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Abstract—A new biorthogonal system of wavelet bases has been constructed, which is oriented toward recon-
structing the useful signal of a measuring system if the measurement process is represented as a convolution
model. New biorthogonal wavelet bases are obtained by using a instrumental function to modify a
Kravchenko orthogonal wavelet system with a finite spectrum. The properties of new biorthogonal fre-
quency-modified wavelets are studied, and digital filters that realize fast computational algorithms are con-
structed. Schemes for multiresolution analysis are proposed, which, during discrete wavelet transform,
immediately solve the problem of reconstructing the useful signal, as well as effective noise suppression,

which can significantly speed up computations.
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1. FORMULATION OF THE PROBLEM

In various fields of physics (radio astronomy, radar,
infrared radar, various types of microscopy, etc.), it is
necessary to take into how the measuring path of the
technical system and the communication channel (the
inertia of the medium through which the signal prop-
agates) influence recorded signals or images. In this
case, there are distortions in the real signal distribution
that depend on the instrumental function (response of
the apparatus) of the technical system, and noise is
added. If the form of the instrumental function is
known, then the problem of reconstructing the useful
signal or at least the problem of improving the distri-
bution quality of the recorded signal is reduced to solv-
ing an integral equation that relates the recorded and
initial distribution of the sought value. In the mathe-
matical description of this problem, the convolution
model of representing the measuring process is widely
used, which considers the solution to Fredholm con-
volution integral equation of the first kind. As is
known, such a problem is ill-posed, i.e., unstable to
arbitrarily small measurement errors. Therefore, when
solving it, the useful signal is estimated based on avail-
able a priori information about the signal, noise,
instrumental function, and technical requirements for
the processing system.

The general form of the convolution integral equa-
tion has the form

j Mz — Dx()dt = y(@), 1€ R,

(1)
ye CR), Me LR), x@t)e L'R).

The convolution operator & is determined as follows:
P x(t) > j Mt —Dx(dt, te R

For practical application, the following problem
statement is the most interesting: to estimate the useful
signal x(f) initially distorted by the impulse response A
(?) of a linear stationary system followed by noise n(?):

W(t) = Ex(@) + n(t) = (Mx) @) +n@), te R (2)

The noise n(f) is assumed to be additive and white
Gaussian noise (AWGN) with variance 62. AWGN is
a model well suited to mathematically describe many
physical processes.

There are many different methods for solving (1)
[1—7]. For Fourier transform (FT), the most widely
used are FT methods with Tikhonov regularization
and the Wiener filtering method, which use a regular-
izing component R(m).
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Amplified noise ﬁ(m)/ X(w) is reduced by a filter
with a frequency response [1—7]
. )
Rw)=—2MD 3)
@) + Re)

Note that for R — 0, the spectrum K(®) becomes the
expression for inverse or pseudoinverse filtering.
Thus, the problem becomes ill-posed, and the solu-
tion is unstable.

The following relation holds for FT estimation of
the useful signal x,, calculated by FT regularization
methods:

fof

%(0) = HO)K(®) = K(o)———
Mo)| + R)

) @)
i [of

M) ()| + R@)

()
Mo)

= X(0) +

Here x, and 7, / A are the terms of the solution spec-
trum fcr, respectively, of the FT of the cleaned signal x,

and past noise §£_lnr, entering into the estimate of the
useful signal X..

A distinctive feature of using FT to solve (1) is

compact representation of noise Qi_ln, since FT acts as
a Karhunen—Loeve expansion [10—12] and decor-

relates the noise & 'n. Therefore, among all linear

transformations with FT, the main noise energy $'n
is concentrated in the smallest possible number of
coefficients. The best results in solving the convolu-
tion integral equation by FT methods can be achieved
when an undistorted signal x(7) is uniformly smooth
and effectively approximated by a Fourier basis.

However, although the Fourier basis distinguishes
frequencies well, it does not provide information on
sharp and short bursts, drops, discontinuity points,
isolated singularities, nor generally on the local behav-
ior of the function, since the basis exp(jmwf) covers the
entire real line, and FT of the function x(w) depends

on the x(7) values for all € R [13—23]. In the best
case, a local singularity will have a very wide spectrum
and the signal energy will be concentrated in a signifi-
cant number of Fourier coefficients. Estimation of the
useful signal x(7) is concentrated in a neighborhood of
singular points. In this case, for a compact representa-
tion of the signal x(f) with the indicated singularities,
it is desirable that the basis elements be localized as
best as possible in time and frequency. Wavelet bases
satisfy this requirement. As well, additional conditions
are imposed, such as orthogonality of the basis, com-
pactness of wavelet supports, etc. Subsequently, by per-
forming threshold processing of the expansion coeffi-
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cients in a suitable wavelet basis according to [13, 14, 24],
a near-optimal estimate of the useful signal x(7) can be
achieved.

The use of wavelet transform (WT) assumes that
the choice of the wavelet basis is based on its proper-
ties. Since the solution to the convolution integral
equation is realized in the spectral domain, it is neces-
sary to choose a wavelet basis with a compact support
in the frequency domain, a fairly rapid decrease, and a
small number of wavelet filter coefficients. From this
aspect, Kravchenko wavelets are optimal [25—28];
they have better characteristics compared to known
wavelet systems with a finite spectrum (Meyer, Kotel-
nikov—Shannon wavelets). In addition, it is possible to
use finite wavelets in the time domain (e.g.,
Daubechies wavelets), which have good steepness of
fronts in the frequency domain. The resulting system-
atic error should be estimated for each specific case.

Thus, Fourier and wavelet bases have several
advantages in the representation and processing of sig-
nals. These advantages can be used to create a com-
bined approach to solving convolution integral equa-
tion (1), which should consist of separate blocks [29]:
fast FT (FFT), deconvolution, inverse fast FT
(IFFT), discrete WT (DWT), threshold processing of
the coefficients, and inverse discrete WT (IDWT).
This inevitably leads to additional hardware and time
costs. To ensure maximum efficiency with minimal
computational resources, it is necessary to combine
the solutions of several processing problems in one
wavelet transform. This is done via DWT using a mod-
ification of the selected orthogonal Kravchenko wave-
let system [25—28]. The modified Kravchenko wave-
lets must also meet all the requirements of multireso-
lution analysis (MRA) theory so that it is possible to
construct filter blocks for fast wavelet transforms.
Such a modification gives rise to a nonstationary
MRA based on the family of Kravchenko biorthogonal
wavelet bases.

2. WAVELET APPROXIMATION
OF THE SOLUTION TO THE CONVOLUTION
INTEGRAL EQUATION

Let the scaling functions and wavelets
{0, s, () j 2 jy,ke Z} form an orthogonal
multiresolution expansion L*(IR) (—co,). Let us
consider a short-scale approximation of a piecewise

continuous function f(x) € LZ(R), which has limited
variation

+oo

lF@l, <= lfol, = [1r@)|dr.

—oo

In the case of nondifferentiability of the function,
the total variation f{x) can be calculated by considering
the derivatives in the sense of generalized functions
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[13, 30—32]. At scale J, the orthogonal projection f{(?)
onV, ¢ L*(R) has the form

SiO=PfO)=P fO)+0,f@)+...
J-
+ O, f() = zajn,kq)jo,k(t) + z ij,ij,k(f),

keZ Jj=JjokeZ

(%)

where P, , Q; are the subspace orthogonal projection
operators V, and W,, parameter j = j, ..., / — 1, and

Jois the roughest scale; @;,(7)= 2202t - k),
V() = 2/ 2w(2j t — k) are shifts/compression of the
scaling and wavelet functions; a;, = j S @), ()dt,

J
the basis of the scaling and wavelet functions.
Because V; admits
{0,.(): ke 7}, this projection can be rewritten as the

finite sum of scaling functions at scale J with a uniform
shift k:

bix = J- SOV (t)dt are the expansion coefficients of

an orthonormal basis

[r=Pf =) a;,0,40). (6)

keZ
Wavelets can efficiently approximate uniformly
smooth signals by a finite number of basis functions.
The approximation error is related to the Sobolev dif-
ferentiability [30, 31]. It can be calculated for discon-
tinuous signals with limited variation [39, 40]. The

spaces of the Sobolev functions H*(R), which are s
times differentiable, are the spaces of functions

fe r (R), the Fourier transform of which satisfies the
inequality

j|u)|2s |f‘(m)|2 dm < +oo,

Here we consider the wavelet y(r) € C?, having a
quick decrease and g zero moments. This means that
forany 0 <p <gand m e Z there is a constant C,, such
that

w0 <c, 1+ |z|’”)_1, Vie R

The wavelet transform can be considered a multi-
scale differential operator of order ¢ [13, 14]. This
establishes the relationship between the differentiabil-
ity of the function f and the decrease of its wavelet
transform at small scales [13]. Therefore, efficient

approximation f € H*(IR) requires g > s. According to
[13], the Sobolev smoothness is equivalent to a fast
decrease in the wavelet coefficients |(f, y; ,)| for a
decrease in scale j. If fis a piecewise smooth function,
the nonlinear wavelet approximation is more efficient,
in which the approximation scale is refined in the
vicinity of each singularity. Then, the approximation is
calculated by the coefficients of the wavelet expansion
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with the largest amplitude, which can be obtained by
threshold processing of the wavelet coefficients of the
linear approximation. To study the implementation of

nonlinear wavelet approximations, Besov spaces Bg’y,
are used, which are a natural generalization of Sobolev
spaces for a fractional order of differentiation. The
corresponding embedding theorems have been
obtained in many cases [13, 33, 34]:

By, CWy CBy.., 1SP<eo, 5>0.

