar [7], Farago and
Laskar [3], and Palacian, Sayas and Yanguas [17].

By construction, the system Fj,qq is not defined when the inner ellipse degenerates since the
angle [; is not defined for a degenerate inner ellipse. Nevertheless, we notice that

Proposition 5 (Appendix). Fi,qq extends analytically to degenerate inner ellipses.

The extended quadrupolar dynamics near degenerate inner ellipses was studied in Lidov and
Ziglin [14], but it is not a priori clear that this particular part of their study is really relevant to
the dynamics of the three-body problem.

Towards a better understanding of the situation, let us first construct the secular systems of
the regularized system. We suppose that the inner ellipse is noncircular, and the outer ellipse
is noncircular and nondegenerate. As in [23], the secular regularized system Fg.. is obtained
analogously by averaging Fje,; over the fast angles ¢; (the angle ¢ in the LCF coordinates adapted

for the inner body) and I}, = Iy + 2?1((]222)) Re{P1Q1} (see [5]; the modification was made to keep the

symplectic form and to have the angle I to be proportional to the new time 7). We obtain from
Fisee the quadrupolar regularized system F,qq by analogous expansion and truncation procedures.

We aim to compare the (integrable) dynamics of Fyyqq and Fyyeq, in which the former is well-
defined near degenerate inner ellipses by construction and the latter is not, but extends analytically
to degenerate inner ellipses. In the planar three-body problem, a similar situation arises and the
dynamics of the regularized secular system is shown to be orbitally conjugate to the extended
dynamics of the secular system [5]. A similar result can be established in our situation as well.

Let us first extend the diffeomorphism k; defined in Section 4.2 (but keep the same notation)
by only applying it to the inner body:

P
V2p1 f1(La) Ly

Proposition 6. The initial and secular reqularized Hamiltonians satisfy:
fsec:al'Fsecokf-

kf:(P17Q17P27Q2)'_>< ,Q17P27Q2)-

Proof. This is a direct generalization of [5, Proposition 3.1] to the spatial case. Observing that two
elliptic orbits are fixed, we have dd; A dly = doy A dlfy and thus

1
fsec — 47T2 /]1‘2 fpe?‘tdé‘ldlé

1 / —1 -1
471'2 kf(TZ) per f I
Since the map k; preserves the configuration coordinates (Q1,Q2) and Fpers = ||Q1]| Fpert is only
a function of the configuration variables, Fpert = ||Q1]|Fpert is invariant under ky. Moreover,
010 k:)?l = uq, therefore,
1
Foee = A2 /’]1‘2 ||Q1|‘Fpertduldl2
a
= 4;2 /T Frerydlydly
= Fsec-

The last equality follows from the relation

Q1] dur = ardly,
derived from the Kepler equation

l1 =u; —ersinug.
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We thus obtain
—Fquad =day - Fquad © kf

Unfortunately, the mapping ky is not symplectic for the secular symplectic structures involved,
hence the dynamics of F,,q is not directly equivalent to that of Fy,,q. Nevertheless, the following
theorem gives a direct and simple link between them.

Theorem 3. For fired masses mg, m1 and ma, semimajor azes a; < ag, energy —f <0, and
angular momentum C, after full reduction by the SO(3)-symmetry and the Keplerian T?-action of
the fast angles, there exists a fictitious value mf > 0 of the outer mass, such that up to a factor
depending only on a1 and the masses mo and my, the system Fyyqq is conjugated to Fyqq, provided
that mfy substitutes for ma in Fyueq.

Proof. We fix c vertical, so that by standard Jacobi’s elimination of the nodes, (G1,~1, G2, g2) form
a set of Darboux coordinates on the reduced source space of kf, and (G, g1, G2, g2) form a set of
Darboux coordinates on the reduced target space of ky.

Consider the system
32 3772
p My M
F=Fgep+ Fpept = — _ + Epere
Eep per QL% QL% per
on the energy level
F=—-f f>0.

(s M3

5 L% , we have that

Since for small enough «, |Fpey¢| is smaller than

i M3

< f.
212

Now as the mapping

30,3
meo — H3M2 _ (mo + ml) my
272 mo + myq + mo

is a diffeomorphism from (0, 400) to itself for any positive mq, m, there exists some m} > 0, such
that

312 31,72
poM; py M
Ly, mg,my,mbh) = f — = .
fl( 2 0 1 2) f ZL% 2L%

The composition of the mapping k¢ with the mapping m : mg — m} is thus just the identity
between £; and Li, and between two Darboux charts (Gy,v1,G2,¢92) and (G1,g1,G2,g2) in the

reduced source and target spaces of spatial Keplerian ellipses,?) respectively. Moreover, since these
charts are open and dense in the source and target spaces, we conclude that this composition
identifies the reduced source and the target space symplectically.

