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Abstract—The eigenvalues and eigenfunctions of certain operators generated by symmetric differential
expressions with constant coefficients and self-adjoint boundary conditions in the space of Lebesgue square-
integrable functions on an interval are explicitly calculated, while the resolvents of these operators are integral
operators with kernels for which the theorem on an eigenfunction expansion holds. In addition, each of these
kernels is the Green’s function of a self-adjoint boundary value problem, and the procedure for its construc-
tion is well known. Thus, the Green’s functions of these problems can be expanded in series in terms of eigen-
functions. In this study, identities obtained by this method are used to calculate the sums of convergent num-
ber series and to represent the sums of certain power series in an intergral form.
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1. Let o.e [0,1) and 7 [0,27] be the Hilbert space
of Lebesgue square-integrable functions on the inter-
val [0,2xt]. Let S, denote the extension of the minimal

closed symmetric operator L, generated in r [0, 27:] by
the expression

. d
Lyl = (1 —)
184 dx y
and the boundary condition

Ui(y) = y(0) — ™ y(2m) = 0.

It is well known that S, is a self-adjoint operator

with a discrete simple spectrum. The numbers A, :=
k + o are the eigenvalues, while the functions

TN = 0,%1,42,...

0 (%) =ﬁe :

are the corresponding orthonormal eigenfunctions of
the operator S,,. In addition, each self-adjoint exten-

sion of the operator L is specified by a boundary con-
dition of the form U,(y) = 0, where o € [0,1) is a fixed
number (see, for example, [1, Chapter I'V, Section 55]).

Let P,(x) be a polynomial of degree n > 2 with real
coefficients. We consider the operator P,(S,). Evi-
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dently, the domain D, of this operator is specified by
the equality

D, = {yV ™" e AC10,2n;U (y) = 0,/ = 1,2,...,n},
where

U =y"0) -2y, )=
and, if y € D,, then

P(S,)y =P, (i%)y = LIy,

Thus, P,(S,) is a self-adjoint operator generated by a
differential expression with constant coefficients /,[y]
and the boundary conditions U ;(y) =0 (j = 1,2,...,n).
In addition, P,(S,) has a discrete spectrum of the form

c={MA=A, =Pk+o),k=0+1,%2;...},
and the eigenfunction @, corresponds to the eigen-
value A, .

We now assume that the number A = 0 is a regular

point of the operator P,(S,) (thatis, 0 ¢ 6) and con-
sider its resolvent R. It is well known that R is an inte-

gral operator with the kernel G, (x, ¢) being the Green’s
function of the problem

LIyI= 71,
Uy =0, j=12..n

A procedure for constructing this function is also well
known (see, for example, [2, Part 2, Chapter I, Sec-

tion 1.5]). To be precise, let y,(x), y,(x),...,y,(x) be a

0,L...,n—1,

(1)

486



GREEN’S FUNCTION OF ORDINARY DIFFERENTIAL OPERATORS

fundanmental system of solutions to the equation

LIyl =0and
WO e 30
WO e VO
glx,f =SB =D - ,
a.i"W
WO oy o
») y,,<x)

where a, is the leading coefficient of the polynomial
P,(x) and W (x) is the Wronskian of the functions

Y1(x), ¥,(x),..., ,(x). Then we have
g(x, 1) y(x) ... y,(x)
U, (g)®)
1
=T 2
Gulx) det D D @
U,(&)®)

where D = (U,(y));,—; and values of the forms
U;(e)®) (j=12,...,n) can be obtained by the for-

mulas
a(j) . a(j)
U..(2)(t) = g(x,1) _ e g(x,1)
Jj+l 8 axj axj ’
x=0 x=21
Jj=01,...,n-1.

Theorem 1. Let o € [0,1), and let P,(x) be a polyno-
mial of degree n (n > 2) with real coefficients such that
P(k+0o)#0fork =0,£1,12

Then the function G,(x,t) defined by formula (2) is
the Green’s function of problem (1) and it holds that

1 +oo oD

G, (x,1) = Z—
o2n &= Pk + o)

2. Let p,(x) denote a polynomial of degree m > 1
with real coefficients. The following corollaries to
Theorem 1 hold true.