Besov spaces contain functions that are not differen-
tiable s times at all points. Even if fis discontinuous,
but the number of discontinuities is finite and f'satisfies
the uniform Lipschitz condition o between these dis-

continuities, then f € By, (at 1/p <o.+1/2,p =B =7).

For convenience of notation, we assume that the
sequence of scales j and shifts & is not violated in (5)
and a nonlinear approximation is obtained when some
of the coefficients b; , take zero values as a result of
threshold processing.

Equation (5) in the frequency domain has the form

J-1
Jr(@) = a, (@), (@) + D b (@) (o). (7)

J=Jo
Here ¢, (@) = 272¢(0/2%), (@) = 27" (0/2’),
and a; (w) and b;(w) are periodic frequency functions

with a period 2”*'n and 2 *!xm, obtained from the

expansion coefficients a; , and b; ;
a;,(®) =D a, , exp(-ikay2"),
k
b(@) =Y b, exp(-ikey2’),
X
la,yel’, el kel
We write (6) in the frequency domain:

Fi(@) = a,(0)f, (). (®)
Using the scaling equations [13—20]

¢Hw=mGﬂww, ©)

W, o(w) = eim/zj H, (QJ + n}bl ()
2 (10)

(VRPN
= GO (27) (p_/((l)),
we show that a;(®) can be obtained from the frequency
functions a;_;(®w) and b;_,;(®). In (9) and (10),
Hy(o) = 1/32 > B exp(-ike) = I/N2H(w) is the
frequency response function of the scaling function

with filter coefficients {h - ke 2},
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Go(@) = 1/¥2Y" giexp(-ikw) = 1/V2G(w) is the
wavelet function of the frequency response with filter
coefficients {g, : k € Z}.

The Fourier transform fJ((n) is determined by
Eq. (8) at scale J and by ®(w), {(w) at scale J — 1:

(@) = a; (0, _ (@) + by (0N, _(@). (1)

Then,

a; (W), (w) = a;_(0)H, ( ) ¢, (w)
2 (12)

+ b,_(0)H, (2% + n)(p, (@) exp(i®/2”).

Thus, the formula for reconstructing a () by a; _ ;(®)
and b; _ [(®) has the form

a,(®) = a,_ (0 H, (f)
(13)

+ b,_(0)H, (2 +njexp(1(0/2 ).

In a similar way, using scaling equations (9), (10), we
can obtain an expansion algorithm in the frequency

domain [13—20]:
(2 )o@

= H, (ZQJ + nja,((o) exp(iay2”).

Let us consider the wavelet approximation of the
solution to convolution integral equation (1) in the

(14)

a,_|(0) =

b;_1() (15)

frequency domain in the case Ae L'(R), Mw)# 0
with a limited right-hand side y(f) e H”:

20 = @K = )| —2D | (16

When Kravchenko wavelets with a finite spectrum are
applied, the following theorem holds.

Theorem 1. Let y(r)e V,, L e L'(R) and AMew) # 0

for ¢, () # 0, supp , () = [-2(4n/3);2’ (4x/3)].
Then, convolution integral equation (1) has a unique
solution in the subspace V;, .

Proof. If then  y(r) = Py(r)
Vi)=Y a0, 0t where aj, = [y, (1),

{a;”,k}e 12,ke Z. Hence, in the frequency domain

ye 'V,

V(@) = aj ()¢, (0), k € Z, where aj (o) is a periodic
function with a period 2/ * ‘n.
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Using the frequency function K (w), the FT of the
regularized solution to convolution integral equation (1)
has the form

Xp(@) = K(@)7,(0)

= (k(m)|m[_2/4_n;214_n}j (1;((1))(1)./ ((D) .
3 3

A~ O o |- (O]
of55) = (3ol )
J431t J43n:|J

X ay(w)H, (2”1)([)“1 (o).

Since

Xp(@) = [K(w)| o]
(17)

Function H, (co/ 2“') is periodic with a period
27*2x and is not =zero in the intervals
(-2 (4n/3) + 2" mk; 2’ (4mf3) + 2"k | ke Z.

Because a;(w) has a period of 2/ * !, the product
ay(w)H, ((D/ 2”') isa 2’ *2x-periodic function. If K(w)

will be periodically continued with a period of 2/ * ?r,
then this will not change (17):

4m. 4741
22y —ﬂ
3 3 2!+21_t

x ay(w)H, (2JH)(PJ+1 (o),

*(0) = [I%(u))LE[
(18)

where [K(OJ)| [ ,4n2,4nﬂ is a 2/ " 2m-periodic
2J+ZR

3 3
continuation of the function K () limited to the inter-

val [—21(47:/3); 21(4n/3)] :

Thus, the product of the first three terms in expres-
sion (18) is a 2/ " 2w-periodic function (Fig. 1).

We introduce the following notation:

% o) .
a;(o) = I:K(m)| [ /4T, J4ni| a}/(m)HO (Wj 1S a
377 3y, 2
2/ " 2-periodic frequency function.
We find that

%(0) =2 ”“’”aj‘i«m)@(;ﬂ]j @y (@), (®). (19)

Consequently, X, € V,,,. However, if the frequency
response 71(0)) is continuous and nonzero at
[—21(47t/ 3);21(41t/3)} then the frequency function
K (w) has the same properties. Then (1) has a unique
solution, as required.
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_2./+ 27‘[ _2./+ ITC

Fig. 1. Position of Fourier transforms of functions for use of Kravchenko wavelets {Ijt;}: curve I, Ho(u)/ 2

¢ . y
{K((ﬂ)m[_z,?;ﬂ?ﬂ L curve 3, a; (o).
2° 7

If y(r) ¢ V,, then y(¢) is projected on the space of
the scaling functions of the finest scale V,. As a result,
the convolution equation is transforms to

(M*x) (@) = y,(t), where y,(t)=Py(®).  (20)

This equation has a unique solution %,,(f) € V,,, such
that (A*%,,,)() = y,(r). Thus, X,,,(7) is a wavelet
approximation of the exact solution x and an estimate
can be obtained.

Theorem 2. Let the kernel of the convolution inte-
gral equation A € LI(R) have a nonzero Fourier trans-

form, 71((1)) # 0 on supp(P), where ¢ (7) is the scaling
function from the Kravchenko wavelet systems. If o,
are real numbers such that 1 < o < B

A 2 —o/2 B . .
Mo) > C (1 + o ) , v € H", then the following esti-
mate holds:

(21)

Proof. Using the unitarity of the Fourier transform,
we write

e =%rallp < Cly =wlle -

=%l = (J|R @6~ 5, do)

_|1
|

fof ]y Jo :
|71(03)|2 + R(w) Mo) ‘ '

Since the regularizing component R(®) is always pos-
itive and i(c)) # 0, then the stabilizing factor takes a
2
o)

value of 0 < — <
)| + Rw)
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J+, .
); curve 2,

Then,

1/2

fof -5
Ao + Rw)| M) |

1
)

2f1n A2 2\B 172
<(cflp-nf(1+o) do| < Cly=y,.

The theorem is proved.
According to Theorem 1, if the function of the
right-hand side y(f) € V,, then

% () = PraFp() = D )11 ,9014(0).

keZ

(22)

Since there is no signal x(¢) or its linear transformation

Fx(t), the expansion coefficients in (22) cannot be
calculated immediately. Therefore, we will use the

sequence of functions {§, , (r): ke Z} such that
(x(f):(PJ,k(f)) = (gx(t):E;J,k(t))'

Since the transformation & is uniform, the function
€, .« (1) also represents shifts and tension/compression
of some function &(#). Moreover, the family of func-
tions {€, ,(r) : k € Z} no longer has the property of
orthonormality, but forms a stable basis. Therefore,
such constants 0 < 4 < B <oo should exist that

2
2 2
AZ Crx S ZCJ,kE;J,k < BZ €k
k k k

for all quadratically summable sequences {c,,} (see
proof below).