We deduce from Fyqq = a1 - Fyyqa © ky and the expression of Fy,,q that
/
m
mzfquad = fquad °cm = ai - Igyad © kf om.

Hence the dynamical behavior of the reduced quadrupolar regularized system agrees, up to a factor

aimso
/
2

, with that of the nonregularized reduced quadrupolar system. O

®)Remind that circular inner or outer orbits or degenerate outer orbits are removed.
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Therefore, the study by Lidov and Ziglin [14] of Fi,qq near degenerate inner ellipses is indeed
relevant to the regularized secular dynamics of the spatial lunar three-body problem in the way
manifested by Theorem 3. In [22], this is used in an essential way to establish the existence of
almost-collision orbits in the spatial lunar three-body problem.

Remark 3. The necessity of shifting one of the masses in the above theorem is due to the
possibly nonzero energy of the regularized system. Instead of modifying the outer mass mo, another
possibility is to modify the masses mg and mj. This is explored in [23].

APPENDIX. ANALYTIC EXTENSION OF F,,,q TO DEGENERATE INNER ELLIPSES

In this appendix, we show by direct calculation that

Proposition 7. The function F,qq extends to an analytic function in a neighborhood of degenerate
mnner ellipses.

Proof. The space of the (inner) spatial Keplerian ellipse is homeomorphic to S% x S? (see,
e.g., [1, Lecture 4]). The Pauli—Souriau coordinates for the inner spatial Keplerian ellipse
(A17A27A37B17327B3) with

A+ A+ A2 =B+ B+ B =1,

are just the Descartes coordinates for a couple of points on S%l C R3 (we set the radius of the sphere
S%l to be v/L1). The angular momentum of the inner ellipse is then Cy = (ASBI, AQQBQ, A3gB3) ,
— Al;Bl ,— AQ;BQ ,— A3'§B3 ) , and the
(BQ—AQ A1—B1 0)

2 02 oY)

the direction of the inner pericenter is the direction of (
direction of the inner ascending node is the direction of
A calculation leads to

1M H(;)1H2 9
F = ) -1 .
quad 203 /']1'2 || 2”3 (3 COS C )dlldlg

We take the Laplace plane, the plane orthogonal to 5, to be the reference plane. In terms of
(e1,91,11,€2,i2) (for which we restrict i; to the interval [0,7) ), this function takes the form

Fpuad = — i 22 5 [3(1 — €3)(1 + cos? (i1 — i2)) + 15(cos? g1 + cos? (i1 — i2) sin® g1) — 6e3 — 4]
8ai(l —e3)2
H1ma

= - [~ (3(1 — €3) + 15sin? g1) sin®(iy — i) 4+ 12(1 — €F) + 5].
8ai(1 —e3)>
We see from this expression that the analyticity of (the extension of) Fy,qq near degenerate inner
ellipses directly follows from the analyticity of (the extensions of) the expressions (1 — e?) sin?(i; —
i2) and sin? g1 sin2(i1 —ig) near degenerate inner ellipses. In Pauli—Souriau coordinates and in
terms of the normal vector of the outer ellipse Ny = (N1, No, N3), these expressions can be written
as

(1= ¢2) sin2(iy — i) = 42% (A1 — B1)2 + (As — Bo)® + (A3 — By)?
- ((Al — B1)N1 + (A2 — B2) Ny + (A3 — B3)N3>2,
((A1 + B1)N1 + (A2 + Ba)Na + (A3 + B3)N3)?
(A1 + B1)2+ (A2 + B2)2 + (A3 + B3)?
These formulae show that they can be extended analytically to the set
{(A1, Ag, A3) = (B1, B2, B3)},

corresponding to degenerate inner ellipses. This shows that Fi,,s can be extended analytically to
degenerate inner ellipses. O

sin? g sin? (i1 —i2) =
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Remark 4. We provide a geometrical way to calculate the expression
sin? g1 sin? (i1 —i2).

Take any vector p in the direction of the inner pericenter and its projection pi in the outer orbital
plane. Let ps be the projection of p' to the direction of the node. It is direct to verify that the
direction of the node is perpendicular to p; — p2. We have

a2y, = 72
(712
and
Y 17— 12
sin“(iy —i2) = ., .,
17— p2l|?
therefore,
Y 17— 12
sin® g1 sin®(i; — ig) =
(712

This is a quantity which only depends on the direction of the inner pericenter and the normal
direction of the outer orbital plane, while both directions are well defined up to degenerate inner
ellipses.
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