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Papers [1, 2] studied an asymptotics of the spec-
trum of the convolution integral operator on a finite
interval with kernel

K(x)=[+q" o0O<a<l

In [3], the asymptotic behavior of the spectra of
weakly polar integral operators was considered. In [4],
the author found an asymptotics of the spectrum of a
convolution operator such that the Fourier image of its
kernel is the characteristic function of the interval, i.e.,
has two finite points of discontinuity. In this paper, we
write out asymptotic representations of the eigenfunc-
tions of this operator.

Consider the equation
1
o(x)=A[K(x=no(dr, xe[-11], ()
-1
where K (x) = (nx)'sin(Ix), / > 0, and A is a spec-
tral parameter.

Lemma 1. The integral operator K determined by the
right-hand side of Eq. (1) is nonnegative on the space
Ly(—1,1).

In what follows, we assume that A is positive and
sufficiently large. Note that, by Mercer’s theorem, the
eigenvalues satisfy the relation

-1 2
1 _rk0)=Z.
nz_;%n (0) .
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Lemma 2. The eigenfunctions of the problem are
either even or odd.

First, consider the case of an odd eigenfunction.
Extending (1) to the entire real line and setting

o(x)=0, |x>1;

y(x—1)=A[K(x=no()dr, x 2 1;
\If(?;) =0, x<0,

we obtain
o(x) = xj K(x — yo(r)dt
R

+y(x-1)—-y(-1-x), xeR.
Passing to the Fourier images
1
o(p) = Ie””%p(x)dx = J-eipx(p(x)dx,

R -1
+oo

W)= [euias K=

0

, —-I<p<l
0, |p|>l,

we arrive at the equation

(1-AK (p))d(p) = ™y (p)—e™(-p), peR.

Note that the function \T/(z) is analytic in the upper
half-plane and vanishes at infinity.

Weset T ={xe R|[x| >/} and

_ R (1-2)0(2) - ™ (2),
®(2) = {—ﬁl(—z), Imz<0.

Imz>0
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The function ®(z) is analytic in the entire complex
plane cut along T; it may have singularities of at most
logarithmic order at the points +/ and vanishes at
infinity. In a standard way [5, p. 200], we obtain the
following conjugation condition with respect to the

functions @™
O (x)=(1-1)D (x)+ 1@ (-x), xeT. (2
In what follows, we assume that x € 7', unless oth-
erwise specified. We set
1 A
=—In(A-1), v=—"-r.
" 21 ( ) 1-A

We seek solutions of the conjugation problem (2) in
the form

®(c) =2 ("—Z)“ ¥ (2).

I+ z
Setting

. 2ip
@(x)=e2tx(x+l) ,
x—1
we obtain the main equation for the function Y (z):
O(1)Y (-t)dt
f—x '

Y (x)= %@(x)r (—x) -~ j 3)

2mi
T

In the case of an even eigenfunction, the same
argument yields the equation

Y~ (x) = —%@(x)Y_(—x) +%JM, (3

r—x

which differs from Eq. (3) in the sign of v. In what fol-
lows, we write ¥~ (x) instead of ¥ (x).

Let y(z)=z+ uln(z—+Q;

then O(x) =

exp(2ix(x)). We denote the positive stationary point
of the exponent by
Do = 2111"'123 X' (£po) =0, %o =%(Po) ~ 2po-
We set E=Rm{l<|x|<p0—\/p70}, S =
ROx > py++/po},and P =T\ (E U S).

We refer to bounded infinitely differentiable non-
oscillating functions which can be represented in the
form

+
fi(%} |xip0| < \/P_Os
0

where f. € C”[~1, 1] do not depend on A, as regular
functions.
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Lemma 3. The representation

1 (0@)dr _

Y t—x
T

A(x)O(x)+Q(x)

holds, where A (x) is a regular function, A (—x) = A(x),
A(x) = —cotanh(2ny) for xe E, A(x)=1 for

xe S, Q(x)= O(L], and Q (o) = 0.
Jp
Again applying the operator from Eq. (3) and using
Lemma 3, we obtain the equation

V1 A @E) gy |0

= J{0-n e Gt --niy [0S
+ijg(t)—9(x)Y(t)dt @
4niT r—x CIoN

Equation (3') leads to the same equation (4).