The problem of constructing functions &, ,(r) can
be solved using a dual basis E,’k(t) in LZ(R). It is
known [13—15] that a basis E 7.« (?) satisfying the duality
relations (E_, ,,,,(t),E J‘k(t)) =9,,, exists; moreover, it
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admits construction of a biorthogonal wavelet system
[13—15] that can be used to estimate the useful signal
x(?) initially distorted by the impulse response A (7) fol-
lowed by noise n(?).

3. CONSTRUCTION OF BIORTHOGONAL
FREQUENCY-MODIFIED WAVELETS

Let an unknown function x (¢) in (1) belong to the

space of scaling functions V,,, =Uf@,,, : k€ Z},
where @(7) is the orthonormal scaling function with a
finite spectrum. As @(¢), in accordance with the previ-
ously described advantages, we take the scaling func-
tion from the family of Kravchenko wavelet bases
{L,l;((i))} [25—28]. If we represent the estimate of the
useful signal X,(¢) from the observed signal y(¢) in the
form of an expansion over {@,,,  : k € Z}, then

X1 = zafil,k(pJﬂ,k(t)-

keZ

(23)

If (4) is written as K (o) ' X,(®) = $(®), we obtain

> a)t K@) "¢y () exp(-ikw/27™) = Hw). (24)

keZ

We denote
£,4(@) = R(0) ', ()
) g , (25)
= R(@) ™" %2 2pQ7 o) exp(-ikwy/2’),
then Eq. (24) takes the following form:
> aj @ exp(-ika/2) = H@).  (26)

keZ
Thus, the solution to convolution integral equa-
tion (1) with respect to the unknown function x (¢)
corresponds to solution (26) with respect to an
unknown sequence of expansion coefficients
{aﬁl,k : k € Z}, which are found as the scalar product
of a known function y(f) and functions

{E 7x() 1 k € Z}, which are a dual basis in relation to
Eix): ke .
Taking into account that in signal processing, there

are different ways to set the stabilizing factor K (w),
and sometimes additional correction of this frequency
response of the signal is required, we introduce the

function ﬁ((o) modifying @, , (), which admits repre-
sentation (25) in the form é k(@) = f)(m)(p (@)

To solve (1) using DWT, a new biorthogonal wave-
let system is needed, which includes scaling functions
and wavelets modified in the frequency domain that

form two pairs of functions (¢), y(r) and &(t), (1) such
that §; , (¢), v,,(?) give rise to a space of scaling func-
tions U; and wavelet space S, and functions g_, k@,

JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS

KRAVCHENKO et al.

¥;x(#) form dual bases. As follows from [13—21, 35],
the subspaces S, S ; are obtained as an orthogonal
complement to the embedded subspace system U ,, U ;i

U,,=U;®8, ﬁj+1 = ﬁj @gj.

Subspaces S, S ; are mutually orthogonal and form

an orthogonal expansion L*(R). Let us consider the
functions &, , (1) = &;(r - 27k), Vo (6) = v, - 277k,
Jj,k € Z such that

&4 (@) = D@, ()
J (27)
= D(0)x 2 2pQ2 7 w) exp(-ikw/2’),

¥,4(0) = DO ()
. i _ . (28)
= D()x 2 2§27 o) exp(-ikw/2’),

where G(w), () is the spectrum of functions from an
orthonormal wavelet system (Kravchenko wavelets

{L,l:l/)((,O)}). Transformations (27), (28) perform a linear
mapping of the MRA subspaces V; and W, into new
subspaces U;and S,. New functions &, , v, , are trans-
forms of the scaling function @; , and wavelet ; , in
subspaces U; and S;. According to the MRA require-
ments [13—21, 35], these functions should form a
Riesz basis.

Lemma 1. If j < j .. then systems of functions

€,x() ke 2}, {y,,(t) : k € Z} are the Riesz basis of
subspaces U;and S,.

Proof. The linear shell {§;,(r) : j,k € Z} is dense in

L*(R). To prove that & ;«(t) forms a Riesz basis, we
show that there are positive constants A and B(0 <A<
B <o0) in U, such that

z a ik
% A

j=0, ke lZ,

2

Alte; < < Blfc.Y

2
h’ (29)

for all infinite square-summable sequences {c, }.

According to the definition of the norm and Parse-
val’s identity, we have

2
> &yt — k)
k A
1 N 2 2
= —I|¢(0))|2|D(0))| ‘ch exp(—ikw)| do.
21 -
Vol. 65 No.4 2020
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Let for some | > Q, ®(w) = 0. Then
HZ ot —
k
| Q
N 2 .
& ]t
HZ So(r —
k
2
ch exp(—i do = AZ e
k k

With scale values j 2 j.x Umax > 0), a situation may

122 < (sup|ﬁ(co)|2 )‘:

2
do=BY |o[’
k

B

Z > (inf |f)(oo)|2)‘:

Q
i n 2
x n_jglw(o»l

. 2
arise when B =sup becomes

we[-2mx0,2mn g
infinitely large and stability condition (29) is violated.
In another case, when j < jin (min <0) it may turn
out that

. A 2
iNf gy ] | D(w)|

N2
= SUD.f_yiingy g | D(w)

and system of functions & ;«(f) degenerates into an
orthonormal basis. For j # 0 the lemma is similarly
proved. Repeating the above steps for the case v, (1),

it can be proved that v, (¢) forms a Riesz basis.

The following lemma shows that the subspaces {U}

form an embedded sequence and satisfy such points in
the definition of the MRA:

v, =0 (30)
jeZ
Ju, =r®). (31)
jeZ

Lemma 2. The sequence of embedded subspaces
{U} satisfies all the requirements of the MRA and

VoocU,cV,

Proof. Transformation (27) translates any function
f(®) eV, into the corresponding single element
u(t) € U;. Because {V;} form an embedded system of
subspaces, f(f)e V,,,, therefore, it is true that
u(?) € U,,, and there is a chain

.cU,cU,cU,cU clU,c

Thus, {U;} form a sequence of embedded sub-
spaces.

The requirement ﬂ ZU ; =10} from the defini-
JE
tion of MRA is checked against the opposite.
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Confirmation of the MRA | J. LV = [ will be
Jje
provedif V, c U, andU; C V,,,.

Let some function f(r) € V;, then f(r) e U,,, if

fl = a,H(CO)&( ,+1)’ (32)

where a +1(o)) should be a 2 *2x-periodic function.
Since f(f)e V

f(w) =5/ (m)cp[%j, (33)

where bf () isa 2 * 'm-periodic function and the scal-
ing function ¢ belongs to the Kravchenko wavelet sys-
tem. Given the scaling equation in the frequency
domain, we have

Fa = of @2 o[ 2.

where the product of the first two terms is a 2 * 2z~

(34)

periodic function, since function H, (0)/2”1) is peri-

odic with a period 2 * ?it, as well as nonzero in intervals

[ -2/ (4m/3) + 2" ks 27 (4nf3) + 2"k | ke Z.
From (18) and (27), we obtain

flo) = ,+1(w)D(w)(P( ,Hj

(O]
./4 14 (P( : j
STE ;i‘:|2l+27[ 2j+1

Equalities (34) and (35) are equivalent when a{ (o) is

(39)
= af, () [D(co)| o

a 2 *2-periodic function, and D(w) is periodically
continued with a period of 2 *2n (Fig. 2). Conse-
quently, V; c U ,,.

The validity of embedding of subspaces U; c V,,
can be demonstrated by assuming that some function
f(@® e U, . Then f()e V,,,, if

fl)= H(w)(p( 1) (36)
where b7,

m(w) is a 2 *2m-periodic function and the
function @ is also from the Kravchenko wavelet sys-

tem. Since f(f)e U,;, f(o)=a] (@&(a/2’), where

af (w) is a 2 * 'n-periodic function. After the transfor-
mation, this equality takes the form

F(©@ = al (@)D (?j

o], o5 o( )
43” ?ﬂzjﬁn 0 2J+1 ¢ 2J+1
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3I

2J+17.C 2',+2TE

Fig. 2. Graphs of functions: curve /, ajfﬂ(co); curve 2, b/f((n); curve 3, {b(m)me[z“‘”a““‘ﬂ ; curve 4, Ho((l)/zjﬂ)v
3 2 2J+2

L L

3

3, i

L.

_2J+ ZTC _2J+ ]TE

Fig. 3. Graphs of functions: curve 1, a{ (w); curve 2, bjf +1(w); curve 3,

where the product of the first three terms is the 2 * 2r-

periodic function bf (w) (Fig. 3). Consequently,

U, cV,, and the MRA requirement is met
U, = L2, because vV, = I
jezZ J jezZ J
Summarizing the conditions V,, c U; and

U, cV,,, we obtain the proof of the statement
V., c U, c V,,,. Fulfillment of the condition that
shifts of the frequency-modified scaling function
s A= 27/ k): ke 7} formed a Riesz basis follows
from Lemma 1.

