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Abstract—A new computationally simple method of imposing hard convex constraints on the neural network
output values is proposed. The key idea is to map a latent vector to a point that is guaranteed to be inside the
feasible set defined by a set of constraints. The mapping is implemented by the additional neural network
layer with constraints for output. The method proposed is extended to the case when constraints are imposed
not only on the output vectors, but also on joint constraints depending on inputs. The projection approach to
imposing constraints on outputs can simply be implemented in the framework of the proposed method. It is
shown how to incorporate different types of constraints into the proposed method, including linear and qua-
dratic constraints, equality constraints, dynamic constraints, and constraints in the form of boundaries. An
important feature of the method is its computational simplicity. Complexities of the forward pass of the pro-

posed neural network layer by linear and quadratic constraints are O (nm) and 0(n2m), respectively, where
n is the number of variables and m is the number of constraints. Numerical experiments illustrate the method
by solving optimization and classification problems. The code implementing the method is publicly available.

Keywords: neural network, hard constraints, convex set, projection model, optimization problem, classifica-

tion
DOI: 10.1134/S1064562423701077

1. INTRODUCTION

Neural networks can be regarded as an important
and effective tool for solving various machine learning
problems. In a number of applied tasks, the imple-
mentation of which is carried out using neural net-
works, it is required that the network output be lim-
ited, i.e., the predictions meet specified constraints.
Examples of problems that require constraints on net-
work output values are constrained optimization prob-
lems, models generating images or parts of images in a
given region, classification problems with constraints
on class probabilities, etc. The most common
approach to account for such constraints is to add
some additional penalty terms to the loss function to
penalize constraint violations. However, this does not
guarantee that the constraints will be satisfied for all
training and new examples, since in this case, viola-
tion of the constraints is only penalized, but not elim-
inated. Therefore, this approach leads to the so-called
soft constraints [1]. Another approach is to modify the
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neural network so that it predicts strictly within a lim-
ited output space. In this case the constraints are hard
in the sense that they are satisfied for any input exam-
ple during training and use [2].

Although many applications require hard con-
straints, there are currently not many models imple-
menting them. Most models are based on the use of
soft constraints due to their simple implementation
[3]. A method taking into account rigid conical con-
straints of the form Ax < 0 was proposed in [2]. The
corresponding model puts predictions into a feasible
region using a specific set of rays. A serious limitation
of this method is the need to search for corresponding
rays. If this approach is applied not only to conic con-
straints, it is necessary to look for all the vertices of the
set. However, the number of vertices can be extremely
large. A general approach to solving optimization
problems with constraints is presented in [4]. It aims to
incorporate (potentially nonconvex) equality and
inequality constraints into deep learning-based opti-
mization algorithms. Its performance largely depends
on the training process and the chosen model archi-
tecture. A neural network architecture with hard con-
straints on output data using an additional output layer
is proposed in [5]. However, the method considers
only linear constraints, but the main thing is that its
implementation requires knowledge of all vertices of
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the constraint polyhedron, the number of which can
be huge.

An interesting approach to solving quadratic opti-
mization problems with linear constraints was pro-
posed in [6]. A similar approach, which embeds an
optimization layer into a neural network, is proposed
in [7]. Unlike [6], this approach is extended to the case
of an arbitrary convex loss function, including its
parameters. According to [7], the operation of project-
ing an output point onto a bounded domain can be
implemented using a differentiable optimization layer,
which ensures that the output of the neural network
satisfies the constraints. However, these approaches
require solving convex optimization problems for each
forward pass of the neural network, which signifi-
cantly complicates their implementation. Another
method for solving an optimization problem with lin-
ear constraints is presented in [8]. It should be noted
that the method may require significant computa-
tional resources and time to solve complex optimiza-
tion problems. Moreover, it solves optimization prob-
lems with linear constraints only. Several approaches
to solving constrained optimization problems were
proposed in [9—11]. An analysis of these approaches
can be found in review articles [12, 13].