Corollary 1. Let a polynomial p,,(x) be such that
pu(k?) £ 0 for k =0,1,..., and let P,(x) = p,(x°). Let
o= 0 in problem (1).

Then the Green’s function Gy(x,t) of this problem can
be represented in the form

1 Cosk(x—t)
G —_
onn) = 2npm<0) n; i)

Corollary 2. Let polynomials p,,(x) and P,(x) and a
number o. be the same as those in Corollary 1, and let

f(x)e L’[0,2n). Then
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2n

+o0 .
IGO(x,t)f(t)dt 4 Zak cos kx +2bk sin kx
0 2p,(0) = Pu(k™)
where
2m
-1 j F(x)dx
n 0
and

2n 2n
= L[ rcosnxdx, b, = L[ pxysinnxasx,
T ) T 3

n=12,...,
are the Fourier coefficients of the function f(x).

Corollary 3. Let a polynomial p,,(x) be such that
2
D ((k +%) j #0 for k=0,1,..., and let P,(x) =

pm(x2). Let a :% in problem (1). Then the Green’s

Junction G, ,,(x,t) of this problem can be represented in
the form

| & cos(k+ )(x—t)
Gy (x,1) Z—Z

e

3. Evidently, Corollaries 1—3 deal with functions of

the operator generated in the space I’ [0,27] by the
expression ,,[y] = —y" and by periodic boundary con-
ditions (y(0) = y(2m) and y'(0) = y'(2w)) or antiperi-
odic ones (¥(0) =—-y(2m) and y'(0) =-y'(2w)). In
addition, for the operators generated by the expression
L[yl and other appropriate boundary conditions, we
can easily find explicit formulas for eigenvalues and
the corresponding eigenfunctions (see, for example,
[2, Part 3, Chapter 11, problem 2.9]). A detailed anal-
ysis of self-adjoint operators obtained in such a way
and the application of the above method to them will
be addressed elsewhere. Here, we confine ourselves to
the following particular case.

Let .S denote the self-adjoint operator generated by
the expression /,| y] and Dirichlet boundary conditions
(that is, by the conditions y(0) = y(r) = 0) in L’ [0, 7].
As before (see Section 2), let p,,(x) be a polynomial of
degree m with real coefficients. We consider the oper-

ator p,,(S). The domain D of this operator is as fol-
lows:
D= {1y e ACI0, M U (») = 0,j = 1,2,...,2m},

where the linear forms U ;(y) are defined by the equal-
ities
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Upn@) = y"0), Ui =y7' @, 5
Jj=01,....m—-1,
and, ify € D, then
2

d
Pu(S)Y = Py [——zjy = byl 4)

dx
Obviously, the numbers k? and pm(kz) are the eigen-
values of the operators S'and p,,(S), respectively, while

\/zsinkx (k=12,...
T

corresponding orthonormal eigenfunctions.

the functions @,(x) = ) are the

Theorem 2. Let a polynomial p,(x) be such that
pm(kz) #0 for k=1,2,.... Then the function G(x,t)
defined by formula (2) is the Green’s function of prob-
lem (1), where the expression 1,|y] (=1,,|y]) is given by
Jormula (4) and the forms U (y) are defined by for-
mula (3); moreover,

< sin kx - sin kt (5)
Pulk?)
4. Evidently, the results obtained in Sections 1—3

can be used to calculate the sums of certain convergent
number series. We give several examples.

Example 1. In the notation of Theorem 1, the func-
tion G,(x, x) obviously does not depend on x, that is,
G,(x,x) = G,(0,0) for any x € [0, 2mr], and it holds that

+oo

Gx,0) =2
=

1
Z_;,c P(k+ o)

Example 2. In its turn, it follows from Corollary 1
that

= 21G,(0,0).

+oo

1 1
+ = 1tG,(0,0 d
270 ;pm<k2) o0l
D _ Gy(0,m).
.0 Zp ~ratm

Example 3. Parseval’s 1dentity and Corollary 2
imply that

2 = 22 121: o 2

q, a

20 +Z kz 2k ZEI(IGO(X,f)f(f)dIJ dx.
o\

2p,(0) = pu(k7)
Example 4. It follows from Corollary 3 that

+oo

1

Example 5. It follows from Theorem 2 that

nGy/5(0,0).

