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Abstract—In the work, a new approach to constructing optimality conditions for degenerate smooth optimi-
zation problems with inequality constraints is proposed. The approach is based on the theory of p-regularity.
A special case of degeneracy, when the first derivatives of some function-constraints are equal to zero up to
some order, is considered. Optimality conditions for the general case of degeneracy with p = 2 are presented.
Proposed constructions and optimality conditions are illustrated by an example. A general case of degeneracy
is considered and optimality conditions for the case of p > 2 are proposed.
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In this work, we propose a new approach to devel-
oping optimality conditions for degenerate smooth
optimization problems with inequality constraints of
the following form:

minimizef{(x),
xesS (1)
S(x) = {x e R"| g(x) <0},

where g(x) = (g,(x), ..., g,(x)) and functions f, g: R" — R
are assumed to be sufficiently smooth. The approach is
based on the theory of p-regularity, presented, for
example, in [1—4].

1. REDUCTION OF THE GENERAL
DEGENERATE CASE TO A SPECIAL ONE

Without loss of generality consider the case of p =
2, because it is most illustrative and demonstrates the
main idea of the proposed approach. In this and the
following parts of the paper, to simplify the notation,
we assume that all constraints are active at the solution
x*, that is the set of indices of active constraints can be
written as I(x*) = {1, 2, ..., m}. Indeed, in the case of
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presence of inactive constraints, all results will hold
with zero Lagrange multipliers corresponding to the
inactive constraints.

When constructing optimality conditions for prob-
lem (1), it is convenient to assume that there is a num-
ber rsuch that

gi(x*)#0,

gi(x*) =0,
At the same time, one of the main ideas of the pro-

posed in the paper approach is to reduce degenerate
problems to a new form for which (2) is satisfied.

Introduce an additional set:

Ho(x*) = {h e R"[ (gi(x*),h) <0,i e I(x*)}.

Fix some element 7 € H,(x*) and define a set of
indices:

L(x*, h) = {i e I(x*)| (gi(x*),h) =0}.

We will describe a procedure for constructing special
acute cones generated by the vectors g; (x*), i € I,(x*, h),
under an assumption that |/,(x*, A)| = m, # 0. These

special cones are required below for constructing opti-
mality conditions.

We will require that, while constructing cones, each
index contained in the set /,(x*, ) was used for deter-
mining at least one cone, and all derived acute cones
were different, so that their total number is s < m,.

Namely, for constructing the cone number k, where
k=1,2,..,s,indicesi, ..., i, € L(x*, h) are used and

i=12,..r,
(2

i=r+l,r+2,...,m.

are selected in such a way that vectors g;l x*), ...,
g (x*) generate the largest possible acute cone and
"k

i; # I;if j # [. As a result, there exists an element y, € R”
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such that (g; (x*), ) <0,j =1y, ..., i, , and for all indi-
cesj e J,(x*, h)=1,(x*, H\{i,, ..., i, }, the following is
satisfied:

-g(x*) = ajilg;l(x*) +...F ajirkg:‘,k('x‘.*)n

where oy 2 0,...,a; >0.
"k

‘ For each indexj € Ji(x*, h), introduce new map-
pings
éj(x) = gj(x) + a’jilgil(x) +...+ O'ji,kgi,k(x)
and, therefore, get s sets Fy, where k =1, 2, ..., s, and
each set Fj consists of functions 8i (%), .oy 8, (%),

g;(x),j € J(x*, h), and satisfies the conditions
g(x*) =0, jelJ(x* h). 3)

In addition to the set .S introduced in (1), for each
k=1,2, ..., sdefine

S, = {x e R"| g,(x)<0, ...,g (x)<0,
éj(X)SO,j € Jj(X*a h)a

g(x) <0,/ e I(x*)\I,(x*, h)}.

Lemma 1. There exist sets of functions F,, k=1,

2, ..., s, defined above and such that S = M\ S.
k=1
Lemma 1 implies that problem (1) can be written in
the form

minimize f(x), xe M\S;.
k=1

Therefore, we need to write optimality conditions for
each set S taking into account implementation of the
conditions (3) for it, and then take the union of these
optimality conditions for all values of the index k.
Optimality conditions constructed in this way will give
optimality conditions for the original problem (1)
under some regularity assumption for the set S =
(S, - Notice that conditions (3) are similar to con-
k=1
ditions (2) for the special case of problem (1). We will
consider this special case in part 2.

Assume that there exists a vector 7 € Hy(x*), satis-
fying the following inequalities

(g (x*)h, h)y <0, jeli(x* h), k=12 ..,s5.
Notice that if such 4 is not found, then x* is an isolated
feasible point for problem (1).

