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Abstract—Two approaches are suggested for constructing a probabilistic approximation of the evolution oper-

ator e–itH, where , in the strong operator topology. In the first approach, the approximating

operators have the form of expectations of functionals of a certain Poisson point field, while, in the second
approach, the approximating operators have the form of expectations of functionals of sums of independent
identically distributed random variables with finite moments of order 2m + 2.
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Consider the Cauchy problem for the heat equa-
tion ( )

(1)

where the initial function ϕ is assumed to be continu-
ous and bounded. It is well known that the solution of
problem (1) has a probabilistic representation

(2)

where w(t) is a standard Wiener process.
If the real number σ in Eq. (1) is replaced by the

complex number , then heat equation (1) turns
into the Schrödinger equation (see [8]). In this case,
representation (2) makes no sense, since the complex
value  would be substituted into a function of
a real argument. Formally, the solution of the Cauchy
problem for the Schrödinger equation can be written
using an integral (known as Feynman’s path integral)
with respect to the Feynman measure. The Feynman
measure is a complex-valued finite additive function
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of a set defined on the algebra of cylinder sets and
cannot be extended to a measure on the corresponding

-algebra (see [1]).
A purely probabilistic method for approximating the

solution of the Cauchy problem for the Schrödinger
equation by mean values of functionals of stochastic
processes was proposed in [2–4]. Two types of approx-
imation of the solution to the Cauchy problem were
constructed. In the first case, the solution was approx-
imated by mean values of functionals of a Poisson
point field, while, in the second case, it was approxi-
mated by mean values of functionals of normed sums
of independent random variables with an identical
symmetric distribution and a finite fourth moment.

The goal of this paper is to construct a probabilistic
approximation of the solution to the Cauchy problem
for the high-order Schrödinger equation

(3)

where m is an arbitrary positive integer. As in [3], two
approaches are proposed for approximating the solu-
tion of the Cauchy problem by mean values of func-
tionals of stochastic processes. More specifically, the
stochastic process is defined as an integral over a Pois-
son point field in the first approach and as normed
sums of independent identically distributed random
variables with a finite moment of order 2m + 2 in the
second approach. Note that approximations of the
solution to the Cauchy problem for a Schrödinger-
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type equation with a right-hand side involving a frac-

tional derivative of order  were con-

structed in [5–7].

APPROXIMATION OF THE SOLUTION
TO THE CAUCHY PROBLEM

BY MEAN VALUES OF FUNCTIONALS
OF A POISSON POINT FIELD

Let ν be a Poisson random measure on  × (0,
∞) with intensity  where the mea-
sure μ has the form

Given ε > 0, the compound Poisson process  is
defined by setting

where e is the base of the natural logarithm.
Let  denote the direct Fourier transform of the

function ϕ:

The initial function ϕ is represented in the form of a
sum

where P+ and P– are Riesz projectors defined on
 as

(4)

Note that the function ϕ+ analytically extends to
the upper half-plane, while the function ϕ– analyti-
cally extends to the lower half-plane.

Let  The complex number σ thus
defined belongs to the upper half-plane C+ 

and satisfies the relation .

For a fixed ε > 0, the operator semigroup  acting
on  is defined as

where the function  is defined by its Fourier
transform
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Note that  for all , since

.

Theorem 1. (i) The operator  is a pseudodifferen-
tial operator with the symbol

where

(ii) For any , it is true that 

Let  denote the Sobolev space of functions
defined on R that have square integrable generalized
derivatives up to the order k inclusive (see [9, p. 146]).
The standard norm in  is defined by the for-
mula

It is convenient to equip  with a different norm
equivalent to the standard one (see [9, p. 190]),
namely,

Let P t denote the semigroup P t =

 By definition, P t maps the initial

function ϕ to a solution of Cauchy problem (3) (see,
e.g., [8, 10]).

Theorem 2. There exists a number C > 0 such that,
for any function  and all ,

Corollary 1. For any function ,
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Let  be a sequence of independent identically
distributed nonnegative random variables. Denote by

 the distribution of the random variable ξ1. Assume
that ξ1 has a finite moment of order 2m + 2 and

Let , , be a Poisson process of intensity 1
independent of the sequence {ξj}. Define ,

= E , …,  = E . For each positive integer
n, the stochastic process  , is defined as

For each positive integer n and , the opera-
tor semigroup  is defined by setting

where, as before, the functions  are given by formu-

la (4) and . The function  is defined
by its Fourier transform

Theorem 3. (i) The operator  is a pseudodifferen-

tial operator with symbol 

where

(ii) For any , it is true that 
Theorem 4. There exists a number С > 0 such that,

for any function  and all ,

Corollary 2. For any function ,
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