As far as we know, there is currently no approach
that allows us to implement and train neural networks
whose output satisfies linear and quadratic constraints
without solving the optimization problem with a for-
ward pass of the neural network. Therefore, we present
a new computationally simple method that imposes
strong linear and quadratic constraints on the output
values of a neural network. The main idea of the
method is to map the vector of latent parameters of the
neural network to a point that is guaranteed to be
inside the admissible set defined by a set of con-
straints. The mapping is implemented by a special
additional layer of the neural network. The method
proposed can be easily generalized to the case where
constraints are imposed not only on the output data of
the network, but also on the input data. Another fea-
ture of the approach is that the method of projecting a
point onto an admissible set is simply implemented
within the framework of this approach. An important
feature of the proposed method is its computational
simplicity. For example, the computational complex-
ity of the direct pass of the neural network layer imple-
menting the method in the case of linear constraints is

O(nm), and in the case of quadratic constraints

2 . .
O(n"m), where n us number of variables and m is the
number of constraints.

The method proposed can be used in various
applied problems. First of all, this is the solution of
optimization problems with arbitrary differentiable
loss functions and with linear or quadratic constraints.
The method can be used to implement generative
models with constraints. It can be used when con-
straints are imposed on specific subsets of points.
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There are many other applications where the input
and output of neural networks must be constrained.

The contribution of the work can be summarized as
follows:

1. A new computationally simple method is pro-
posed that imposes hard linear and quadratic con-
straints on the output values of a neural network.

2. The implementation of the method with various
types of constraints is considered, including linear and
quadratic constraints, equality constraints, and con-
straints imposed on input and output data.

3. Various modifications of the proposed method
are studied, including a model for obtaining solutions
on the boundaries of the feasible set and projection
models.

4. Numerical experiments illustrating the proposed
method are presented. In particular, various optimiza-
tion problems and classification problems are consid-
ered.

The software that implements the method can be
found on the website: https://github.com/andrue-
konst/ConstraiNet/.

2. PROBLEM STATEMENT
AND PROPOSED METHOD
Let z € R? be the input vector of a neural network

and x € R" be the output vector (prediction) of this
network. The neural network is considered a function

fo : RY = R" such that x = f;(z), where 8 € O is the
vector of trained parameters.

Let Q c R" be a convex feasible set of output data
formed by a set of constraints in the form of m inequal-
ities:

Q={x|h(x)<0,i=1,...,m}, (1)
where each constraint /4, (x) < 0 is convex.

Our goal is to build a neural network with con-
straints on the output data. In other words, it is neces-

sary to build a model x = f;(z): R? — Q and impose

constraints on x so that x € Q forany z € [Rd, i.e.,

Vze [Rd(fe(z)e Q).

2.1. Neural Network Layer with Constraints
on Output Data

Given a fixed point p inside the convex domain Q,
i.e., pe L. Any point x from many € can be repre-
sented as

xX=p+a-r,

where o > 0 is a scale parameter and r € R" is a vector
(ray from point p).
Vol. 108
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Fig. 1. Mapping g, (r,s).

On the other hand, for any p and r, there is an upper
bound @, of the parameter o, defined as

0, =max{oe>0|p+a-reQl.

Moreover, the segment [p; p + @, - | belongs to
Q, because Q is a convex set. The meaning of deter-
mining the boundary @.,, is to determine the point of
intersection of the ray » with one of the constraints.

We define a neural network layer that maps the ray
r and scale s as

g, (rs)=p+a,.(s)r

where o, () is a function of the layer parameter s and
Q, ., defined as

o,,(s)=0(s)-0,,,
o(s): R — [0,1] is a sigmoid function, i.e., a smooth
monotonic function.

Such a layer is guaranteed to satisfy the following
constraints:

VreR", seR(g,(rs)eQ),

since the segment [p, p + @.,,,. - r| belongs Q.

The mapping of the ray r and scalar s to a point
inside the domain Q is schematically shown in Fig. 1.
From the ray r issuing from the point p, the intersec-
tion with the domain’s boundary p + @, - r is found
and, as a result of scaling, the point g is obtained.

For a system of constraints, it suffices to find the
upper bound @, satisfying each constraint. Let (7([1),
be the upper bound of the parameter o, corresponding
to the ith constraint (/4 (x) < 0) of system (1). Then,
the upper bound of the entire system is specified so
(@) .

that[p,p+Q,, - rlc[p,p+Q,, -rl, ie.,
_ . —(i)
a,, = min{@ . )
DOKLADY MATHEMATICS  Vol. 108  Suppl.2 2023

Fig. 2. [llustration of the search for the upper bound @, ,
of crossing constraints.