Recall that all indices under consideration belong
to the set

L,(x*, h) = {i € I(x*)[(g; (x*), h) =0},
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where 1 € H(x*), and define

LA k) = (i ooy,

L%, h) = {i € Ju(x*, h)[(g) (x*)h, h) = 0},

L(x*, h) = \J I (x*, h),

k=1

Io(x* h) = L (x*, h).
k=1
Definition 1. We say that mapping g(x): R” — R” is
2-regular at the point x* € [R” along vector & e
H,(x*), if there exists € R~ satisfying the inequali-
ties

(8,(r), 8 <0, .., (g, (x*), &) <0,

~n . 2
<gj (X*)h, g) <Oa J € I()(x*zh)a
k=12, ..,s.
Notice that Definition 1 is a generalization of the
Mangasarian-Fromovitz constraint qualification.
However, there are examples where the definition does

not hold (see Example 1 below). To analyze those
problems, we introduce a more general definition.

Definition 2. We say that mapping g(x): R" — R”
is tangent 2-regular at the point x* € [R” along vector
h € H(x*), ifforany £ € [R” that satisfies the inequal-
ities

(€,(x*), &) <0, ..., (g, (x*), &) <0,

('(x*)h, &y <0, je Ij(x* h),
k=12,..,s,
there exist feasible elements x € .S in the form
x =x¥+oh+o(a)+n(a),

2
(04

o(a)

where o > 0 is sufficiently small, (o) = o(at), -0

asa — 0, and |[n(a)|| = o(w(w)).
If Definition 2 does not hold, then we need to ana-
lyze cases with p > 2, which are considered in part 3.

Introduce a generalized 2-factor Lagrange func-
tion

Ly(x, A(h), ) = fx) + D" hl(h)gi(x)

i€ I(x, h)

3 MG, B,
iel(xh)

Notice again that conditions (3) are satisfied.
Theorem 1. Let x* be a local minimizer for problem (1),
fe C (R and g € CHR"). Assume that mapping g(x)
is tangent 2-regular at the point x* along vector

h € H/(x*) and {f'(x*), h) = 0. Then there exists
AE(h) = (A (h)),

ie In(x*, h) U I(x*, h)
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such that A*(h) > 0 and
Ly (x*, A% (h), h) = 0. 4)

Notice that since I (x*, h) < I,(x*, h), I, (x*, h) <
1,(x*, h) and, for every indexj € J,(x*, h), the follow-
ing holds

éj(x) = g(x) +a; g () +... + (xji,kgi,k(x)’

>0,...,0

where o; ;i 20, then conditions (4) can be
"k

Ji)
written in the following equivalent form
Fe+ Y g+ Y gl (eh =0,
iel(x*h) iel(x* h)
where A, > 0 and y; > 0.

2. SPECIAL DEGENERATE CASE
WITH p = 2

In this part of the paper, we consider a special
degenerate case, when for problem (1), conditions (2)
are satisfied.

Introduce set H,(x*) that consists of all # € [R” such
that the following inequalities hold:

(gi(x*), h) <0,
(&' (x*)h, h) <0,

For some /4 € H,(x*), also introduce additional sets:
L(h) = {ie{1,2,...,r}| (gi(x*), h) =0},

L(h) = {ief{r+1,r+2,...m}|{g (x*)h, hy =0} .

Definition 3. Mapping g(x) is called 2-regular at the
point x* € R” along the vector h € H,(x*), if either
I,(h) = ¢ and I,(h) = ¢, or there exists § = &(h) € R”
such that

i=1,2,...,r,

i=r+1,r+2,.., m.

<g;(x>k)7 <t::> < 0’ i€ ]l(h)n

(&' (x*)h, &) <0, ieL(h).

Definition 4. Mapping g(x) is called 2-regular at the
point x* € R, if, for every h € H,(x*), either I,(h) =
¢ and L(h) = ¢, or there exists & = &(/) such that
condition (5) is satisfied.

We also introduce the 2-factor-Lagrange function:

Ly, M(h), ) = )+ 7 hi(h)gi(x)

iel,(h)

(5

+ 3 M,
i e L(h)
Whel‘e x, h S R” al’ld 7\4(}1) - (kl(h))le Il(h)ulz(h) .
For problem (1) the following optimality condi-
tions hold.
Theorem 2. Let f(x) € C'(R") and g(x) e C*(R").
Assume that mapping g(x) is 2-regular at the point x*.
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1. If x* is a local minimizer for problem (1), then for
any h € H,(x*) either

'(x*), hy >0 (6)
or there exists vector \*(h) = (L} (h)), . 1(hyo 1,y SUCh
that

L'zx(x*, A¥(h),h) =0, A*(h)=0. @)

2. If for any h € H,(x*) either condition (6) is satis-
fied or there exists B > 0 such that (7) holds and

Ly (x*, A(h), m)[h] > BlAl’,

where A (h) = L (h) fori € I,(h), and \.} (h) = 7L§(f’—)

Jori e I,(h), then x* is an isolated local minimizer for
problem (1).