Let us show the validity of the scalability relation.
Let some function f(r) € U;. Then

F (o) = af (@&w/2), (38)
where a{ (w) isa 2 * 'n-periodic function.
If f(2r) € U, then
7 (/2) = af(@)&w/2"), (39)

where a{ +1(w) should be a 2 * 2n-periodic function.

JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS

2'1+1TC 2.1+27.c

{f)((o)me[_zj?;zj?ﬂ s curve 4, HO((D/2J+1).
2

Indeed, by changing the variable w = ®/2 in (38),

we obtain ajf () = a{ ((D/ 2). Consequently, af (W) is
a 2 *2g-periodic function. The scalability ratio
S e U; & f(21) e U,,,. This differs from the scal-
ability relation of classical MRA in that the spaces {U}
form functions nonstationary with respect to the scale
€,, which follows from (27). For each value of scale /,
the function §(f) is no longer the result of ten-
sion/compression of one function, as in the case of
classical MRA. Depending of the scale j, the support

of the function changes ¢ (w), as well as the frequency

subrange of the function D(w) encompassing ¢ (o).

Therefore, functions & ; exist only in a range of scales

limited by the frequency range of the function ﬁ((o).
In practice, other scale values are not used, since the
spectrum of the observed signal is always within the

spectral range of the function f)(o)). Let us formulate
the requirements for the subspace of modified wavelet
functions.
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)
3
2 2
_2/max 8_75 _2./max 4_7'5 2jma.x 4_75 2/max 8_75 ()
3 3 3 3

Fig. 4. Graphs of functions: curve /, (p(w/ 2/ max) s curve 2, \i/((n/ 2’""“); curve 3, D(w); curve 4, f (o).

Lemma 3. If j < j,,,, then subspaces S; are an
orthogonal complement to the embedded subspace
system U;

Proof. Transformation (27) translates any function

f(@®) €V, into the corresponding single element

u(t) € U,,,. Because {V;} form the MRA, for each j
there is an orthogonal complement W, to the space V;
inthe space V;, ;:

V'+l = Vj (—B wja Vj e Vj+15 Wj C Vj+1.

J
Therefore,

f(@) = af 1 (@)0,,(®)
= a] (0)0,(®) + b/ (WY ().
Since {U,} satisfy all MRA requirements and
u(t)e U;,; is the projection of f() from
V., =V, ®W,, the representation U,,, =U; ®S,,
U, cU,,, S; cU,, takes place. The basis for sub-

space S; consists of shifts and scaling of one function .

Thus, taking into account the nonstationarity with
respect to the scale, we write

u(w) = 7+1 ((D)E,:jﬂ ()

(40)

. . 41)

= a; ()G ;(®) + b (w)Y,;().
With similar reasoning, we can show that
U,=0,,8S,.,. Consequently, U, =

U, ®S,,®S,. Continuing this procedure, we
obtain the orthogonal expansion of the space

U,:U,, = iz_mSk. The property of the MRA
) ZU ;= r formally makes it possible to represent
s -

I’ = ®;”__S,. Just like for modified scaling functions

&(r), wavelet functions y(r) have a restriction on the
scale j <j ..., greater than which the stability condition

JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS

is violated. Figure 4 shows the relative position of the
Fourier transforms of functions (”p(u)/ Qfmaxy \”p(m/ Qfmaxy
D(w).

It turns out that even if the product ﬁ((x))(p((o/ 27maxy

is limited, ﬁ((o)\i;(w/ 2/mx) may go beyond the dynamic
measurement range.

Using the dual basis theorem [13—15] and taking
into account the lemmas proved above, we find the

remaining modified functions &j,k(t), ¥, 4@, which
form dual bases to & 7. @), ¥, ,(f) and generate a space
of scaling functions U ; and space of wavelets S ; such

that U; LS, U,LS, S,1S, for j=#I,
U,=0;88, U,NS,; ={0}, U,cU,,,
S, cU,,.

Direct application of the dual basis theorem from
[13—15] determines the Fourier transform of the basis

function, which is dual to £,(f) in the sense that
(&j,n(t)agj,k (t)) = Sn,kﬂ as follows:

_ E:/‘(03) '
Z |&j(0~) + 275P)|2

peZ

£ () 42)

The denominator in (42) is bounded almost every-
where by Riesz boundaries [13—15] Aand B, 0 < A <
B <co, which were obtained in the proof of Lemma 1:

A< @+ 2mp) <B.
peZ

Since Zpez |é Ao+ 271:p)|2 is bounded from below by a

positive constant, it is obvious that

l/zpezﬁ Ao+ 27cp)|2 is also a 2m-periodic function

belonging to L (0,2m).
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In the same way [ 13—15], we determine the Fourier
transform dual to wavelet function y,(z) of the basis
¥,(t), for which the equality (y,,(),¥,,(?)) =9
holds:

j,[an,k

S ¥ ()
T = o (43)
Z ¥ (0 + 2mp)
peZ
Since the duality relation (v,,(t),¥,,(?) =8,,0,, is

commutative ¥,(f), the dual wavelet y,(7), itself is a
dual wavelet y,(7).

The resulting pairs of modified functions satisfy the
biorthogonality  relations (& a0, w®) =8,

(V,.®), 1. ®)) = 8,,8,,, but the prerequisites for the
existence of a biorthogonal wavelet system are violated

(&, 7,4®) = 0, (7;.,(),&, (1)) = 0. Therefore, it is
necessary to switch to a new strategy for the formation
of modified dual bases.

To do this, we introduce the 2n-periodic function
4 .
E;(w) e Li(0,2m):

EX0) = Z\f)(zf (@+21n)) Yo+ Znn)‘z. (44)
neZ

It follows from (44) that Z|&j(m+2np)|2
PE

Ef(m/ 2’y and EjE () are also bounded almost every-
where by constants 4 and B, 0 < A £ B <oo,

A< Ef- (w) < B. Then 1/ Ef () is a bounded 2m-peri-
odic function in L'(0,2m), l/B < I/Ef () < I/A.

Turning to scaling equations in the frequency domain,
we formulate the following theorem.

Theorem 3. Let the scaling function § (e U,
determined by (27), generate a MRA in space Lz(R)
and the wavelet vy,,(f)e S; during expansion
U;,, =U; @8, be given by (28). Then there exist dual
bases & 7. @), 7,;x(0), given by the formulas

s €,
S0 = (45)
2 ¥i(0)
(@)= 1 46
1O = = (46)
where  EX(@)= Y Ez\f)(zf(cw 2mn)) ¢
such that

functions {&,.(?): k € Z},
{¥,4(®): k € Z} are Riesz bases of subspaces U;and S;;

(a) systems of

(b) an embedded system of basis subspaces {I~J i
with orthogonal complements S ;j possibly forms a new
MRAandV,, c U, cV,,,U0,,=0,®S;

JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS
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(c) the scalability ratio f(r)e U e fQ)e U 41
(d) there are the properties
(&j,n(t)”?j,k(t)) = 03
(Va®,8,0) =0 at j =1
Thus,U; L Sj,ﬁ ;AL S;andS; L S, for j # /. There-

fore, two pairs of functions &(7), y(f) and g(t),i((t) form
a biorthogonal wavelet system.

Proof. First, we show that & k@, 7,;4(0) are dual
bases. From direct application of the Parseval’s iden-

tity and periodicity of functions H, (), 1/ E;, (o), for
p = k — nwe obtain

(&/10.8,40) = [€,0F, ()t
L (e (mi. i j
= - [ E@L @ exp(-ipw/ 2 xo

2n
l ——
= 2 [ H, (0) Hy (0)
T 0
. 2
> [p(2" (0+ 2nq)) § (0 + 2nq))
X EL z exp(i2pw)d .
E/+1 ( )
Hence,

2n

I o (0) Hy (0) exp(i2 po)do.

0
the

(&j n(t) &j k(t))

Based on fact  that Hy(w) =

% Zne P h, exp(—inw), we obtain

Z h, exp(—zmw)j

mEZ

(80,8,00) =1 j (

X [ﬁ Dk exp(—ilw)j exp(i2pw)d®

leZ

=yl =8,

meZ
The biorthogonality of the shift for modified wavelets
Y;..() and ¥, (¢) is also proved. For j =/and p =k —n,

(1,0 700) = [ 1,07, 00t
= L[4 (o) @ explpw]2’
= - [ 1O @ explipn/2)do

2n
=1 I Hy(o+ ) Hy(0+ ) exp(i2 pw)d o
T 0

= Byl =8,

meZ

Orthogonality with respect to scale at j # [/ will be
proved below.
Vol. 65
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Proof that & ;. (2) forms a Riesz basis as in Lemma 1.

Let there exist positive constants A4 and B
(0 < A £ B <) in Uy such that
2
Alkef, <2 < T @)
j=0, ke 2Z,

for all ||{c f’k}"Z = Zk|c j,k|2 < 0. Consequently,

zckgo(l‘ —k)
%

- - o/ (2

< ffaof ‘Zk] ¢ exp(-ike)

2
h

2
do

> ¢ exp(-iko)
k

2
do.