The search for the upper bound @, under linear
constraints is schematically shown in Fig. 2.

The computational complexity of the forward pass
of the described neural network layer is directly pro-
portional to the number of constraints and the compu-
tational complexity of finding the intersection with
one constraint.

Proposition 1. Any vector x € € can be represented
using a layer g, (r,s). For any input (r,s), the output of
the layer g, (r,s) belongs to the set Q.

Proof:

1. Any output vector g ,(r, s) satisfies the constraints;
ie., Vre R", s € R, the condition g,(r,s) € Q issat-
isfied, because o, ,(s) < &g’), and [p, p+6c(pf?, -rlcQ.
Hence, g,(r,s) € [p,p + 0, .(s)| Q.

2. Any point x € € can be represented using a layer
g,(r,s). Indeed, let r = x — p, s — +oo. Then, x =
g,(x = p,4e0) = p+1-(x — p) = x, which was to be
proved.

To obtain the model f; (z) : RY - Q, it is required
to apply to the input of the layer g, (r,s) the output of
the main neural network, 7, (z) and s, (2):

Jo(2) = (1 (2),5 (2))-
This aggregate model also forms a neural network,
which can be trained by a backpropagation algorithm.

2.2. Linear Constraints

In the case of linear constraints, @, is determined
by the intersection of a ray from a point p in the direc-
tion rwith the set of constraints. Consider an intersec-

tion with one linear constraint of the form aiT x < b,
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The upper bound of the parameter o is determined by
the solution of the system
X=p+o-r
a,-T x=b (3
o= 0.

Therefore, if a solution exists, then the following is
true:

T T
ap+o-ar=b,

W _b—ap

pr =

a T
ar

Ifa'r=0oraq, (p,r) <0, then (3) has no solution
and (Tcg?, can be set to +eo. If'a system of inequalities is
given, then the upper bound is determined using (2).

In the case of linear constraints, the computational
complexity of a direct pass through the neural network

layer is O (nm).

2.3. Quadratic Constraints

Let the ith quadratic constraint be given as

%xTP(i)x + q,-Tx <5,

where P7 isa positive semidefinite matrix. Then, the
intersection of the ray with the constraint is given by
the equation

Yoo P (pra gl (pror)=b,

Depending on the coefficient at o, two cases are
possible:

LIfr POy = 0, then the equation is linear and has
a solution

g p+ip PVp b,
o=- 2

pTP(i)r + qiTr

2. 1 P > 0, then there are two solutions, but
we consider only the larger positive one, correspond-
ing to the movement in the direction of the ray. This
solution is

=(p"Pr+4'rn+D/4

o= : ,
r POy

4
—r"P%) -4 p+ p P p-2b),

since the denominator is positive.
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The case of ' PVr <0 is impossible, since the
matrix is positive semidefinite. Otherwise, the con-
straint would specify a nonconvex set.

If o> 0, then o)

Na

= o. Otherwise, if the ray does
not intersect the constraint, then (7(,;,), = +oo, For a sys-
tem of quadratic constraints, the upper bound has the
form (2).

In the case of quadratic constraints, the computa-
tional complexity of the forward pass of the neural net-

work layer is O(nzm).

2.4. Equality Constraints

Consider the case when the domain € is specified
by a system of linear equalities and inequalities of the
form

er@{AXSb 4)
Ox = p.

In this case, the problem can be reduced to (1), i.e.,
to a system of inequalities. To do this, we find and fix
a vector u satisfying the system Qu = p. If the system
has no solutions, then Q empty. If there is only one
solution, then Q consists of one point. Otherwise,
there are an infinite number of solutions and it suffices
to choose any of them, e.g., solving the least squares
problem:

|Qu — pl — min.

Then we can find the matrix R, which is a basis of
the kernel Q; i.e., R satisfies the condition

Vw(QRw = 0).
The matrix R can be obtained using the SVD
decomposition of the matrix Q € R*:
Usv =0,

where U € R and V' € R™ are orthogonal matrices

and S € R"" is a matrix with non-zero values only on
the diagonal, sorted in descending order.

