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1. A function K(x, y) defined on R” x (R™\{0}) is
called a Calderon—Zygmund kernel [10, 11] if it satis-
fies the following conditions:

(i) K(x, tx) = r""K(x, y) for any x € R™ and any
t>0;
(ii) J K(x, ®)do =0 forany x € R";
LSJnfl

(iii) |K(x, y)| £ C and K(x, o) is differentiable on
S”~! for any x € R”, where 8"~ ! is the unit sphere of
m-space and C is a constant.

Let Z be the integer lattice in m-space R™. We set
K(0) = 0 and denote the restriction of a kernel K(x) to
hZ", h > 0, by K,. Let u, be a function of a discrete

argument defined on the lattice hZ; .

For the multidimensional singular integral opera-
tor (v.p. means “valeur principale,” i.e., principal
value)

(Ku)(x) = v.p. JK(x—y)u(y)a’y, xe DcR",

we consider the discrete analogue

(Kgug)(x) = z Kd(;c_);)ud(.;’)hmz xehl”,

yehz"
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the sum of the series is understood as the limit

lim Z
N—> o
yehZ" 0y
of partial sums, where

Oy = {x e R": max |x,/ < N}.

1<k<m

Kd(sc —})”d(;’)hm,

We use the symbol € ,3 to denote the Hilbert space

L,(hZ™) of functions of a discrete argument with inner
product

(ug vy) = Z ud(;c) Ud()})hm
xehz"
and norm

12
Hud”ei = [ Z |”d()~c)|2hm] :

xehz"

Theorem 1. The estimate
1Ko 2 < clud] 2
h h

holds, where the constant c does not depend on h.

The symbol of the operator K'is defined as the Fou-
rier transform of the kernel K(x) in the sense of princi-
pal value [10, 11], that is, as

6(§) = lim I K(x)eié'xa’x.
e—>0

N=>og (<N

With the discrete operator K, we associate a symbol
6 4&), too, where & € [—mh~!, mh~!]"; this symbol is
determined by the multidimensional Fourier series

o8 = Y K ",

xehz"
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where the partial sums are over the discrete cubes Oy M
hZ™, and is a periodic function on R” with main cube
of periods [—mh~!, m/h~']™.

Accordingly, by the symbol of the discrete singular
equation

we understand the function a + 6,&), § € [—-nh™!,
wh']".

Let D=R". We define a discrete space H? (hZ") as
the space of functions u,(x) of a discrete argument
with weight o(x) = (1 + |x|)* and norm

ludlo,, = lo-ud,, 0<y<l,
where

- O<a+y<m,

u (X) —uy(y) )
E

Theorem 2. The operator K, boundedly acts on the

lug], = max [u,(x)| + max
xehz" x,yehl"

space H;x (hZ'™), and its norm does not depend on h.

Now, we set D = R, R} = {x € R™: (x, ..., X,,),
x,, > 0}, introduce the notation x' = (x, ..., X, _;), and
consider a weight function of the form

o) = (1+[)°(; jx)ﬁ

by Z" we denote the discrete half-space {x € Z": x,, >0}.

We define a discrete space H? P (hZ'"") as the space
of functions u,(x ) of a discrete argument with norm
||ud||a,[3,y = ||(D : ud”y’ O<y<l,
Y<B<y+1.
Theorem 3. The operator K, boundedly acts on the

O<a+y<m,

space H,’ P(hZ”), and its norm does not depend on h.

Let P, denote the operator of restriction to the lat-
tice hZ™; to each function defined on R” this operator
assigns the set of its discrete values at the points of the
lattice hZ"™.

The measure of approximation [4] of the operators
Kand K, in a linear normed space X of functions on R”
is defined as the operator norm

| PiK = KaPi
where X, is the normed space of functions on the lat-
tice hZ" with norm induced by that on the space X.
As the space X, we shall use, in addition to € ,21 , the

space C, of functions u, of a discrete argument x €
hZ" with norm
ludle, = max|u,(3).
xehZ"
In other words, C, is the space of the restrictions of
functions u € C(R™) to the lattice AZ™. It is worth
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mentioning here that the operator K'is not bounded on
the space C(R™) but is bounded on L,(R™); it is well
known that, if the right-hand side v of the equation

(al+Ku =v 2)
has certain smoothness properties (e.g., satisfies the
Hoder condition), then a solution of Eq. (2) (if it exists
in L,(R™)) has the same smoothness properties [10].
Equations of type (2) often arise in applied problems,
and it is required to substantiate a numerical solution
method for these equations (see, e.g., [5, 9, 10]).

