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Abstract—Expansion—contraction boundary value problems on manifolds with boundary are studied. The
trajectory symbols of such problems are calculated, an analogue of the Shapiro—Lopatinskii condition is
obtained, and the corresponding finiteness theorem is given.
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This paper studies the new class of boundary value
problems

(D,B): H'(M) = H* " (M) ® H*"(X),
b =ordB,

on a smooth compact manifold M with boundary
X = 0M in which the main operator D and the bound-
ary operator B are nonlocal and associated with
smooth self-mappings of the manifold M . Problems
of the form (1) include some known classes of prob-
lems as special cases, including problems for invertible
mappings (i.e., diffeomorphisms) (see [1]) and prob-

(1)

m = ordD,

lems with homotheties in R" (see [2]); finally, prob-
lems of the form (1) include, as a special case, the Bi-
tsadze—Samarskii problem [3] in which the values of
the function on the boundary are associated with its
values on a submanifold contained inside the domain.

In this paper, we obtain condition for problems (1)
to be Fredholm in the case where the problem is associ-
ated with a contraction, i.e., a mapping of a manifold
with boundary strictly into itself. Of most interest is
finding an analogue of the Shapiro—Lopatinskii condi-
tion in this situation. We show that, in the case of non-
local problems associated with contractions, the ellip-
ticity condition is of a completely new form in compar-
ison with the classical situation. The point is that, in the
presence of contractions, it is necessary to freeze the
coefficients at once on the entire orbit of a boundary
point under the action of the contraction and its itera-
tions. The generalized Shapiro—Lopatinskii condition
which we obtain in this way consists in the requirement
of the unique solvability of the infinite matrix system of
ordinary differential equations corresponding to the
trajectories of boundary points.
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1. STATEMENT OF THE PROBLEM

Let M be a compact smooth manifold with bound-
aryX = oM.

Definition 1. A smooth mapping g: M — M is
called a contraction if it is a diffeomorphism of the
manifold M and a submanifold g(M) c M \_X lying
strictly inside M .

The contraction g induces the contraction and
expansion operators

u(g™'x), if  xe g(M),

0, otherwise

Tu(x) = {

and T~ 'u(x) = u(gx), which act on the spaces H" (M)
with |s| < 1/2.
‘We consider operators being finite sums of the form

D= T“D; : H'(M) - H'™"(M), m=ordD,

k 2)
where the D, are differential operators of order m; in
the presence of summands with positive k, it is
assumed that |s —m| < 1/2. This paper studies the

Fredholm solvability of boundary value problems of
the form

(D,B): H'(M) - H™"(M)® HH’(X), 3)
in which the boundary operator B has order b and
equals

B=Ai*C: H'(M) > H*"(X),
where A is a pseudodifferential operator on X;
*:H' (M) — H H/Z(X ) is the restriction operator to
the submanifold, and C = ZCka is the operator
k<0

with expansions 7° _1, where the C, are differential
operatorson M.
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2. TRAJECTORY SYMBOL

We obtain an ellipticity condition for problem (3)
by using the localization method, i.e., freezing the
coefficients of the operators on the orbits of the itera-
tions of the diffeomorphism g.

It turns out that the points of the manifold are
divided into three types according to the behavior of
their orbits:

(1) points for which all inverse iterations of the
mapping g are defined;

(2) points which are taken to the boundary by a
finite number of inverse iterations;

(3) points which go beyond the boundary of the
domain after a finite number of inverse iterations.

Let us construct the trajectory symbols of our
problem for orbits of all the three types.

2.1. The Trajectory Symbol for Orbits
Lying in the Manifold

Let xe M. =()g"M. Then the orbit {g"x},
nz0

ne Z, is entirely contained in the manifold. There-
fore, the coefficients of our operator on such an orbit
are frozen in the same way as for Z-operators on
closed manifolds (see [4, 5]). The symbol thus
obtained is an operator on the function space on the
orbit (identified with Z) and is written in the form

o(D)(x,8): P(Zuyz,) = P W p ),
xeM,, EeTiM,

o(D)(x,8) = DT @) " a(D)I(xE. (@)
k

Let us define the objects involved in this formula.
First, the shift operator on sequences acts by
Twn) = win—1). Secondly, the expression
[(@2)" o(D,)]1(x,E) acts as the operator of multiplica-
tion of sequences, where dg = (dg’)_1 T*M > T*M
is the codifferential of the diffeomorphism

g: M — M. Finally, symbol (4) acts on the space of
sequences square summable with respect to the weight

_ 0g"uo(AM)](x,§) )
H(x)

where L is a smooth volume form on Mand A is the

nonnegative Laplace operator on M.