Then, the matrix R is given as
R=(v,...,vs),

where 6 is the number of nonzero diagonal elements

of the matrix S and v,,...,vs are the columns of the
matrix V.

Hence,
Vwe RS(Q(RW+ u) = p).

The new system of constraints on the vector w is
defined as

A(Rw +u) < b,

or, in canonical form,

Vol. 108  Suppl. 2 2023
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Bw <t

where B = ARandt = b — Au.

Thus, w is the vector of variables for the new sys-
tem (4). For any w, a vector x satisfying the original
system can be reconstructed in the form x = Rw + u.
As a result, the model of the solution will be given as

fo(2) = Rfy (2) +u, (6)

where f; (z) is the model for constraints (5).

(6))

In a more general case, if an arbitrary convex set €
is given as the intersection of convex inequality con-
straints (1) and one additional equality constraint:

h(x)<0
Ox = p,

then we can use a change of variables to obtain new
(possibly nonlinear) constraints:

h(Rw+u)<0 {;}f"") (w)<0

er<:>{

xe§2<:>{

X =Rw+u, x=Rw+u.

Thus, the model can be used to generate solutions

fo(z) satisfying nonlinear constraints A (f6(2))
and then solutions for x are obtained through (6).

2.5. Constraints on Input and Output Data

In practice, it may be needed not only to impose
constraints on the output vector f;(z), but also to

impose joint constraints depending on some input
vectors. Let there be given a convex region of con-

straints on the input vector z and output vector f; (z):
A CcR* xR,
i.e., for any z, the model f; (z) should satisfy the con-

dition
y= [fe (Z)} e A.
Z

Here, y is the concatenation of vectors f; (z) and z.
Ifthe domain is specified as the intersection of convex
constraints,

A={yIT;(y)<0,i=1,....m},

then, for fixed z, we can construct by substitution a
new system of constraints only on the output vector

o (2):
G(2)={zlvi(x2)<0,i=1,...,m],
where v; (x;z) are obtained by the substitution of z
into I';.
Here, vy, depends on z as on fixed parameters and

the only variable is x. For example, if I'; is a linear
function, then, after substituting the parameters,

DOKLADY MATHEMATICS  Vol. 108  Suppl.2 2023
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Y; (x;z) < 0 will be a new linear constraint on x or be

satisfied automatically. If I'; is a quadratic function,
then the constraint on x will either be quadratic, lin-
ear, or satisfied automatically.

New dynamic constraints on output data depend-
ing on the input vector z satisfy the condition

fo(2)e G(2),

provided that the input vector z is from the feasible set:

ce {zﬁx:meA}.

Such constraints may change with z and can be
implemented in a neural network provided that there
is a fixed point p.

2.6. Projection Model

Note that using the proposed neural network layer
with constraints on the output data, a model of a pro-
Jection can be constructed that maps the points in Q
and has the property of idempotency, i.e.,

Vxe R (fo (fo (%) = /o (x))-

This model can be implemented in two ways:

1. The first way is to train the model f4(z) =
2(ry(2), 8¢(s)) to identical transformation by minimiz-
ing a functional that penalizes the distance between
the image and the preimage, e.g., for an orthogonal
projection in the L, —norm:

N (7)

This method can be used when it is necessary to
build projection models for complex metrics, e.g.,
specified by neural networks.

2. The second way is the central projection, which
can be obtained without optimizing the model, by

specifying the ray 7, (z) := z — p. In this case, the scale
must be specified without the sigmoid, explicitly, as
a,,(s)=min{l,0,,}. Then,

& =L 3o () - xi,

& (r (x)) =pt min{l, aP»(X—P)} ) (x - P)

) { @y >

(1 - (Tcp,(x_p)) p+0, X, otherwise.

Examples of implementation of the projection
model for quadratic constraints are shown in Fig. 3.
For each of the options, a vector field is given, where
the beginning of each arrow corresponds to the preim-
age and the end, to its projection into a set of 5 con-
straints. On the left is the result of a neural network
whose parameters minimize (7), where Q contains
artifacts corresponding to regions with large approxi-
mation errors. On the right is the result of a neural net-
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Second projection method
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Fig. 3. Examples of projection models for quadratic constraints.

