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Abstract—We consider regular Denjoy type homeomorphisms of the two-dimensional torus which are the
most natural generalization of Denjoy homeomorphisms of the circle. In particular, they arise as Poincaré
maps induced on global cross sections by leaves of one-dimensional orientable unstable foliations of some
partially hyperbolic diffeomorphisms of closed three-dimensional manifolds. The nonwandering set of each
regular Denjoy type homeomorphism is a Sierpiński set, and each such homeomorphism is, by definition,
semiconjugate to the minimal translation on the two-dimensional torus. For regular Denjoy type homeomor-
phisms, we introduce a complete invariant of topological conjugacy characterized by the minimal translation,
which is semiconjugate to the given regular Denjoy type homeomorphism, with a distinguished at most
countable set of orbits.
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Let X be a topological space and  be a
homeomorphism. A nonempty subset M of X is called
a minimal set of f if M is closed and invariant under f
(i.e.,  and does not have nonempty closed
invariant subsets other than M. If the entire space X is
a minimal set of f, then f is called minimal. Well-
known examples of minimal homeomorphisms are
minimal rotations of the circle and minimal transla-
tions on the two-dimensional torus.1

Homeomorphisms of the circle with no periodic
points that are topologically nonconjugate to a mini-
mal rotation were first considered in [13]. Later, such
diffeomorphisms (homeomorphisms) of the circle
were called Denjoy diffeomorphisms (homeomor-
phisms). The nonwandering set of a Denjoy homeo-
morphism is minimal and homeomorphic to a Cantor

1 The rotation of the circle is defined as a map
. A rotation R is minimal if and only if

. The translation on the 2-torus is defined as a map
. A translation g is minimal if

and only if the numbers α, β, and 1 are independent over the
rational number field, i.e., if and only if  is not an inte-
ger for any pair of integers k1, k2, except for 

→:f X X

( ) = )f M M

+ α( ) = (mod 1)R x x
α ∈R Q\

+ α + β( , ) = ( , ) (mod 1)g x y x y

α + β1 2k k
1 2= = 0.k k
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set. Moreover, each such homeomorphism is semi-
conjugate to a minimal rotation and the complete pre-
image of each point of the circle under a semiconju-
gate map is either a point or homeomorphic to a closed
interval. A topological classification of Denjoy
homeomorphisms was obtained in [9].

Maps of the 2-torus that have properties character-
istic of Denjoy homeomorphisms of the circle were
considered in [10–12]. According to [11], we intro-
duce following definition.

Definition 1. A homeomorphism  is
called a Denjoy type homeomorphism if it satisfies the
following conditions:

1. f is semiconjugate to a minimal translation
 under a continuous map 

homotopic to identity (i.e., ).

2. The set  contains more than
one point}2 is nonempty and countable.

The set B will be called the characteristic set of f.
Note that, if a point x belongs to B, then all points of
its orbit under the map g also belong to B.

It should be noted that the direct product of two
Denjoy homeomorphisms of the circle is not a Denjoy
type homeomorphism of the 2-torus.

2 By  we mean the complete preimage of the point x.

→2 2:f T T

→T T
2 2:g →T T

2 2:p
� �=p f g p

−∈ T
2 1= { : ( )B x p x

−1( )p x
8
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Let  be a Denjoy type homeomor-
phism. Then, by virtue of [11], the complete preimage
of each point  under a semiconjugate map p is
connected and the nonwandering set of f is minimal.
However, in contrast to Denjoy homeomorphisms of
the circle, nonwandering sets of Denjoy type homeo-
morphisms may not be homeomorphic (in induced
topologies). In this paper, we consider the subclass of
Denjoy type homeomorphisms of the 2-torus (see
Definition 2 below) with homeomorphic nonwander-
ing sets. Such homeomorphisms are the most natural
generalization of Denjoy homeomorphisms of the cir-
cle and admit a complete topological classification,
which is obtained in Theorem 1 below.

Definition 2. A Denjoy type homeomorphism
 is called regular if the complete preimage

of each point of its characteristic set under a semicon-
jugate map p is a closed embedded disk3 and the diam-
eters of these disks form a sequence converging to zero.

A partially hyperbolic diffeomorphism h of the 3-
torus  that has a two-dimensional attractor was con-
structed in [10]. Specifically, it was obtained from an
algebraic Anosov automorphism via a bifurcation of
birth of an invariant curve (similar constructions were
considered in [3, 5, 7]). According to [10], a one-
dimensional orientable unstable foliation of h has a
global cross section (2-torus) and its leaves induce on
it a Poincaré map that is a regular Denjoy type homeo-
morphism.

