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Abstract—The first boundary value problem for a second-order parabolic system with one spatial variable in
a domain with nonsmooth lateral boundaries is considered. The domain can be bounded or semi-bounded.
The coefficients of the system depend only on the spatial variable and satisfy the Holder condition. The initial
and boundary functions are assumed to be continuous and bounded. The existence and uniqueness of a clas-

sical solution of this problem is established.
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For second-order parabolic equations, the unique-
ness of a classical solution to the first boundary value
problem follows from the maximum principle. Here and
below, by a classical solution in a domain €2, we mean a

bounded function from the class Ci’tl(Q)mC(S_Z) that
satisfies the equation in € and initial and boundary
conditions on the parabolic boundary of 2. In the case
when the coefficients of the equation satisfy only the
Holder condition, the existence of a classical solution
to the first boundary value problem with a continuous
boundary function is established in [1, Chap. 3, Sect. 4].
The proof is based on the barrier method, which also
uses the maximum principle. However, for parabolic
systems, the maximum principle does not hold in gen-
eral [2]. Note that, if the leading coefficients of the
equation have spatial derivatives satisfying the Holder
condition, then the existence of a solution can be
established with the help of a double-layer potential.

For a wide class of parabolic systems, the unique
solvability of boundary value problems in anisotropic
Holder spaces was established in [3]. The solutions
were assumed to be sufficiently smooth, namely, all
the derivatives of the solution involved in the system
were assumed to be continuous in the closure of the
domain.

The existence and uniqueness of solutions to the
first and second boundary value problems for para-
bolic systems in a bounded plane domain in the class
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C}Cf(ﬁ) were proved in [4—6]. The boundary function
was assumed to have a continuous derivative of order
1/2 vanishing at ¢ = 0. For systems with differentiable
coefficients, the uniqueness of the first boundary

value problem in a semi-bounded domain in le(Q)
was proved in [7]. The existence of a solution to this
problem follows from [8]. Domains with curved and
nonsmooth lateral boundaries were considered in all
these works.

In this paper, for a parabolic system with one space
variable, we study the existence and uniqueness of a
classical solution to the first boundary value problem
with continuous functions in the initial and boundary
conditions. The domain can be bounded or semi-
bounded, and its lateral boundary can be nonsmooth.

Inastrip D = Rx(0,7), 0 <T <, we consider
the parabolic operator

Lu = du — A(x)0*u — B(x)d.u — C(x)u, (1)

where u = (u, ..., um)T and A(x), B(x), and C(x) are
m X m matrices with elements a;(x), b;(x), and c;(x),
respectively. The operator L is assumed to satisfy the
uniform parabolicity condition, i.e., the eigenvalues
A (x) of the matrix A(x) satisfy the inequality

ReA,(x)>2u>0, VxeR, k=1,...m (2)

and the coefficients are real, bounded, and satisfy the
Holder condition:
e C*(R),

ag, by, 0<oa<l. (3)

y>Tye
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In the strip D, we consider a semi-bounded domain
Q={(x,)e D|x>g),0<t<T}

with the base Q, = Q N {t = 0} and the lateral boun-
dary

L={(x,ne D|x=g@®,0<r<T},
where the function g satisfies the condition
ge C2(0, T, 0<a<l. (4)
In Q we consider the first boundary value problem
Lu=0in Q u,=v, (5)
Foraset E c D, let C(E) denote the space of con-

tinuous and bounded vector functions f : E — R"
with the norm

U,y = h.

|f|0,E = (i%&'f(x’ 1)

b

and let C(E) = {f € C(E) | f],_, = O}.

Theorem 1. Suppose that the operator L satisfies condi-
tions (2), (3) and the lateral boundary of the domain Q sat-
isfies condition (4). If y € C(X), he C(L),), and the com-
patibility condition y(g(0)) = h(g(0)) holds, then problem

(5) has a unique classical solution u Ci’tl(Q) NC(Q). It
satisfies the estimate
|”|o,n < C(|W|o,z + |h|o,90)'

Under conditions (2) and (3) imposed on the coef-
ficients of L, there exists a fundamental solution
matrix ['(x,&,7 — 1) [9, Chap. 1, Sect. 3].

To establish the existence of a solution, we intro-
duce the potential

W1 = [ K(x.8(1),1 ~Dp(dt ©)
0

with the kernel

K(X, g’ t) = a&(r(xv &7 l‘)A(é)) .

Theorem 2. The function T'(x,&,1)A&) is differentia-
ble with respect to & in the half-space t > 0. The function
K satisfies the equation L, K(Xx, E,1) = 0 and the esti-
mates

_ _£\2
PTK G EN] < € D
m<2, [20,

Jort>0and x,§ € R.
Theorem 3. The function W : ¢ — W@ maps the
space C(X) to CO’(Q); moreover,

W ela < Clalys-
For density ¢ € C(X) there holds the jump relation

(7)
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wﬂqgngy=i%?+uﬂqgnJ% 0<t<T, (8)

where Wi(p are the limiting values as the point (g(¢),t) is

approached on the right and left, respectively, and Wo(p
is the direct value of the potential W on the curve

x = g(t).
Thus, W¢ has many properties of a double-layer

potential and can be used, as the latter, for solving the
first boundary value problem.

With the help of a Poisson-type potential [9,
Chap. 1, Sect. 4], problem (5) can be reduced to a
problem with a zero initial function:

Lu=0 in Q, u|2 =, )

A solution u of this problem is sought in the form of
potential (6) with a continuous density ¢. By virtue of
the jump formula (8), the problem of finding u is
reduced to solving a Volterra integral equation of the
second kind with a kernel having a weak singularity.

u|t:0 =0.

Theorem 4. Suppose that the operator L satisfies con-
ditions (2), (3) and the lateral boundary of the domain Q
satisfies condition (4). If y € C(X), then problem (9) has

a unique classical solution u Cf,l QnC (Q). It satis-
fies the estimate

|”|o,Q = C|W|o,2'
There exists a function ¢ € C(Z) such thatu = W@ in Q.

Also we consider the first boundary value problem
in a bounded domain

Q={(x,1)e D| gt) < x<g),0<t<T}
with lateral boundaries
Y, ={(x,)e D|x=g(),0<t<T},
i=12,
where the functions g; satisfy the conditions

g € C%([0,1)),
1€ 0,71,

&) < &),
O<oaxl.

(10)

Theorem 5. Suppose that the operator L satisfies con-
ditions (2), (3) and the lateral boundaries of the domain Q
satisfy condition (10). If'y;e C(X) fori=1,2,he C(£),
and the compatibility conditions \y,(g,(0)) = h(g(0)) and

Y,(2,(0)) = h(g,(0)) hold, then there exists a classical
solution of the first boundary value problem

Lu=0 in Q uy =y,
”|>:2 =V, Uy =h

This solution satisfies the estimate

|”|o,Q < C(|Wl|o,z, + |W2|o,z2 + |h|0,90)'
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For h = 0, there exist functions ¢; € C(X,),i =1, 2, such
that the solution can be represented as a sum of poten-
tials: u = Wi, + W,0, in L, where

t
Wpi(x,1) = jK(x, g(0),t —De(vdt, i=1,2.
0
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