Use of L; norm

Use of L, norm
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0f 0F
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5 10 05 0 05 10 15 10 05

Fig. 4. Examples of approximation of projection onto a boundary using the L; and L, norms.

work without trained parameters, implementing a
central projection where there are no errors.

2.7. Constructing Solutions at the Boundary

The method developed can also be applied to con-
struct solutions in a nonconvex boundary set, denoted

by dQ. To do this, we set 6(s) = 1. Then,
g(r)=p+o(p,r) re o

Hence, g(r) is on the boundary for » # 0.

It is noteworthy that this approach allows one to
construct a mapping onto a non-convex connected
union of convex domains. On the other hand, any
method that relies on a convex combination of basis
vectors, where the weights are found using the opera-
tion softmax, allows one to construct points only inside
the domain rather than on the boundary. For example,
consider the problem of projecting points onto the
boundary of a convex set:

DOKLADY MATHEMATICS

minl|z -/, (2)ll,
under constraints f; (z) € 0Q.

)

Examples of projection onto a domain specified by
a set of linear constraints for the L, and L, norms are
shown in Fig. 4. To solve each of the problems, a neu-
ral network was trained, containing 5 layers of size
100, minimizing (8), the set of values of which is spec-
ified as dQ. It can be seen from Fig. 6 that the gener-
ated points are on the boundary of the constraints.

3. EXPERIMENTS
3.1. Optimization Problems

One of the applications of the proposed approach is
solving optimization problems with constraints. For
each particular problem, the vector of input parame-
ters z; is optimized in order to minimize the loss func-
tion /;(fy(z;)). For testing, 50 sets of problems and
constraints were generated for output dimensions of 2,

Vol. 108  Suppl. 2 2023
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Proposed method
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Fig. 5. Comparison of the running time of the proposed neural network and projection using CVXPYLayers.

Rosenbrock function

.51 104

Lok 10°

) 2
0.5 / 10
10!
100
107!

1072

-1.5 1073

1.5 —1.5 —0.5

Bird function

Fig. 6. Optimization trajectories for the Rosenbrock [15] and Bird [16] functions.

5, and 10, with 50, 100, and 200 constraints separately
for the cases of linear and quadratic constraints, so
that the domain Q was bounded.

For linear constraints, we generated m vectors
a,...,a, ~N(0,1) defining points belonging to
hyperplanes and normals to these hyperplanes. Then,

b; =a,-Ta,- ansz{x|a,-Tx < b, i=1,...,m}. For quadratic

constraints, positive semidefinite matrices P and vectors
g ~N(0,7), i=1,...,m, were generated. The con-
straints were then shifted to satisfy the clearance con-
straints 5, > 0. As a result, we obtain a system of quadratic

constraints Q = {x|xTP(i)x + q,Tx <b,i=1,...,m}.

The relative error for comparison of models is cal-
culated from the value of the loss function of the
DOKLADY MATHEMATICS  Vol. 108

Suppl.2 2023

resulting solution, /; (f; (x;)), relative to the loss func-
tion of the reference solution, /,(x;"):

_ max{0,/; (fo (%)) = O}

|G
Reference solutions were obtained using the algo-

rithm OSQP [14], designed exclusively for solving lin-
ear and quadratic problems.

Table 1 shows the average relative errors for optimi-
zation problems with linear (LL) and quadratic (QL)
loss functions, as well as linear (LC) and quadratic
(QC) constraints. It can be seen from the table that the
method allows one to optimize the input parameters 7
and s for the proposed layer. It can be seen that this
layer does not degrade the gradient for the entire neu-
ral network.

RE -100%.
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500 epochs
Versicolor

1000 epochs

Versicolor

Setosa Verginica  Setosa

Verginica  Setosa Verginica

Fig. 7. Class probabilities for different numbers (100, 500, 1000) of training epochs.