We define a discrete space Cj,(a, B) as the space of

functions of a discrete argument x € AZ" which have
finite norm

x—y”

H“d”ch(a, B = ||”d”ch+ sup

wren(max{1+[x, 1+[3})°
and satisfy the conditions

|“d(;c)| < <

(1+[x)P

x—yI”

|ud(';é)_ud(.);)| <c — — ﬁs

(max {1+ x|, 1+1yl})
vx,y e hZ", o,p>0, O<a<l.

A continuous analogue of these spaces is the space

Hg (R™) of functions which are continuous on R” and
satisfy the Holder condition with exponent 0 < o < 1
and weight (1 + |x|)P (see [1]). Results of [1] imply, in
particular, that the operator K is a linear bounded
operator K: Hy (R") — Hpy (R™), where m <3 <o + m.

For the spaces C,(a, ), the following theorem is
valid.

Theorem 4. The following estimate holds:

[ Kdud”Ch(oc, gy = C”“d“c,,(a, B>
where m < 3 < o + m and the constant c does not depend
on h.

Below we give an estimate of the measure of
approximation of the operators K and K} in the space
C,(a, B). This will allow us to estimate the error of the
solution under the change of the continual operator K
by its discrete analogue K.

Theorem 5. The measure of approximation of the
operators K and K, satisfies the inequality

|PiK = KiPil ,ap) < €h”

where the constant ¢ does not depend on h, o. < o, and

p>p.

By a discrete solution we mean the solution of
equation (1) with right-hand side P,v.

Theorem 6. For the discrete solution, the following
estimate is valid:

u(¥) - u (%)) < ch®

DOKLADY MATHEMATICS VWl. 92  No.2 2015



ON THE SOLVABILITY OF CERTAIN DISCRETE EQUATIONS

2. To study equations in a half-space, we need a
special periodic analogue of Riemann’s classical
boundary value problem, which naturally arises in
studying discrete convolutions by using the discrete
Fourier transform.

LetI1, and I'1_be the upper and the lower half-strip
in the complex plane C:

I, = {zeCiz=t+is,te[-n; ], £s>0}.

By the periodic Riemann problem we understand
the following problem: Find a pair ®*(z) of analytic
functions on I'l, whose boundary values satisfy the fol-
lowing linear relation on the interval [—mr; ] ass — 0%:

(1) = GO (N+g(1), tel-mnl, (B
where G(f) and g(¢) are functions on [—m; ©t] such that
G(—n) = G(n), and g(—n) = g(m).

To solve the problem under consideration, we
introduce the integral

O(z) = Il{z I(p(x)cot)—%—zdx, zell,

which is similar to a Cauchy-type integral. For this
integral, we obtain corresponding analogues of
Sokhotskii’s formulas [2, 6].

Theorem 7. If ¢(¢) satisfies the Hélder condition on
the interval [—m; ©t], @(—n) = @(rn), then the boundary
values O*(f) of ©(Z) (z =t + is) as s — 0% can be
expressed as

(1) = e J.(p(t)cot 3 a’t+(p(r)+C

D (1) = 4Lm J'(p(t)cott_TTdt— (%T) +C;

where the integral is understood in the sense of principal
value.

The index x of problem (3) is defined as the incre-
ment of the argument of the function G on the interval
[—m, =] divided by 27t. In what follows, we assume that
the function G(¢) satisfies the Holder condition. We
introduce the following notation:

r(z)——jl e”“G(z)]cot 2 dt

1 —itK
— |1 G(1)]dt
* i jn[e (n]dr,

r(z)

X(z)=e ",

—m< I (2)

X(2) = ;

S.(z) = che*"zk (k> 0).
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Theorem 8. [fthe index « of the problem for the strip
is nonnegative, then the homogeneous problem has x + 1
linearly independent solutions:

D' (2) = S(2)e" @,

D (2) = e S()e" P (k=0,1,...,%).
The general solution contains ¥ + 1 arbitrary con-
stants. For a negative index, the problem is unsolvable.
Theorem 9. In the case of a nonnegative k, the inho-

mogeneous problem for the strip is solvable for any right-
hand side, and its general solution is given by

X(z) &)
4mi J X (1)

In the case of ¥ < 0, the inhomogeneous problem is
generally unsolvable. It is solvable if and only if the

right-hand side satisfied —x — 1 additional solvability
conditions. Under these conditions, the solution is

D(z) = cot” : 2t + X(2)S(2).

= X(z) | &cott_—zdt.
4ni -nXF(t)

3. Here we consider discrete convolutions over a
half-space with Calderén—Zygmund kernels from the
point of view of their solvability, describe their rela-
tionship with Riemann’s periodic problem with a
parameter, and perform a comparison with the contin-
uous case.

Consider the equation

(P.M,+P_My)u = v, (4)
where M| and M, are Calder6n—Zygmund operators

(similar to K'in Eq. (2)) with kernels M,(x) and M,(x);
by P, and P_ we understand the operators of restric-

D(2)

tion to the half-space R} = {x = (x|, ..., X,,), =x,, > 0}.