Let for some |0 = Q, §(w) = 0. Then

< (suP|D(°))|2)r_2Q 27‘ELA

2
do= Ez |ck|2.
k

zckgo(f — k)
%

2
h

Q
X _J;z|(p(w)|2 ‘; ¢, exp(—ikm)

In a similar way,

1

Q
-Q2nB

zckg;o(t — k)
%

Q 2 N
X _J;z do = Azk: |Ck|2-

For j # 0, the proof is similar. For & ;x() there will
also be a restriction on scale values j 2 j, .. Gax > 0)
under which the stability condition (47) is violated. In
a similar way, it is proved that ¥;,(¢) forms a Riesz
basis.

> (inf|D(0))|2)‘

2
h

O ‘Z ¢, exp(—ik®)
k

The validity that the sequence of embedded sub-
spaces {U;} forms anew MRAand V,, c U, c V,,,,
as well as the fact that the subspaces S. ; are an orthog-
onal complement to the base system {ﬁ j} and
U j+l = U ;i ® S i, is proved, just like in Lemmas 2 and 3.

We show the validity of the scalability relation in
accordance with the previous proof in Lemma 2. Let

some function f(r)e U ;- Consequently
F) = a (E(0/2’), (48)

where a{(o)) isa 2 * It-periodic function.
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Then f(2t)e U,,,, if

7 (0/2) = al w2, (49)

where a;;l(w) should be a 2 * 2n-periodic function.

By replacing variable w = ®/2 in (48) we obtain
al. (@) = aj (0/2). Consequently, al,(®) is a
2 *2n-periodic function and the scalability ratio
fOeU; & f2He U,

Note that spaces {ﬁ ;1 also form functions nonsta-

tionary with respect to scale & i

To show that the orthogonality property of the sub-
spaces is satisfied U; L S ; and U ;LS;, we deter-
mined the corresponding scalar product of the gener-
ating functions

(&/00,7,4) = [&,07,, ()t

- %ﬁ j & (0),(@) expipw/2))do
21

J H,(o)exp(—io) Hy (®+ T) exp(—i2 po)d ®

0
= z (_l)m hlp—l—mhm =0.

meZ

1
e

By doing the same to prove the orthogonality U LS,
we have

(810 7,00) = [ &0, 1)t
1

= 5: I é j(w)m exp(ipm/ 2/ )dm

2n
=1 J. H, (o)exp(—im)H, (o0 + ) exp(i2 po)d
T

= > (1) bypr ity = 0.
meZ
‘We show biorthogonality with respect to scale for modi-
fied wavelets (7, (), ¥, (1)) = 8,48, The case was pre-
viously considered forj = /. If j # [ then for / <j we have
¥.€S, keZ and S, cU,, c..c U,,cU,
Based on the statement U ;LS; we obtain

(Y;..®),%4(®)) = 0,n,k € Z.For [ > jthe same conclu-
sions can be made using the second statement

U, 18,
This completes the proof of the theorem. Thus, it fol-

lows from the theorem that two pairs of functions £,y and
&,? form a biorthogonal wavelet system (Fig. 5).
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(b)
yl
X
(d)
y
X

Fig. 5. Graphs of biorthogonal frequency-modified wavelets Kravchenko {LE}: Ed,j,o(t),yj’o(t) (a), E,j,o(t),f{j,o(t) (b),

&,-2.0),7j-20) (©), &;_20(), 720 (d).

This ensures fulfillment of the following necessary
conditions for the wavelet and scaling functions [ 13—21]:

[ewar = b, [&war=D ),

j Y()dt = 0, j Y(0)dt = 0.
Thus, the new modified basis functions of the
obtained wavelet system:

—form a biorthogonal system of basis functions
forming a nonstationary multiresolution signal analy-
sis in L*(R);

—are nonstationary in relation to scale j, since
depending on j, the support of the spectrum of the
func.tions changes @;(7), v,(?), as does, accordingly,
the interval of the frequency subrange of the function
ﬁ(w) encompassed by them;

—degenerate for b(o)) = const in the correspond-
ing source functions @;(r) and (7).

4. SCALING EQUATIONS
OF BIORTHOGONAL
FREQUENCY-MODIFIED WAVELETS

Since the basis subspaces U; and U ; form the
MRA, the functions &€ U;, y,€8,, & eU,,

JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS

¥; € S. are similar to the classical scaling equations
[13—21, 35], and they can be expressed as a linear com-
bination of their scaling functions &,,, € U, or
Cv1 € Ujy.
For the function £, () we have the relation
aj,n(t) = Z(&j,m&jﬂ,k)&jﬂ,k(t)a j,l’l,k € Z

3
The scalar product under the sum sign will be equal to

(&j,mgjﬂ,k) = J.éj,n(t)gjﬂ,k(t)dt = z Mo

keZ

(50)

Consequently,

;.0 = th—2n§j+l,k(t)
k
=2 h L8R - k),
k

j! n’ k e Z’
or in the frequency domain
E /@) = H@2Y™N,0(@), j€Z, j< jnn (52)
We determine the scalar product for the scaling
relation in a similar way

Ej,n(t) = Z(Ej,n’gj#—l,k )Ej+l,k(t)’ js I’l,k € Za
3 ‘ S (53)
(&j,m&jﬂ,k) = J.éj,n(t)éjﬂ,k(t)dt = zhk—Zn'

keZ

(51)
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Thus,
&j,n(t) = z hk—2n&j+l,k ()
k
=2y B =),
k
j3 n5 k e Z’
E (@) = H/Y™E (@), jeZ, j< jp (59
Let us construct the scaling relations that the modified

wavelet functions v;, and ¥;, must satisty. For vy;,
we have

Yin(t) = Z(Yj,n»&jﬂ,k)im,k(t)a snke” (56)

k

(54)

As a result of calculating the filter coefficients, we
obtain

(Yj,na Ejﬂ,k) = J.Yj,n(t)&jﬂ,k (t)dt
- 2L [ 1@ exp(-ing/ 21 . (@) exp(ike/ 2 o
T

= Z Ek-2n-

keZ
Now we rewrite (56) as

Yia(t) = ng—anjH,k(t)
X

[~ j+] j+1 (57)
= 2J ng—2n§(2j r- k): j’ nak € Z
k

After the Fourier transform, this relation takes
the form

7@ =G (02", (@), JEZ j< jnu (59)
Similarly, for ¥;, we obtain
Yin(0) = ng—zng}jﬂ,k(f)
k

: ey (59)
=2 g 0 EQM - k), ke Z
k

In the frequency domain, this relation takes the form

5@ = G2 (@), JEZ, j< jmae (60)

The properties of the frequency functions of the con-
structed biorthogonal wavelet system are well known
[13—21, 35], since they are also the corresponding fre-
quency functions of the original wavelet bases H(®) for
®(®) and G(w) for {(w). The condition for the
biorthogonal frequency functions

H)H(®) + Ho+ m)Hm+71) =2 (61)

is fully confirmed by the condition for the orthonor-
mal case [13—21, 35]

|H() +|H(@+m)" = 2. (62)
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According to the statements of Lemma 2 and The-
orem 3 on embedded subspaces

VocU,cV,, V_,cU,cVv,,
other scaling relationships can be obtained. Because
U ,cV,,§eU;,¢,,€V,,, thereisaZ " *n-peri-
odic function ©; +1(m/ 2™, such that

E,(®) = 0,,,(/ 2P, (0). (63)

To determine © ,,; we use the equation

€)@ = DH©@/2")p,.1 ().
Here the product of the first two terms should form a
2 *2m-periodic function. For this, we introduce a
2 *2x-periodic continuation of the function ﬁ(co)
with a gap [—2j (4m/ 3);2’ (4n/ 3)] on R (when
Kravchenko wavelets are used).
Then,

& (@) = Dy, * (0 27HH (@27, ().