““x,i,s(n)

2.2. The Trajectory Symbol for Orbits Going
from the Manifold and not Reaching the Boundary
For definiteness, suppose that
xeU =M _(XuUg(M)). The orbit g"x, n> 0, of
this point is isomorphic to the set Z, = {ne Z|n = 0}.
Localization on this orbit is performed in the same

SAVIN, STERNIN

way as in the preceding section with taking into
account the fact that the symbol

S(D)(%,8): I'(Z s Migy) = (L Mesm):
acts on spaces of one-sided sequences. As previously,
the symbol and the corresponding weights are deter-
mined by (4) and (5).

xe U,

2.3. The Trajectory Symbol for Orbits
Reaching the Boundary

For definiteness, we assume that xe X. A
straightforward calculation shows that freezing the
coefficients of the problem (D, B) at the points of the

orbit g"x, n >0, and the Fourier transform x > &
yield an operator acting on the spaces

I, L (T*M,uo(A°"))

ML (T M po(A")) ¢
® - @ L'(T5Mus(A"™) (6)
@ LT} M, uc(Ah) ) @

n2l1 P s—b
LATIX, L xo(Ay ).

Let us define the objects involved in this formula.

In (6), uy is the volume form on X, A y is the nonnega-

tive Laplace operatoron X , and 1* denotes L -spaces of
square integrable functions on the corresponding
cotangent spaces with respect to the specified mea-
sures. It remains to define the projection I1,. In a
neighborhood of a point x € X, we choose coordi-
nates (x',7) so that the manifold M is determined by
the inequality ¢ > 0; by

I,: LX(T*M,uc(A)) — L(T*M,u6(A%))
we denote the Fourier image of the projection onto the
subspace of functions identically vanishing at ¢ < 0.
Next, we transform operator (6) by applying the iso-
metric isomorphisms
(9"
L(TEMucAY) = L(TIM,@8"uoA")) (7

= LTIX, PR yy)),
where L, , ¢ denotes the weight

o (o) = @O

and LZ(TX*X,Lz(R,uxm)) denotes the L’ space of
functions on T7X taking values in the space
LZ(R, W, ns)- Inthe last isomorphism, we have used the

decomposition T.*M = T* X x R. Taking into account
isomorphism (7), we see that operator (6) can be rep-
resented in terms of the family of operators of multipli-
cation by the operator function
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LR, (HT*) ™)

LR, (1+1)) @
o(D, B)(x,m) : ® = PRXZ0,1 5 15-m) ®)
Lz(IR X Z>0’ “’x,n,s) g

which depends on the variables | and ranges in the
space of operators acting on the variables t. Here,

n: CRAHT)Y) = LR, (1Hd*)")

H'®R,)
o(D, B)(x,n) : ®

HS(R X Z>0’ Mx,n,s)

which is called the trajectory symbol of the boundary
value problem and denoted by (D, B)(x,n). A straight-
forward calculation shows that symbol (9) acts as
o(D,B)(x.n)
wg, uy ty, ...)

(VO’VDVZ: "’7w)5

v, = Yl@g" ool xn-iL)u, . nzo

k<n

w = o(4)(x,M)

X |t:0 .

m. 3@ ool xm—L)u,

k<0

3. THE FINITENESS THEOREM

Definition 2. We say that the problem (D, B) is
elliptic if the trajectory symbol o(D)(x,§) is invertible

at any (x,&) € Tg*M (see Sections 2.1 and 2.2) and the
trajectory symbol o(D, B)(x,n) is invertible at any

(x,m) € T, X (see Section 2).

The following theorem is the main result of this
paper.

Theorem 1. An elliptic problem is Fredholm in the
corresponding Sobolev spaces.

Remark 1. If the shift operators are absent in (3),
ie., D, = C, =0 for k # 0, then the ellipticity condi-
tion in Definition 2 is equivalent to the requirement
that the main operator D is elliptic and the Shapiro—
Lopatinskii condition holds on the boundary of the
manifold.
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is the projection onto the Fourier image of the space of
functions identically vanishing at <0 and
Z.,={ne Z|n=>1}. Applying the inverse Fourier
transform T — 7 to (8), we obtain the operator function

H™(R,)
@

— H "RXZ 0, sm) )

®
C,

4. EXAMPLE
Consider the boundary value problem

(D,B)=((aT +b+cT HA*) : H' (M) —

10
N Hs—Z(M) @ Hs—l/2(X)’ ( )

where M is the unit ball in R* centered at the origin,
X = JdM is the unit sphere, and the contraction and

expansion operators 7 and T - correspond to the con-
traction x — ¢gx, 0 < g <1. Finally, a,b,c are some
numbers. The boundary value problem (10) is consid-
ered for|s — 2| < 1/2.

Applying Theorem 1, we shows that problem (10) is
Fredholm if precisely one root of the equation

az’ + bz + ¢ = 0 lies inside the disk |z] = "™ 2672,
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