The solvability of Eq. (4) can be studied by means
of the theory of Riemann’s classical boundary value
problem [2, 6]. Denoting the Fourier transform by F,
we obtain the relations

FP, = QévF, FP_ = PEF,
1
Q = 5([— Hg')-

Here, H; denotes the Hilbert transform with respect to
the variable §,,and &' = (§, ..., §,,_ |):

(Hzu)(E' &) = —v.p. j“mf’a %) .

P = %(1+ H.),

Thus, Eq. (4) transforms into the following equa-
tion with parameter &':

GMl(g'a am); Z/(é)

L OB E0) + Oy (L E)

2mi

GMQ(&'a am)
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+00 ~

<vp. | (;(&_—"E:)dn - FE). (5)

This equation corresponds to Riemann’s boundary
value problem (with parameter &') with coefficient

G(E,E,) = 04 (8, E)0m (5 Ey).

To ensure the unique solvability of Eq. (4), we must
require that the index G(&', §,,) with respect to the vari-
able &, vanish.

The symbol of the Calderén—Zygmund operator is
very specific. This is a homogeneous function of
degree 0; thus, essentially, it is defined on the unit
sphere S”~!. Let m > 3. Fix £' € §” 2 and suppose
that G(0, —1) = G(0, +1). As §,, varies between —oo and
+o0, the argument of G(&) takes values on an arc of the
great circle joining the points (0, —1) and (0, +1). At
the same time, the symbol takes values on a closed
curve in the complex plane. For different &', all these
curves are homotopic, i.e., all of them have the same
index k. The condition k¥ = 0 ensures the existence and
uniqueness of a solution to equation (4).

We proceed to the discrete equation
(P.M{+P_M)u, = v, (6)
in the discrete space L,(hZ™), assuming that the P, in
(6) are the operators of restriction to hZ and Mf and
M;i are the discrete Calderén—Zygmund operators

generated by the kernels M,(x) and M,(x), which are
bounded operators on the spaces L,(hZ™).

The discrete Fourier transform for functions of a
discrete argument on the lattice AZ"™ is given by

u(x) = 3 uGye ™ = u(g),
xehz"”
Eel[-h'm hn'n]"
This Fourier transform has the same properties as the
classical transform [8].

According to the above considerations, we define a
periodic analogue of the Hilbert transform with
respect to the variable &,, (F, € [—m, m]™, &' is fixed) by

hi=8,)
2

m

(2m)

(HE'u)(&,) = j u(f)cot ——=1>

Y
The periodic analogues of the projections are

—(1 HEY).

per _ per _

= -(1+ HE, =

Finally, the periodic analogue of Eq. (5) is
Gl h(a" am) + 62 h(avv am) I's
5 > U

. (©)
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L+ 018, 8,) +054(8) Ep)

4ri

nh!

xvp. [ U meot™ =iy = Fe), @)

-1

—nh

where 6, , and o, , are the symbols of the discrete
operators M, and M,.

Equation (7) is naturally related to a Riemann’s
periodic boundary value problem, and the condition
for the unique solvability of this problem is given by
Theorem 8. In the case under consideration, this is the
condition

Indo, (-, &,)054( &) = 0.

Theorem 10. Fquations (4) and (6) are solvable or
unsolvable simultaneously.

4. It follows from results of the preceding section
that, theoretically, we can expect the convergence of a
discrete solution to a continuous one with decreasing
the step size of the lattice. However, in practice, find-
ing a solution of the discrete equation (1), which is an
infinite system of linear algebraic equations, comes
across the problem of choice of a finite approximation.

On our view, more pragmatic is the following
scheme of finite approximation. Given a discrete ker-
nel K; and a right-hand side v, we construct their
periodic approximations by restricting them to Qy M
hZ'™ and periodically extending the restrictions to AZ™.
We denote these approximations by K, y and v, y,
respectively. Instead of Eq. (1), we consider the equa-
tion

au, M(X) + Z K, N(;C_j’)”d, M)
yezy

= Ud, N(';C)s -;C € ZZI’ (8)
in fact, this is a finite system of linear algebraic equa-
tions so-called cyclic convolution [7]. The apparatus
of the discrete Fourier transform and properties of the
symbol of a multidimensional singular integral make it
possible to substantiate the solvability of Eq. (8) at
large N, and applying the fast Fourier transform, we
can avoid solving systems of linear algebraic equations
and restrict ourselves to twice calculating Fourier
transforms (direct and inverse). Moreover, a compari-
son of the numerical results for the simplest types of
test equations (both regular and singular) obtained by
using projection methods [3] and fast Fourier trans-
form [7] demonstrated their close coincidence and a
serious gain in time when the latter was used even in
the one-dimensional case [12]. As the dimension
increases, the difference becomes more significant.
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