To determine the oscillating terms in the solution,
we factorize the singular part of Eq. (4), i.e., represent
it as the superposition of integral operators whose
inverses can be written explicitly.

Consider the two singular operators

1 (O(x)B(x)u(t)dt

Lu(x)=u(x) o) i
L+u(x)su(x)+i W

T
T
where B(x) is a function defined later on.

By virtue of Lemma 3, the superposition of these
operators equals

L Lu(x)=(1-B"(x)u(x)

-1 [(1+B(I)A(—f))3(x)

T
T

@
—

~
~—

-1+ B(x)A(—x))B(t)] +

Now, we choose B(x) so that
B(x)(1+B(x)A(=x)) _v?
1- B*(x) 4

For an appropriate solution of this quadratic equa-
tion, we set

(1= A(x)).
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V(1= A(x)
B(x)= 2 : ‘
I+ Jl +Vi(1 - A(x))(A(—)o + wj

Lemma4. B(x) # 1 forxe T.

Corollary. The Cauchy index of the expression

w is defined.
1- B(x)
Note that

B(@:ﬁ, xe E; B(x)=0,

In this case, the superposition of operators can be
rewritten in the form

xe S.

LLY(x)=W (x),

W (x) = 1+ B();)iA (—x)

B(x) j(l ~A(0)Y (¢)dt

_I—A(x) t—x

—x) = B(t1)A(=1)Y (¢r)dt
o(r)

2
_p? vy
+1-B (x))4m JT'

t—x O(r)
O(x)B(x) (Q(-1) - Q(—x)
S I P B(1)Y (t)dt

T
Remark. In the class of functions under consider-
ation, we have W (x) = O* (l) as x — oo.
X
Now, let us invert the singular operators by the

standard method of reduction to Riemann’s conjuga-
tion problem [6, p. 176].

Lemma 5. A4 general solution of the equation

v(x)

in the class of functions allowed to have singularities of
integrable order at I has the form

Lu(x)=

B(x)O(x) X' (x)
1+ B(x)

O(x) X
. o)X

v(x)
B*(x)
T (x) ) di_

u(x)=C._ -
v (7
S 1=B(1)r -

B(x) 1
1+ B(x)mi

where
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1 dt
X_ =——ex lnG
(2) [+z ]{2m-[ t— J

=——exp| L [ (- ()4 |.
r-2 2ni EUP
Lemma 6. A general solution of the equation
Lu(x)=v(x)

in the class of functions allowed to have singularities of
integrable order at ! has the form

u(x)=C+1/\_/:B(EC)) 1 Vlg-;c)
x) 1-B7(x)
1 X: (x)B(#)v (1) dr
1-B (x)nl ) 1+B(t) t-x
where
X+(z)=l+exp[——IlnG tiIJ
__ 1 _ 1 dt
) I’ -z Xp[ 27”5{1)1 net ))t_ }

Lemma 7. A solution of Eq. (4) can be represented in
the form

B(x)O(x) X (x)
1+ B(x) ()

X: ()
Rz(x)+1—B(x)

Y(x) =

X: ()
1- B(x)

+

E(x) Ry (x),
where the R, (x), j =1, 2, 3, are regular functions and

(=L @(t)r(t)[ B(r) Jz ds

Ty X (1) \U+B(1) s—x

[1]

Theorem 1. A solution of Eq. (3) can be represented
in the form
Y () = 2 B()_O()X () R(=x)
vl+ B(x) 1- B(—x)
RHOLE
1-B(x)

where R(x) is a regular function.

Lemma 8. A condition determining the series of eigen-
values for odd eigenfunctions has the form

Re(gCl +0(p)C,) =0,
v

where C, and C, do not depend on .



392

Considering the case of an even eigenfunction in a
similar way, we obtain the second series of eigenvalues.

Theorem 2. The spectrum of problem (1) consists of
two alternating sequences of the form

2
7\,: = exp[nl_1 (%+ﬁ+ +) j, n=13...;
2
A, = exp(nl_1 (%+ﬁ_ + ) J, n=24, ...,
where O, are constants.
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