We will illustrate the introduced concepts and The-
orem 1 by the following example.

Example 1. Let in problem (1),
f(x) = x,+x,—x; +x?+x§+x§
and the constraints are defined in the following way:
g&i(x) = —xy,
&(x) = —x;,
2 2, 2
g5(x) = x;— X7+ X5+ X5.

In this example, x € R3 and x* = (0, 0, 0)". Consider
h=(1,0, T,
Then m =3, m; =2,5s=2, [,(0, h) = {2, 3}. Con-

structing the cone number k=1, we have r, = 1, &, )=
&), J,(0, 1) =1{3},and g, (x) = —x| + x; + x;. Con-

structing the cone number k =2 we have r, = 1, &, x) =

25(x), J5(0, h) = {2}, and g, (x) = —x; + X + x3.

We get two systems of inequalities

gl('x) = _'xlSOa

&(x) = —x, <0, (A)
(X)) = —x  + x5+ x:<0;

&i(x) = —x; <0,
g(x) = X, - x| +X,+x,<0, (B)

&(x) = —x? +x§ +x§ <0.
Using the notation introduced above, we have S, =
xe R (A), 5, = tx € R7 (B)).
Notice that in this example, {f'(x*), h) = 0,
& (x*)[h] = g5 () [h] = (=2,0,2)", and mapping g(x)
is tangent 2-regular at the point x* along the vector 4.
Therefore, all conditions of Theorem 1 are satisfied

and there exist A (h) >0, i=1, 2, 3, 4, such that con-
dition (4) is satisfied:
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S0 + A7 (h)g) (0) + 15 (h)g5,(0)
+ 15 (g3 (0)[h] + 15 (h)g3(0)[A]

1 0 0
= 1 +1- -1 +0-
-1 0 0
| -2 -2 0
+ - +0 =
3 0 0 0
2 2 0

3. GENERAL DEGENERATE CASE
WITH p > 2

In this part, we consider the general degenerate
case, namely, the results given in this part, will be for-
mulated for some p > 2. Similarly to the approach
described in the previous parts of the paper, the con-
straints of the problem (1) can be reduced to equiva-
lent ones in such a way that, without change of the
notation, the constraints satisfy the following rela-
tions:

g(x®) =0, i=1,...
g(x*) =0,
g (xh=0, i=r+1,..,r),

srls

i=r+l,..,m,

g(xh =0, i=r+1,...m,

g'(pfl)(x*)[h]szioj i = r,_o+ 1, syt
gAY =0, i=r_ 41, m,

&Py <0, i=r, ... m.

p)
Introduce the sets:

I(x%, h) = {i e I(x*)] (g(x*), h) = 0},
L(x*, h) = {ie I(x*)| g (x*)[h]* = 0},

L(x*, by = {i e I(e*)|g” (x*)[h] = 0}.
Definition 5. We say that mapping g(x): R” — R” is
p-regular at the point x* € R” along the vector 4 €
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H,(x*), if there exists € € R, satisfying the following
inequalities:

(8i(x*), &) <0,
(8 (x*)h, €) <0,

iel (x*h),
ie L(x* h),

(&7 Ce)[h7,8) <0, i€ L(x* h).
Theorem 3. Let x* be a local minimizer of problem (1),
fe C (R and g € CP+(R"). Assume that mapping
g(x) is p-regular at the point x* along the vector h €
H(x*) and {f (x*), h) = 0.
Then there exists

}\'*(h) = (7\';< (h) )i € L,(x* h) U L(x* h) U ... U L,(x* h)

such that A*(h) > 0 and
f1e*) + Z Aigi(x*) + Z Aigi (X*)h ..
ie I(x*, h) i€ L(x* h)

ety g (x*)[h) " = 0.
iel,(x* h)

Notice that similarly to the Definition 2 given
above, one can introduce a definition of the mapping
g(x): R" — R™, which is tangent p-regular at the point
x* e [R” along the vector 4 € H(x*) for p> 2, and for-
mulate more general optimality conditions similar to
ones given in Theorem 3.
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