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Abstract— On the Lie groups PSL,(R) and SO; we consider left-invariant Riemannian metrics with two
equal eigenvalues. The global optimality of geodesics is investigated. We find the parametrization of geode-
sics, the cut locus and the equations for the cut time. When the third eigenvalue of a metric tends to the infin-
ity the cut locus and the cut time converge to the cut locus and the cut time of the sub-Riemannian problem.
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Let Xbe a two dimensional manifold of a constant
curvature ¥ = %1, i.e., a hyperbolic plane or a sphere.
Let G be the group of proper motions (preserving the
orientation isometries) of X (i.e., G is isomorphic to

PSL,(R) or SO; when x equals —1 or 1, respectively).

Identify the group G (as a manifold) with the bun-
dle of unit tangent vectors on X. This bundle is a weak
symmetric homogeneous space

(G%S0,)/S0,,

where the first multiplier naturally acts on X, and the
second one (SO,) acts by rotations of all tangent vec-

tors by the same angle. The stabilizer SO, is injected to
the product in the anti-diagonal way. Note that the
homogeneous space (PSL,(R) xSO,)/S 0O, is the first
original example of A. Selberg who introduced the
weak symmetric spaces [3].

We consider a (G xSO,)-invariant Riemannian
metric on such homogeneous spaces. Other words, a
left-invariant Riemannian metric on G with eigenval-

ues I, = I,, I; > 0 of the restriction of the metric to
the Lie algebra g of G.

To describe shortest arcs of a Riemannian metric
we need to find a parametrization of geodesics, the cut
times of geodesics (the value of the parameter after
which the geodesic is not optimal), the cut points of
geodesics. Due to the left-invariance of the metric, it
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is enough to consider only geodesics starting at the
identity point of G. The set of the cut points of such
geodesics is called the cut locus.

Introduce the following notation. Let 1 = KA -1

be a parameter which measures the prolatenesss of
small spheres of the metric. Note that | € (—eo,—1) for
G =PSL,(R) and ne (-1, +) for G =S0O,. Let
e,e,,e; € q be the eigenvectors of the metric with the
eigenvalues [, = I,, ;. We will identify g and g* via
the Killing form Kil. Let p = pe, + p,e, + pse; € g*
be an initial momentum of a geodesic.

Proposition 1. A geodesic starting from the identity

point of G with an initial momentum p is the product of
the two one-parameter subgroups:

p mpses
)= ud P55 |
0= exp{ w2

The cut locus has the following geometric descrip-
tion.

Theorem 1. The cut locus of the left-invariant Rie-
mannian metric on G with the eigenvalues I, = I,,
1;>0is:

(1) the set P of central symmetries of X, when
21, = I5;

(2) the union of P and the interval J | of rotations of X
around a fixed point x,€ X by angles ¢, where
¢ € [2xn(l + n), ], when 21, < I;.

Note that the set of central symmetries of a hyper-
bolic plane is homeomorphic to a plane, and the set of
central symmetries of a sphere is homeomorphic to a
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projective plane. So, P = R? for G = PSL,(R) and
P =RP’forG = SO,.

In the case of G = SO, Riemannian geodesics cor-
respond to trajectories of a rigid body with a fixed

point and the inertia momenta /,, 1,, /5. There is such
a mechanical interpretation only when there is a trian-

gle with sides of lengths /,, /,, I5. The additional com-
ponent J, of the cut locus appears when there is no
such a rigid body.

To describe the cut time as a function of an initial
momentum p of ageodesic that starts from the identity,

denote |p| = /|Kil(p)|. Let 7y(p) be the first positive
root of the equation (depending on the parameters N
and p):

C(t, p)cos (n;]hj S(t, p)sm{ 21p3j 0,

1 1

where

C@t,p) = cos[!f']

1

S@t, p) = - |sm( |p|j for Kil(p) > 0,

C(t, p) = cosh [Jf']

1

S(t, p) = IL:'smh Qj"}, for Kil(p) <0,
1

Ip;
Cit,p=1 S@p ===,
@, p)  p) 2,

for Kil(p) =

If this equation have no positive roots, put
to(p) = +eo. Notice that if G = SO, then the Killing

form is positively defined, and if G = PSL,(R), then
the Killing form is alternating.

Define the € =
K(n)(pf + p22) = 0} c g*, where

cone pegtl,; -

_9
9—4n’’

— > When >-1.

4" -1

Theorem 2. (1) When 21, 2 I, the cut time equals
1o(p).

(2) When 21, < I, for p inside € the cut time equals

when n < —1,
K(n) =

W and for p outside of € the cut time equals t,(p). On

the cone 6 these values coincide one another.
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(3) A geodesic with an initial momentum p has no cut
points only if G=PSL,(R) and p;=0 (then
to(p) = +o0).

There is a following sub-Riemannian structure on
G. Consider the plane span{e,e,} c g and the
restriction of the Killing form to this plane. Produce
by the left shifts the distribution of two-dimensional
planes in the tangent bundle 7G and the quadratic
form on this distribution. The sub-Riemannian cut
locus for PSL,(R) was found by Berestovskii [1]. For
SO, the answer was given by Boscain and Rossi [2],
and the full proof was achieved by Berestovskii and
Zubareva [4]. Note that the bundle of unit tangent
vectors on X is a configuration space of a mobile
robot. So, the sub-Riemannian shortest arcs model
energy-optimal motions of a mobile robot that is able
to go forward and rotate.

It turns that the Riemannian problem approximate
the sub-Riemannian one when /; — +eo (equivalent
ton — —1) in the following sense.

Proposition 2. The parametrization of geodesics, the
conjugate time, the conjugate locus, the cut time and the
cut locus in the sub- Riemannian problem on PSL,(R) or
SO, are produced of the same objects of the Riemannian
problem passing to the limitn — —1—-0o0rn — —-1+0,
respectively.

When n — -1 the intervals J, converge to the cir-
cle of all rotations around the fixed point of X. This
circle is the “local” component of the sub-Rieman-
nian cut locus. The “global” component is the same
for the Riemannian and the sub-Riemannian cases
(the set P of the central symmetries of X).
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