Here D;,, * (w) is a 2n-periodic function determined
by the equality

(64)

Dj+1 * (('0)
= wa[_zw_mzﬂ(zf“<w +2m)) B @+ 2m1)), (6
] 3773

3

/AT, j4n
3

the interval [—2j (4n/ 3);2’ (4r/ 3)}, for which equality
holds D(®) = D;., * (/2’"").
Consequently,

where [ }((o) is the characteristic function of
e

©,(@/2") = D,y * (@27 H(@/2™). (66)

As a result of inverse Fourier transform of expres-
sion (64), taking into account an arbitrary value of the
shift in #» , we have

&) = z 0 1k-2n®Pjs1x (£)- (67)
%

Based on (66), the formula for calculating 0, , will be

Jj+l
0,1, = i j D™ 0)H (0)exp(ika)de.  (68)

In a similar way, we obtain the expression for the Fou-
rier transform of a modified wavelet v, ,(f)

Vi@ = N (@2, (@) exp(=inwf2)),  (69)
where N +1(0)/ 2"y is a 2 * 2x-periodic function.
Vol. 65
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It follows that
'AYj,n((D) =D, * (0)/2j+1)G(03/2j+1) 70
X §0 (w) exp(—ino)/2j),
N, (@27 = D, * (0/ 27 NG(w/27). (1)

Then, the scaling relation with the filter coeffi-
cients can be represented as

O an+l,k—2n(pj+l,k (1), (72)
z

Mok = %t j DR )G (w) exp(ikey/2)dw.  (73)

Shifts of the biorthogonal to & ; € U, scaling func-

tion & ; generate the subspace U ;» and according to
Theorem 3, the condition of embedded subspaces

U ;€ V,,, isfulfilled. Therefore, there existsa 2 * *r-peri-
odic function G(w), such that

E,0(@) = 0,,(@/2"")o, (@ exp(-ine/2’).  (74)
After the corresponding transformations, we have
; D, * (@ 2")H(w/2")
&) === : O, (w). (75
' E}a(0f2™) m (@)
Then the following equality is valid:
5 ) D. * 2j+1 H 2j+1
®j+1((’)/2J+1) — ((D/ ) ((D/ ) (76)

ES(@f/27™)

In (74) we represent O, +l((o/ 2/*!) as expansion in a
Fourier series:

~

B —ik% . _ )
&j,n(m) = (Z 0,.1.€ : J(PJH(‘D) exp(—m(z)/Zj), (77)
k
where

oA
. DM w)H (o _
j+1,k ] L (—)()exp(lkm)du)

(78)
2n -n E./§+l ((D)

As a result of the Fourier transform, we obtain the
scaling relation

Ein®) =D 01420014 (1) (79)
k

Similarly for the wavelet function ¥, ,, the correspond-
ing expressions in the frequency domain will have
the form

(@) = N1 (@270, (@) exp(=ine/2’),  (80)
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where 2 * 2r-periodic function Nj+1(0)/2j+1), which is
determined as follows:

D, * (027G 27

Nja(@/2") = .
E5i(@/2")

(81)

After the inverse Fourier transform, the scaling rela-
tion (80) in the time domain can be represented as

Y0 = Zﬁj+l,k—2n(pj+l,k (1), (82)
z
where
3 t DM 0)G (w -
Njrix = L (g_’—)()f‘/XP(mO))d(OL (83)
ns Eig (o)

Let us consider some properties of the filter coeffi-
cients {0,, :keZ}, {0,,:keZ}, M, kel
i, 1 ke Z}. The coefficients {8, : k€ Z} and
{é ik ke Z} are biorthogonal with respect to the dou-
ble shift

D 0,02, =8, (84)
neZ
This follows from the equality

(&j—l,o(t),éj—l,p(t)) = 8;;,0-

The scaling {0, : k € Z} and wavelet {fy;, : k € Z}
coefficients of the filters have the following properties:

10,0, =0, (85)
neZ
z 0,2y = 0. (86)
neZ

In addition, the following conditions on the sum of the
coefficients are fulfilled:

>'6,, =v2D(0), (87)
neZ
>8,,=2D ) (88)
neZ
DN =D Tk =0. (89)
keZ keZ

The corresponding frequency functions must satisfy a
relation similar to (61):

O, (00,(®) +0,;(0+mO,(w+m) =2.  (90)
Let us consider the scalar product forp =k — n
(8110, &) = [E,(0F ., (1)
Vol. 65 No. 4 2020
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We use the Parseval’s identity and the scaling relations
obtained above:

(8140).8,40) = - [£,(@ (@ exp(-ipw/ 2/ Mo

2—(/+1) o ). o
= m J-®j+1 2j+1 ¢ 2j+1

x 0, (zm)(b(z(ﬁljexp(—ipm/ 2w
L exp(20 16,080
Ty 2

+0,,, (L+1) O (§+ )} dE = 8,

The resulting equality takes place only when

©,,1(8)0:(8)+0,,({+1)0,u(L+7) =
This equality holds for an arbitrary value of the scale
.j <jmax‘

Another new complex of scaling equations can be
obtained from the constructed biorthogonal system of

functions if the formula for dual bases (45) is trans-
formed using relation (52)

& (@) _
ESa(w/27)

_ H/2'™
E(wf27)

Here H((x)/2’+1) and 1/E,+l(0)/2j+1) are 2 *2n-peri-
odic functions and their product is also a 2 * >-peri-
odic function. Hence follows the validity of the scaling

E (o) = & ().

equation in the frequency domain for E ;€ U ; and
§j+1 e U,

E,(@) = A5, (0/2"™ME, (o), o1

where
H(w/2'™)
Es (/27
Jj+l
If we rewrite the relation for the dual basis (45) in the

formé (w)=E +l((l)/ 2/ H)& (), then in the same way,
taking into account (55), we obtain a scaling equation
in the frequency domain that expresses the function

;€ U, through a scaled version of its dual basis
S €Uy

A (/27 = 92)

&) = H5,\(0/27™E;, (o), 93)
where the 2 ™ 2r-periodic function has the form
He(@/2™) = E5 (/2 H(0/2).  (94)
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Rewriting relation (46) as ¥,(0) = E5,,(0/2"")y (o),
we similarly construct new scaling equations for the
wavelet functions ¥; € S, andvy; € S;

(@) = Gon(@/ 278 .. (), (95)
where
_ G2
G (@2 = —1= 2 96
@2 B 7 (96)
and
YA®) = Gon(@f/27)E 1. (w), 97)
where
G2 = E5 (/2 )G/ 2. (98)

Applying the obtained scaling equations in the fre-
quency domain, we can formulate a theorem.

Theorem 4. If j < ..., then the embedding of sub-
spaces is true
Uj—l C ﬁj C Uj+1a ﬁj—] C Uj C ﬁjﬂ,
and subspaces S; and S ; are also an orthogonal com-
plement to the embedded subspace system U; and U j

before U j+ and U, respectively

J+l

U= Ifjj ® gfa Sj c U, Ifj/‘rl
Sj C Uj+].

Proof. To show the embedding of the scalable sub-

=U,®S,,

spaces, it suffices to verify that fjj cU,, and
Uj C ﬁj+l.
some function f(¢)e ﬁj.
J(@) = @ (%, (0), and @, (@)

2 *2r-periodic  function. Since

For proof U ;U we assume that

J+lo
Then f(t)e U,,, if
should be a

S@) e Uy,

j?_ (w) = a{ ()& ;(®). Transformation of this equality
gives

F(@) = al (@A, (0f 2D, (),
where the product of the first two terms is a 2 * ?nt-peri-

odic function @, (w). Consequently, U; jc U Ina

Jj+1
similar way it is proved that U; c U j+1. Generalizing
these conditions, we obtain the proof of the statements

U, c fjj c U, and ﬁj—] cU; c ﬁj+1.

To prove the second part of the theorem
U 1 =U; @8S,, itis necessary to show that the family
of functions {§ (1), v, ,(t) : nk € /) forms the basis of
the entire subspace U j+1. According to Theorem 3, the
=U, ®S,, holds if f(f)e U,y, then

f(@) = a’ (0, (0), where a, (@) is a 2 * >n-peri-
odic function.

condition U 4
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Thus,
al (@8, (0) = a (W, (0) + b (W), (0),

where ajf (w) and bf (w) are 2 " 'm-periodic functions.
We transform the dual bases of the scaling function and
the wavelet on the right-hand side of this expression

€,(0)
Eo(f27)
'AYJ(U))
Ex (/2

a{+](m)éj+l ( ) = a/f( )
+ b/ ()
Then,

af (D ES (0 27HE ., (0)
= a] (W), () + b (W)F(w),
and the product of the first two terms on the right-

hand side is still a 2 * ?n-periodic function, which
proves Uj.1 =U; ®S;and S; < U

Similarly, if /(f) € U, and f(®) = a],,()E 1, (0),
then according to the hypothesis of Lemma 3

@l (), (0) = @/ (W, (0) + b (), (w),

where a +1(0)) is a 2 " 2n-periodic function and af (w)
and bjf (w) are 2 * 'n-periodic functions.

Consequently,

~f
aj+1 (0))

W& () = & (@&,(0) + 5] (@, (o).
4

Then U, = U, ®S,, Sj c U,,,, which required.

The scaling and wavelet filter coefficients will be
sought on the basis that the frequency functions of the
modified wavelet system in (91), (93), (95), (97) are
the product of the frequency function of the original
orthonormal wavelet system with filter coefficients

{h, : ke 2}, {g, : k € Z}, which are known, and the

periodic function £ +1((1)) For F +,((n)) the filter coef-
ficients are determlned as follows

j+1
-G+ 2" 2n

o = j B0/ 2" exp(ing/ 2 ydo

= '[ j+1

= j&,ﬂ(f — (Ot

®) exp(in®)d® 99)
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The filter coefficients for I/EEH((D) can obtained
this way:

J+1
PR

Cjtin =

exp(inm/ 27t

2n g Ej§'+1 (03/ 2j+1)
2n
1 1

m quk L oxp(k)

_1 J'exp(zn(n) o =
2n E}H( )

Then scaling equation (91) is written as

&) = Z(Z Sjerihy- j

X exp(—zpco/ 27" l)§j+1( o).