For comparison with a neural network, the
CVXPYLayers library [7] was chosen, which allows
one to specify differentiable optimization layers within
the neural network. Figure 5 shows a comparison of
the optimization execution time with the same hyper-
parameters, provided that, after 5 minutes from the
start of optimization, the CVXPYLayers algorithm
stopped, even if the optimization was not completed.
As can be seen from the figure, the proposed algorithm
requires significantly less overhead in terms of perfor-
mance.

The structure of the neural network makes it possi-
ble to implement algorithms for solving arbitrary prob-
lems of both convex and nonconvex optimization.
Figure 6 shows optimization trajectories for the
Rosenbrock function [15] with quadratic constraints:

Pros (X) = (1= x7) +100(x, — x7)°,
Qres = {x|xl2 +x; < 2},

and the Bird function [16], which has 4 local minima
in Qg4 , two of which lie on the boundary of Qg; 4 :

Table 1. RFE for problems with various loss functions and
constraints

m| n| LL-LC | LL-QC | QL—LC | QL—QC
2136x1075[1.3x107%|3.9%x107°| 7.1 % 107°
500 5 124x107377%x107°[1.2x1073|4.9%x 10~*
10 | 1.4x1072[43x107°|69x1073|3.5%x 1073
2126%107°[1.6x107%|54%x1073]6.0x 107°
100 21x107381x107* | 1.6x1073|8.9x 107*
10 | 1.1x1072 [ 1.3x 1075 8.0 x 1073 | 4.3 x 1073
2115%x107°[3.1x1074[50%x 1073 | 1.2 x 107
2000 S {2.6x1073 | 1L1x1073|1.3%x1073|59x107*
10 [1.2x1072|2.8%x107*[7.7x1073|4.9 x 1073

DOKLADY MATHEMATICS

& sind (x) =sin (xz)e(l_cos(x'))z

+ cos(xl)e(l_sm(’”))2 +(x - xz)z,
Qpirg = {x|(x + 5)2 +(x, + 5)2 < 25}.

The function &£ ¢, (x) has a global minimum at the

point (1, 1). The boundaries of Qg and Qg , are
shown as large black circles. 2000 iterations of the
Adam algorithm were used with a learning rate of 0.1;
9 points on a uniform mesh from —0.75 to 0.75 were
selected as starting points, for which the optimization
trajectories are shown in Fig. 6, where the end point is
indicated by a white star.

3.2. Example of Classification

To illustrate the capabilities of the proposed
method, we considered a classification problem using
as an example the simplest data set “Iris” with con-

straints on the upper bounds p; for each class probabil-
ity x;:

fo(z) e {x|0Sx,- <p, lszl}.

These constraints can play a balancing role in
learning, reducing the influence of already correctly
classified points on the loss function. To illustrate how
a neural network learns with these constraints and to
make it easier to visualize the results, we chose this
classic dataset, containing 3 classes and 150 examples.
Three classes allow one to visualize results using a sin-
gle probability simplex. In this example, we are setting

the upper bounds p; = 0.75 fori=1, 2, 3. Figure 7 shows
unit simplexes and points, which are the output of a neu-
ral network trained for 100, 500, and 1000 epochs. The
neural network consists of 5 layers of size 64. The col-
ors of the dots indicate the corresponding classes
(Setosa, Versicolor, Virginica). It can be seen from
Fig. 7 that the constraints make effect not only when
the output points are very close to them, but also
throughout the entire training of the network.
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4. CONCLUSIONS

A method has been presented that imposes hard
constraints on the output values of a neural network.
The method is extremely simple from a computational
point of view, is implemented by an additional layer of
a neural network, and allows one to impose a large
class of constraints: linear and quadratic inequalities,
linear equalities, and joint constraints on inputs and
outputs. The method can be directly extended to any
convex constraints. It allows one to approximate
orthogonal projections onto a convex set or generate
vectors on a boundary set.

The disadvantage of the method is that it does not
allow working with exclusively conical constraints. In
the future, the method proposed can be modified to
solve problems with such constraints. In addition, it is
interesting to extend the ideas of the proposed method
to the case of nonconvex constraints.

An important direction is also the consideration of
various machine learning applications that require
taking into account constraints, e.g., physics-
informed neural networks [17]. Each application can
be regarded as a separate problem for further study.
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