Below, we describe the topological properties of
nonwandering sets of regular Denjoy type homeomor-
phisms that underlie the proof of the present results.

Definition 3. A Sierpiński set on the 2-torus  is a
set , where  is the family of

sets with the following properties:

(1) for each , the set Dk is a closed embedded
disk;

(2)  is dense in ;

(3)  for ;

(4) , , forms a sequence converging
to zero.

Let  be a Sierpiński set on the 2-

torus . For every , let Lk denote the boundary
of the set Dk. Since Dk is a closed embedded disk, Lk is

3 By the closed embedded disk, we mean the image of the closed

disk  under the embedding

.

→T T
2 2:f

∈ T
2x

→T T
2 2:f

∈ + ≤R
2 2 2
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3
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a simple closed curve. Let . Each point

 is called an interior point of S, and I is called the
set of interior points of S.

Let Q be a standard Sierpiński carpet on the square
 (for the construction, see, e.g., [2,

pp. 275–276]). A set C on  is defined as ,
where  is the restriction of the natural projection

 to the square V. Then C is a Sierpiński set.
The set of interior points of C is denoted by . By vir-
tue of [4, 14], for any Sierpiński set S, there exists a
homeomorphism  such that  and

.
The following result is given without proof.
Lemma 1. The nonwandering set of a regular Denjoy

type homeomorphism of the 2-torus is a Sierpiński set.

According to [1], a map  is called lin-
ear if it can be represented as the composition of an
algebraic automorphism and a translation on the
2-torus.

Let f1 and f2 be regular Denjoy type homeomor-
phisms of the 2-torus such that fj  is semi-

conjugate to a minimal translation 

under the map . Let  be the character-
istic set of the homeomorphism fj.

Theorem 1. Let f1 and f2 be regular Denjoy type
homeomorphisms of the 2-torus. Then f1 and f2 are topo-
logically conjugate if and only if there exists a linear map

 such that  and .
The key element in the proof of Theorem 1 is the

proof of sufficiency, i.e., the construction of a homeo-
morphism  that is a modification of 
under which  f1 and f2 are conjugate. Schematically,
this construction consists of the following five steps.

1. Let  and  denote the nonwandering sets of  f1

and f2, respectively, and  and  denote the sets of
interior points of  and , respectively. It can be
directly verified that the restriction of the map pj,

, to Ij is a homeomorphism of Ij to the image
.

2. According to [4, 14], there exist homeomor-
phisms  and  such that

,  and , .
Then the map  defined as h(x) =

, where , is a homeomor-
phism.

3. There exists a homeomorphism  such
that  for all . This follows from the

∈
∪

Z

= \ k
k

I S L

∈x I

×= [0;1] [0;1]V
T

2 π | ( )V Q
π |V

π →R T
2 2:

CI

θ →T T
2 2: θ( ) =S C

θ( ) = CI I

ϕ →T T
2 2:

∈( {1,2})j

→T T
2 2:jg

→T T
2 2:jp jB

ϕ →T T
2 2: ϕ ϕ� �1 2=g g ϕ 1 2( ) =B B

ψ →T T
2 2: ϕ

1S 2S
1I 2I

1S 2S

∈ {1,2}j
( )j jp I

θ →T T
2 2

1 : θ →T T
2 2

2 :
θ1 1( ) =S C θ1 1( ) = CI I θ2 2( ) =S C θ2 2( ) = CI I

→: C Ch I I
− −θ ϕ θ1 1

2 2 1 1( ( ( ( ( )))))p p x ∈ Cx I

ζ →: C C
ζ( ) = ( )x h x ∈ Cx I
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uniform continuity of the map h, which is proved
below.

The map  is defined as κ(x) =
, where  and

 is the complete preimage of the
set . Note that  for all

.

For each positive integer n, let  denote
equal squares obtained at the nth step of constructing
the Sierpiński carpet Q (see [2, pp. 275–276]), and let

 denote the images of  under the

map , respectively. Since  (for each

), it is true that  (for each ).

For a fixed  we choose   such

that . For each i, the set  is defined as

.