We introduce the notation of the filter coefficients
for (100), which are a convolution of known numeri-
cal sequences

E/§+1,p = Z@jﬂ,khp—k
k

(100)

(101)
Then,
£ = Z 5 exp(-ipw/27E ) ().

In the time domam, the scaling equation has the form

(102)

&) = ; R s (7). (103)
Similarly for (93) we have
8 @) = 3 By, exp(-ipw/27 e (), (104)
where ’
B ng By (105)

After performing inverse Fourier transform, the scal-
ing equation (104) takes the form

g, = z Lk E.~,+1k (106)
Similarly, for wavelet functions, we have
V(@) =D &5, exp-ipw/ 27, (), (107)
where ’
&, = PRI (108)
In the time domain (107) has the form
7,(0) = ; ik (1) (109)
Similarly, for the expression
¥,(0) = E3a(0/ 2y ), (110)
Vol. 65 No.4 2020
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we obtain
T = Y 85, exp—ipe/ 2N, (), (1)
where ’
&y = 2 SeBr (112)
In the time domain (111) takes the form
V0 = D& (1) (113)

The filter coefficients {fzj.ﬁjk kel {fsz cke 7},

{85, - ke 7}, g5, : k € Z) have the following prop-
erties:

D iy, = 8,0, (114)
keZ
Z 5,850, = 0, (115)
z "gJ” 2p = a (116)
nel
zhf’k =2E:, (0), (117)
W éﬁ , (118)
keZ E:, (0)
Zg/k =0, (119)
keZ
> g.=0 (120)
keZ

In the biorthogonal case the frequency functions
A (o) and A (o) satisfy the equality

A5 ()% (0)+ A0+ mA (0+1)=2.  (121)

Fulfillment of this equality is easily shown by directly
substituting relations (92) and (94) in (121).

5. MULTIRESOLUTION APPROXIMATION
OF THE SOLUTION TO THE CONVOLUTION
INTEGRAL EQUATION USING
BIORTHOGONAL FREQUENCY-MODIFIED
KRAVCHENKO WAVELETS

As shown earlier, the solution to convolution inte-
gral equation (1) involves estimation of the useful sig-

nal X, () from an observed signal y(f) based on the reg-
ularized spectrum of the solution [1—7]

%.(®) = (@)D (o), (122)

where D(w) is the stabilizing factor, which can be given
as D(w) = K ().
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Using the convolution integral equation in the fre-
= Mm)%(®) + Aw), we obtain
from (122) the estimate X, (0) = Mw)D ' (@)%(w) +
D (@)A(w). If D(®) = Mw), then the estimate of the
useful signal has the form of an inverse filter. In the

absence of noise solution (122) makes it possible to
accurately reconstruct the signal x() distorted by the

quency domain J(m)

impulse response 71((0) of the linear stationary system.
In the presence of noise, it is infinitely amplified at

frequencies at which i(co) — 0, which necessitates
mathematical approaches to effectively suppress
noise, which include wavelet filtering [ 13—21].

According to (22), the estimate of the useful signal
X.(?) is thus determined:

x.(t) = Z HAYL TR ()}

keZ

where @,,,,(t) € V,,, are the initial scaling functions
selected from Kravchenko orthonormal wavelet sys-
tems; ay,, = (x(t),9,,.,(f)) are the coefficients of
expansion of x(f) over the scaling functions
{Q/40) : ke Z}.

Thus, the solution to convolution integral equa-
tion (1) with respect to the function x(¢) reduces to
finding an unknown sequence of expansion coefficients
{afﬁl’k: ke Z)[29,36—41]. Let us represent (22) in the
frequency domain

2@ =Y @by (@ exp(—ika/2),

keZ

(123)

Multiplying (123) on the left and right by ﬁ(m), we
obtain

D(w)%, (o)
= @ DO, (0 exp(-ikay/2™).

keZ
Taking into account (27), (122) it can be shown that

the coefficients {aj‘;l,k: k € Z} are determined as the
expansion of the observed signal y(f) over the basis
system of functions & k), k € /Z, in which

aj. = dayh . Indeed, since

> @ D@)p, (@) exp(-ikey/ 27 = y(@), (125)

keZ
then

> @iy (@ exp(-ika/2"™) = j(o).

keZ

(124)

(126)

Consequently, y(m) € U, and the condition of The-

orem 1 is satisfied, since V, c U,,, according to
Lemma 2.
Vol. 65
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o
g g
bj_ bj_»

f ‘—E“'J':l <—Eaf:2
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(b)
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ljo +2 a/j':)+l ‘—%

Fig. 6. Classical schemes of wavelet expansion (a) and reconstruction (b) of signal f{7).

Thus, the estimate of the useful signal X,(¢) will be
determined by the following expansion over the basis

Pran- k€ Z:

2@ =Y @by a(@ exp(-ikay2™)

keZ

or X(1)= Z ) 14 Ps 14 (D).

keZ

(127)

The coefficients to be determined {ay,,,: k € Z} are
found based on the existence of a biorthogonal system

of functions &, (¢), &Lk(t), kel”Z

@) = 00,8,,040). (128)

Here, the estimate of the approximate solution to con-
volution integral equation (1) in the form of (127) is
reduced to determining the coefficients (128). Based
on the fact that the proposed and substantiated

biorthogonal system of wavelet functions & ; , (¢), v, . (¢)
and & k@), ¥,.(1), k € Z generates two MRA chains,

any function from U,,, can be represented as an
orthogonal expansion over the bases of subspaces of a
lower scale U;, S; so that U;,; =U; ®S,. Then to
create computatlonal algorithms for estlmatmg the

useful signal we search for X,(r) in the form of an
expansion

X () = J+13z )
= Za,o () + Z Z S (0),

which describes the DWT of the classical MRA by
wavelets with a compact support in the frequency
domain, in particular, Kravchenko wavelets [25—28].

(129)
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In the frequency domain (129) has the form

)%r(m) = Zafo',k(b ,(©) exp(—ikw/ 270

+ ZZ k\T/,-(OJ) exp(—ik(o/ 27).

J=J

(130)

Coefficients {aj k> bj ". k € Z} are the result of DWT

X.(#) when expanded to some scale j, so that X,(¢) is
represented as the sum of a rough approximation
P, %, (t) € V, andset of details Q;X,(r)e W,

@y = (%,(1),9,,(0), (131)

biy = (X(1), W4 (D). (132)
According to the MRA concept, the coefficients of the
wavelet expansion can be obtained recursively with a
rougher approximation. Indeed, let some signal f{(7) be

given by samplings at time instants ¢,, = m27N, me /.
Then, by multiplying the scalar scaling equations

Q; () = Zk M2, @ 14 (D), W, (0) = Zk 820D i1 (D)
left and right on f(¢) for an arbitrary scale it is possi-
ble to obtain recursive formulas for calculating the
wavelet expansion coefficients from the more accurate
scalej + 1 to a rougher scale j [13—21]

S f
a;, = th—2naj+l,k7
[
fo_ f
b, = ng—2naj+l,k'
k

Graphically the wavelet expansion algorithm f{7) can
be represented as a diagram (Fig. 6a). This algorithm
is realized via a multistage serial connection of filter
blocks providing fast DWT calculations.

(133)

(134)
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The initial values of the coefficients af  determined

by formulas af, = (f (), ©,4(0)), bl = (f(1),y,,(0)
at this value of scale j, in which within the spectral

range of the signal f () function @ ,;(w) remains almost
constant, i.e. such that the wavelet approximation suf-
ficiently accurately reflects the signal f(7). Such a cal-
culation is labor-consuming and may not provide the
necessary calculation accuracy. Since the signal f{(?) is
practically given by its values, at a large scale j, the
coefficients {a;, : k € Z} can be set equal to the sam-
plings of the function:

| ~ . '
"ik T .[ S(®),0,(w) exp(—zkm/ 2Ydw

O _ika/2’
= [ 7@ exp(-ike/2))do

It follows that when choosing the Kravchenko wavelet
= SOy

Therefore, fast DWT calculation makes it possible
to represent the estimate of approximate solution (1)
in discrete form as a sequence of coefficients

{ajok, ;k © Jo<j<J,keZ}y, over which %.(¢) is
expanded in (129).

system a’ ik

As shown in (122), the estimate of the useful signal
X.(¢) determined by processing the observed signal y(7)
by a filter with a frequency response 1371(0)) corre-
sponds to wavelet expansion of the observed signal y(7)
over the basis & ; (1), k € Z at the finest scale J. Simi-
larly we obtain the expansion fcr(t) in DWT form, mul-
tiplying the expression (130) on the left and right

by D(w)

D)%, () = Za;‘;ikﬁ(ocb,o(w) exp(-ikw/2")

A | (135)
= ZZ  D(0)N (@) exp(-ikey2).
J=Jo
With allowance for (27), (28) we have
o) = Zaﬁ,k&h(m) exp(-ikey/2")
(136)

+ z Z b7 () exp(=ikey ).

