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Abstract—Reproducing kernel Hilbert spaces having orthogonally similar decomposition systems are consid-
ered. Conditions under which such spaces coincide or are isomorphic are found.
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1. INTRODUCTION

In this paper, we present statements concerning
reproducing kernel Hilbert spaces. These statements
are useful for solving problems of describing the space
dual to the Hilbert space of analytic functions, for
constructing Riesz bases, and in other problems of
complex analysis.

Let H, be a reproducing kernel Hilbert space con-
sisting of functions defined on a set M of points. Such
a space is characterized by the condition that, for any

t, € M, the functional f — f(¢,) is a continuous lin-
ear functional on H, (see [1]). The elements of the
space H, are functions of a variablere M.Let Q c C
be a space with measure L. As 2 we can take, e.g., a

domain in the complex plane C. The role of Q can also
be played by a countable set of points; then |, can be,
e.g., the counting measure.

Let {e,(-,&)}s.q be an orthosimilar decomposition
system with measure | in the space H (see [2]), i.e.,
{e,(-,E)}eeq is contained in H and any function f € H,
can be written in the form

£ =[O peEmdum,  te M. (1)
C

For the definition of an orthosimilar decomposition
system in a reproducing kernel Hilbert space, see
also [3].

Obviously, the system of functions {e,(-,E)}ccq, is

complete in the space H,. To each continuous linear

functional on H, generated by a function f € H, we
assign the function
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-~ def
f(&) :(el(.ii)af)Hly &e Q
The functions jNF, f € H, form the Hilbert space
H ={ffeH}

with inner product

(.2, = & ufrge H,

and norm
~ def
W11z, = W1la,-
Note that the function e,(t,1),n € Q has the property
I|el(f,ﬂ)|2du(n) <o V1ie M. (2)
Q

Indeed, since {e,(,€)}¢.o is an orthosimilar system

decomposition with measure [ in the space H,, it fol-
lows by virtue of the analogue of Parseval’s identity for
orthosimilar decomposition systems (see [2]) that

w0 > 1K, 0l = [IK 3,0 €10) g Pdiacry
o 3)

= [leixlana),  Vre M.

Q

Let R,(€2, 1) denote the closure of the linear span of

the system of functions {e,(T,-) } ., With respect to the
norm

def

11, = | [ e

Q
Obviously, the system {e,(T, )}, is contained in H,.

In [3], the following assertion was proved (see Lemma 1
in [3]).
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Lemma 1. The space H, coincides with R,(Q,1), i.e.,
the spaces H, and R,(S, ) consist of the same functions
and the inner products in H, and R,(Q, ) coincide, i.e.,

(h,CI)Hl = (haq)Rl(Q,p)5 h’q € H~1 = RI(Q5I~L)

Next, let H, be a reproducing kernel Hilbert space
consisting of functions defined on a set M of points,
and let {e,(", &)}z be an orthosimilar decomposition
system with measure W in H,, , i.e., {e,(-,&) }scq is con-

tained in H, and any function f € H, can be repre-
sented in the form

£ = [(FO et st mdum), e M. (4)
C

The system of functions {e,(:, &)}aEQ is complete in the

space H,. To each continuous linear functional on H,

generated by a function f € H, we assign the function
def

FE& =), Ny, EeQ
The functions f , f € H, form the Hilbert space

H,={f.fe H)}
with inner product

A A def
(f’g)ﬁ2 :(gaf)Hza f,gE H2
and norm
def

Iz, = Wl

The system {e,(T, )}, iS contained in H,, and the
function e,(1,M),n € Q has the property

[lex@niduo <o, vie M. 5
Q
Let R,(€2, ) denote the closure of the linear span of
the system {e,(T, )} 5, With respect to the norm

feH,

11, = [ 1P
Q
The following lemma is valid.

Lemma 2. The space H , coincides with the space
R, (), i.e., the spaces H , and R,(Q, ) consist of the
same functions, and the inner products in H , and
R, (L, ) coincide.

In what follows, we state assertions concerning the
spaces H, and H,introduced above.

2. MAIN RESULTS

Theorem 1. The spaces H, and H, coincide, i.e.,
these spaces consist of the same functions and
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(‘f?g)HI = (fag)Hza fage H] = HZa

if and only if there exists a unitary one-to-one continuous
linear operator B from H, onto H , such that

Te M. (6)

Scheme of the proof. The system of functions
{e|(-,;M}yeq is an orthosimilar decomposition system

in the space H,. This means that any function fin H,
can be represented in the form

£ = [(FOeCm)pe@mdum), e M.
C

B:e(1,) & ey(T,"),

Substituting the reproducing kernel for f into this
relation, we obtain

Ky (68) = [ (K (.8, e,.) 0t ()
Cc

= [a@me.maum = @meEm)g, ()
C
tL,Ee M

(see the definition of the space R;(€2,11)). In a similar
way, we calculate the reproducing kernel of the space H,:

K1,(6,8) = [ ex&mes(t, dpm)
(D
= (eZ(Ln)’eZ(Eﬁn))sz tage M

Suppose that there exists a unitary one-to-one contin-

®)

uous linear operator B from H, onto H, for which
relation (6) holds. Note that /, = R, and H , = R, (see
Lemmas 1 and 2). Since the operator B is unitary and
(6) holds, using (7) and (8), we obtain
KH, (t? &) = (el(ts n)? el(aa n))R,
= (Bel(ta n)a Be1(§5 n))RZ (9)
= (e2(tan)’e2(é’n))R2 = KHZ(t’§)7 t,E;E M

According to the Moore—Aronszajn theorem, the
spaces H, and H, coincide.

Let us prove the converse. Suppose that the
spaces H, and H, coincide. Then the reproducing ker-
nels of these spaces coincide as well. Relations (7) and
(8) imply

(el(ts ')’ el(&a '))R, = KH, (t’ &)
= KH2(ta§) = (eZ(ty')’ez(g"))Rza E_,ate M.
Let

(10)

pw) = ceGrw),we Q, (11)
k=1
be any finite linear combination of elements of the sys-

tem of functions {e,(&, )} 5. We set
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def
Bpw) = Y crerGw), we Q.
k=1
It is easy to derive from (10) that

lellk, = (2. p) s, = (Bp, Bp), = lIBpl,.
The system {e,(&, )} is complete in Ry, and the sys-

tem {e,(&, )}z is complete in R,. Relation (12) holds
for any function of the form (11). Therefore, the oper-
ator B can be extended to a unitary continuous linear

operator from R, onto R,, where R, = H,and R, = H,.
A similar argument proves the following theorem.

(12)

Theorem 2. The spaces H, and H, are isomorphic,
i.e., these spaces consist of the same functions and

Cl“f”ﬂ, < “f”H2 < C2”f||H,s feH =H,

where C,,C, > 0 are some constants, if and only if there
exists a one-to-one continuous linear operator B from H I
onto H 5 such that

B:e(1,) > et,), TE M. (13)
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