Let A and  be sets on the 2-torus . The distance
between A and  is defined as dist(A, B) =

, where  denotes the dis-
tance between points on  induced by the Rieman-
nian metric.

For each set  the quantity di is defined as di =

, where  is a set that does not

share points with . Choose  such that δ <
. Any two points  such that

 < δ are contained in either a single set  or
two different sets  and  sharing at least one

point. Then  and  lie either in a single set 
or two different sets  and  sharing at least one

point. From this result and the relation 

it follows that . Thus, the map h is
uniformly continuous on the set .

4. The map  is defined as χ(x) =
, where . Then  =  =

 =  =  

 = . Thus, .
Since the maps  are continuous and I1 is dense
in S1, it follows that .

κ →T T
2 2:

− − −θ ϕ θ1 1 1
1 1 2 2( ( ( ( ( )))))p p x ∈ T

2x
− − −ϕ θ1 1 1
1 2 2( ( ( ( ))))p p x
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2 2( ( ( )))p x −κ 1( ) = ( )x h x

∈ Cx I

1 8,..., n
n nQ Q

1 8,..., n
n nK K 1 8,..., n

n nQ Q

π |V ⊂ ∪
8

=1

n

n
i

i

Q Q

∈Nn ⊂ ∪
8

=1

n

n
i

i

C K ∈Nn

ε > 0, ∈Nm ≥( 2)m
εdiam( ) <
2

m
iK �

m
iK

κ� = ( )m m
i iK K

B T
2

B
ρ ∈ ∈inf{ ( , ) | , }x y x A y B ρ

T
2

� ,m
iK

� �min(dist( , ))m m
i jj

K K �
m
jK

�

m
iK δ > 0

∈{1,...,8 }
min

m i
i

d ∈1 2, Cx x I

ρ 1 2( , )x x �

m
iK

�

m
iK �

m
jK

1( )h x 2( )h x m
iK

m
iK m

jK
ε<diam( ) ,
2

m
iK

ρ ε1 2( ( ), ( )) <h x h x
CI

χ →1 2: S S
−θ ζ θ1
2 1( ( ( )))x ∈ 1x S �

22 2|Ip f �
22 2|Ig p

−ϕ ϕ� � �
2

1
1 2|Ig p −ϕ χ� � �

2

1
1 1 |Ig p ϕ � 1p �

−χ�
2

1
1 |If −χ χ� � �

2

1
2 1 |Ip f χ χ� �

1 11 2| = |I If f
χ 1 2, ,f f

χ χ� �
1 11 2| = |S Sf f
5. Lemma 1 and the equality  imply that
the homeomorphism χ extends to a homeomorphism

 such that .
Thus, the proof of the sufficiency of the conditions

in Theorem 1 is complete.
Theorem 1 implies the following result.
Corollary 1. Let f1 and f2 be regular Denjoy type

homeomorphisms of the 2-torus such that the character-
istic set of each of them consists of a single orbit. Then f1
and f2 are topologically conjugate if and only if there

exists an algebraic automorphism  such that
.

The necessity follows immediately from Theorem 1.
Let us prove the sufficiency.

Let  and  be orbits that are the characteristic
sets of  f1 and f2, respectively. Since , the
automorphism  maps the orbits of  to the orbits of

. Then we can choose a translation 
such that the map  takes the orbit  to .
By construction,  is a linear map. Moreover, the
translations  and  are conjugate under . Then the
sufficiency follows from Theorem 1.

Following [8], for any minimal translation g and
any set B consisting of  orbits g , there exists a
regular Denjoy type homeomorphism that is semicon-
jugate to g and its characteristic set coincides with B.
From Theorem 1 and the results of [8], it follows that
there exists a standard representative in each class of
topological conjugacy of regular Denjoy type homeo-
morphisms with characteristic sets consisting of finitely
many orbits. We do not know whether an example of a
regular Denjoy type homeomorphism with a character-
istic set consisting of a countable number of orbits has
been constructed.4

Theorem 2. For any minimal translation 
and any positive integer  there exists a continual set
of pairwise topologically nonconjugate regular Denjoy
type homeomorphisms of the 2-torus, each being semi-
conjugate to g and having a characteristic set consisting of

 orbits.
The idea of the proof of Theorem 2 can be

described as follows.

Let  be a minimal translation and
 be a positive integer. By Theorem 1 and the

results of [8], it suffices to show that there exists a con-
tinuum of sets  having the following properties:

(1) Each set  is the union of n orbits of g.