+oo

2.

1
= (k)

- J;G(x, x)dx.

MIRZOEV, SAFONOVA

The list of these formulas can obviously be contin-
ued by choosing, for example, particular values of the
variables x and 7 in the formulas of Corollaries 1 and 3
or Theorem 2.

Remark. There are well-known methods that make
it possible to calculate the sums of convergent series

q(k)

p(k)
g(x) are polynomials, generally, in terms of special

functions, in particular, of digamma functions (see [3,
Chapter 1, Section 1.2; 4, Chapter 6, Section 6.8]). In
some cases, these sums can be expressed in terms of
values of elementary functions (see, for example, [5,
Chapter 5, Section 5.1]). An advantage of the formulas
given in Examples 1—5 lies in the fact that the sums in
them are expressed directly in terms of values of an
easy-to-construct quasi-polynomial.

Example 6. Let a e (0,1) and P(x) = x” —a’. Let
=0 in problem (1). It follows from (2) that the
Green’s function Gj(x,#) of the resulting problem is

defined by the equality (see also [6, Chapter 3, prob-
lem 28])

with a general term of the form , where p(x) and

Gy(x.1) = _cosa(n— |x - t|)
o 2asin(arm)

while equalities (6) coincide with Euler’s formulas for

decomposition of the functions wcot(ar) and —
sin(am)
into simple fractions, that is,

oo
1 ( 1 1 )
= -4 —_—
a ;k+a k—a

sm(an) a+z( )(k+a k—a)'

Thus, formulas (6) are, in a sense, generalizations of
these decompositions.

5. Using Fourier series expansions of the functions

T cot(am)

and

2
ZCOSX —Z

S, In(l-2zcosx +2°),
1—-2zcosx+z
In2

In2lcos ]

X
sin=|,

where z € (—1,1) is a parameter (see [5, Chapter 3,
Section 5.4.9, formulas (3) and (13), and Section
5.4.2, formulas (9) and (10)]), and taking into account
equality (5), we can prove the following assertion.

Theorem 3. Let z € (—1,1], and let p,,(x) and G(x,1)
be the same functions as in Theorem 2. Then

Foo k

T
> =[G < —zeosdx g
= pa(k7) 0 1-2zcos2x+7°

and
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oo

k 1
Z 2
= | G(x,x)In(1 —2zcos2x + 7" )dx.
= kp (k) !

Example 7. Let p,(x) = x". Comparing formula (5)
at ¢ = x and the Fourier series expansion of the Ber-

noulli polynomial B,(x) (see, for example, [4, Section
23, formula (23.1.18); 5, Chapter 5, Section 5.4.2, for-
mula (7)]) makes it possible to conclude that

Gx,x) = (1) %(Bzm (2] 8.

where B,,, are the Bernoulli numbers. Using this rela-
tion and the definition of the polylogarithmic function

Li (z) of order (see, for example, [7, Chapter 7, Sec-
tion 7.1, formula (7.1)]), that is,

Tk
Li () =) %,
=N

we can prove that, for z € (—1,1], the identities in The-
orem 3 can be written as

mot (21)"
(2m)!
z(cos2mx — 2) . dx
1—2zcos2mx + 7

Liy,(z) = (=1
(7)

1
X [ (Bou() = By
0
and

w1 (2m)°"
2m+1)!
zsin 2mx . dx.
1—-2zcos2mx + 7

Liy,1(2) = (=1
®

1
XJ- BZm+l(x)
0

Thus, the formulas in Theorem 3 are generaliza-
tions of (7) and (8). Note also that, for z = 1, formulas
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(7) and (8) are well known, since Li,,,(1) = {(2m) and
Li,,. (1) = {(2m + 1), where {(z) is the Riemann zeta
function (see [4, Section 23; 5, Chapter 5, Section
5.1.2; 7, Chapter 7, Section 7.2.1]), while for z € (—=1,1)
these formulas were obtained in [8].
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