4 In the one-dimensional case, according to [6], it is possible to
construct a Denjoy homeomorphism of the circle with a charac-
teristic set consisting of a countable number of orbits.

ϕ 1 2( ) =B B

ψ →T T
2 2: ψ ψ� �1 2=f f

η →T T
2 2:

η η� �1 2=g g

1O 2O
η η� �1 2=g g

η 1g

2g γ →T T
2 2:

ϕ γ η�= 1O 2O
ϕ

1g 2g ϕ

n ≥( 1)n

→2 2:g T T

≥ 2,n

n

→T T
2 2:g

≥ 2n
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(2) For any two sets  and , there does not exist

a linear map  such that .

Let  be n – 1 arbitrary different orbits of

g. Define the set , where  is an orbit

of g other than . By direct verification, we
can show that it is possible to choose a continuum of
different orbits  and, hence, a continuum of differ-
ent sets  such that the sets  satisfy the required
conditions.

FUNDING

The final version of the article was obtained with the
financial support from the Russian Science Foundation
grant (project no. 21-11-00010) with the use of materials
obtained earlier with the financial support from the Russian
Science Foundation grant (project no. 17-11-01041). Addi-
tionally, the proof of Theorem 2 was obtained with the
financial support from the Laboratory of Dynamical Sys-
tems and Applications of the National Research University
Higher School of Economics, grant of the Ministry of Sci-
ence and Higher Education of the Russian Federation,
agreement no. 075-15-2022-1101.

CONFLICT OF INTEREST

The authors declare that they have no conflicts of interest.

REFERENCES

1. D. Z. Arov, “Topological similitude of automorphisms
and translations of compact commutative groups,”
Usp. Mat. Nauk 18 (5), 133–138 (1963).

2. K. Kuratowski, Topology (Academic, New York, 1968),
Vol. 2.

3. C. Bonatti and M. Viana, “SRB measures for partially
hyperbolic systems whose central direction is mostly
contracting,” Isr. J. Math. 115, 157–193 (2000).

4. K. Borsuk, “On embedding curves in surfaces,” Fun-
dam. Math. 59, 73–89 (1966).

5. M. Carvalho, “Sinai–Ruelle–Bowen measures for N-
dimensional derived from Anosov diffeomorphisms,”
Ergodic Theory Dyn. Syst. 13 (1), 21–44 (1993).

6. A. Denjoy, “Sur les courbes définies par les équations
différentielles à la surface du tore,” J. Math. Pures Appl.
11, 333–376 (1932).

7. V. Horita and M. Viana, “Hausdorff dimension for
non-hyperbolic repellers II: DA diffeomorphisms,”
Discrete Contin. Dyn. Syst. 13 (5), 1125–1152 (2005).

8. F. Kwakkel, “Minimal sets of non-resonant torus
homeomorphisms,” Fundam. Math. 211 (1), 41–76
(2011).

9. N. G. Markley, “Homeomorphisms of the circle with-
out periodic points,” Proc. London Math. Soc. 3 (20),
688–698 (1970).

10. P. D. McSwiggen, “Diffeomorphisms of the torus with
wandering domains,” Proc. Am. Math. Soc. 117 (4),
1175–1186 (1993).

11. A. Norton and D. Sullivan, “Wandering domains and
invariant conformal structures for mappings of the 2-
torus,” Ann. Acad. Sci. Fenn. Math. 21 (1), 51–68
(1996).

12. A. Norton and J. A. Velling, “Conformal irregularity
for Denjoy diffeomorphisms of the 2-torus,” Rocky
Mountain J. Math. 24 (2), 655–671 (1994).

13. J. H. Poincaré, “Mémoire sur les courbes définies par
les équations différentielles (III),” J. Math. Pures Appl.
Ser. 4 1, 167–244 (1885).

14. G. T. Whyburn, “Topological characterization of the
Sierpiński curve,” Fundam. Math. 45, 320–324 (1958).

Translated by I. Ruzanova

ν1
B ν2

B

ϕ →T T
2 2: ν νϕ

1 2
( ) =B B

−1 1,..., nO O
−

ν ν∪∪
1

=1

=
n

i
i

B O O νO

−1 1,..., nO O

νO
νB νB
DOKLADY MATHEMATICS  Vol. 106  No. 1  2022


	REFERENCES

		2022-09-22T12:30:32+0300
	Preflight Ticket Signature