J=Jo

Therefore, the coefficients {af:rhk, bj‘;—l,k: ke /} are
obtained by expanding the observed signal y(¢) over
the basis system of functions &, ,(?),7;,(?), k € Z,
Jo £ j<J,inwhicha; , = alok’ bl = bxr Thus, the
estimate of approximate solution (1) w111 be deter-
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mined by the following expansion over bases
(pjo,k(t)’ll!j,k(t)’ k e Z’jO < .] <J:

%0 = Za,o (@0 + Z Z Wi (0),

J=Jo

(137)

where {a; b}, ke Z,j, < j<J} are the coeffi-
cients of expansion of the observed signal y(¢) over fre-
quency-modified biorthogonal wavelets £ k0740,
ke, j,<j<J.

The proposed and substantiated biorthogonal sys-
tem of functions §;,(r), v,,(t) and &, (), ¥,,(?),
k € Z generates the MRA; therefore, for the effective
solution of problem (1) on estimating the useful signal

X.(¢) distorted by the impulse response A(z), it is nec-
essary to develop an algorithm for fast calculation of

the wavelet coefficients {a; ,, b;,: ke Z,j, < j < J}
based on the previously obtained scaling equations (51),
(54), (57), (99), (67), (72), (79), (82), (103), (106),
(109) , (113), as well as the scaling and wavelet filter

coefficients {4}, {g}, {6,}, M}, ©,}, @}, 4}, (&),

{ha} {gé} Then, effective noise suppression is per-
formed and its infinite amplification is compensated
using mathematical approaches to process the wavelet
coefficients [13—21, 42, 43].

The developed frequency-modified biorthogonal
wavelets make it possible to obtain recursive algo-
rithms for calculating the DWT coefficients taking
into account the localization and compensation of the
time—frequency singularities of the observed signal

y(?), frequency response function 71((0), or filter with

the frequency response ﬁ(w) due to the existence of
scaling equations (51), (54), (57), (59), (67), (72),
(79), (82), (103), (106), (109), (113). Scaling equa-
tions (103), (106), (109), (113) allow transitions during
wavelet expansion of the observed signal y(7) from the

basis & ,,,(r) to the bases & . (@), ¥;,(@) or from the

basis § ,,,(7) to the bases & (1), v, (¢) (the next level
of expansion is performed along the biorthogonal
basis) using single DWT in the necessary frequency
ranges, where the properties of the wavelet bases

& ik o,y ik (r)org ;. (O, ik (?) allow better approxima-
tion of the signal y(7). It follows that in a unified DWT
algorithm, it becomes possible to optimize the process
of obtaining wavelet expansion coefficients for further
processing in order to efficiently recover the signal
x(7), suppress noise, and compensate for its infinite

amplification. For subspace scaling functions U ; and
corresponding subspace wavelet functions S;, the
scaling relations (51), (57), (67), (72), (106), (113)

hold, and for subspaces U ; and S ;» the scaling rela-
tions (54), (59), (79), (82), (103), (109).
Vol. 65
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Expansion coefficients {a},,b;, : k € Z} in (137)
for an arbitrary value of the scale j are determined by
the formulas

@ = ((0),&,,), (138)

by = (1), 7,4 (). (139)

We obtain recursive algorithms for calculating these
coefficients by substituting in (138), (139) instead of

;) and ¥,,(r) scaling relations (54), (59), (79),
(82), (103), (109). Using (54), (59) we obtain

al, = Mg (140)
k

by = Ghorii- (141)
k

From scaling equations (51), (57), (67), (72), (79),
(82), (103), (106), (109), (113) it also follows that
other recursive calculation algorithms are possible as

the coefficients of expansion {a; ,,b}, : k € Z} of the

observed signal y(f) over basis functions & k(D)5 V(@)
and coefficients of expansion y(#) over functions

biorthogonal to these bases E k@O, ¥, (0).

We introduce the notation for the coefficients of
expansion of the observed signal y(f) for basis func-

tions & k@, ¥,,(0) at an arbitrary scale j

@, = ((0),8;,), (142)

b, = (0(0),Y,,(0)),

and for the coefficients of expansion of the observed
signal y(#) on the original wavelet bases @, ,(7), ; ;(?)

(143)

ik = (), 9,4(0), (144)
dj = (0, ,(0). (145)
From (79), (82) follow
ajy',n = zéﬁl,k—zn‘?/y‘ﬂ,ka (146)
k
b/y',n = Zﬁj+1,k—2ncjy'+1,k- (147)
k
Using (103), (109), we have
@, =Y Wikl (148)
3
b= &k oanllise (149)
3

The recursive algorithm for calculating the coeffi-

cients of expansion {@ b7, : k € Z} of the observed
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signal y(7) over the basis functions & k(@ V(1) seems
similar to the above cases

a, = Zk‘,hk_znﬁﬁl,k, (150)
by, = Zk:gkfzn&,ﬁl,k, (151)
&Jyyn = Zk:em,k—zncjy‘ﬂ,ka (152)
by, = Zk‘,mﬂ,k_znciﬂ,k, (153)
a, = ;ﬁfﬂ,k_zna,y-ﬂ,k, (154)
b~jy,n = ;géﬂ,kfha}:—l,k- (155)

As in the case of the classical MRA, the obtained
recursive algorithms for calculating the coefficients

{a, b} - ke Zyor{a, b, : k € Z} require that the
corresponding initial values of the expansion coeffi-

cients aj , or dy , be known at the finest scale J. To cal-

culate the initial coefficients {ay, : k € Z} from the
known samplings of the observed signal y(7), we sub-
stitute scaling relation (79) in (138)

@}, = 5 O (@ expline/2 do

= 3 81000 22 [ () exp(-iker/ 2 e
T 2n

Hence, it follows that when choosing the Kravchenko
wavelet system, we obtain

v R
djn = zel+l,k—2nyk’
x

Similarly, according to (82), (139), we write

(156)

by, = ij ), (o) exp(—ino)/ 2Ydo

- ®;,1(0) [ .

= 3 i 22O [ (@) exp(ikey/2 e
- 21

Hence, when choosing the Kravchenko wavelet sys-

tem, we have

by, = Zﬁ]+l,k—2nyk' (157)
k

The initial coefficients {a;, : k € Z} are calculated

similarly from known samplings of the observed signal
y(?) using (67) and (142), (72) and (143)

@, = 0k (158)
k
by, = anﬂ,k—znyk- (159)
k
Vol. 65 No. 4 2020
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Fig. 7. Schemes of expansion (a) of observed signal () and subsequent reconstruction (b) of useful signal %.(r) using basis of

frequency-modified wavelet functions.

Thus, using formulas (140), (141), (146)—(159) we can
obtain different variants of the recursive algorithm for
expansion of the observed signal y(f) over its samplings
from a finer resolution J to a rough resolution j,. To
calculate each subsequent coefficient from the previ-
ous ones with a large scale characterizing a wider-band
process, it is better to use the basis functions and their
scaling and wavelet filters in (140), (141), (146)—(159),
which take into account and compensate for the fre-
quency—time singularities of the observed signal y(7)

and frequency functions 7»((0),15((0) in the corre-
sponding range. Figure 7a shows a diagram of one
possible algorithm for wavelet expansion of the
observed signal y(7).

In contrast to the classical wavelet expansion
scheme [13—21] the samplings of the observed signal
y(?) at the first stage are processed by low- and high-
pass filters {0}, {fi,,}. The filters in subsequent pro-
cessing steps do not change.

Next, we obtain a recursive algorithm for recon-
structing the approximating coefficients characteriz-
ing the low-frequency signal component with a large
scale from the wavelet expansion coefficients of a
smaller scale (one IDWT level). Then, given that
U, =0, ®S;, the scaling function &, (1), ke Z
can be represented as the sum

EjJrl,k(t) = th—bzgj,n(t) + ng—2n7j,n(t)~ (160)

Multiplying (160) scalarly on the left and right by y(7),
we obtain

CORIMOYED I R TORING))
+ ) &30, 7,,(0)),
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which corresponds to the following representation of

. . y .
the expansion coefficients a;,, ;:

oo v v
Qs = th—2naj,n + ng—ZHbj,n'
n n

Thus, using formula (161), a recursive algorithm

for reconstructing the estimate is obtained X,(¢) from
to the wavelet expansion coefficients from a rough to
exact resolution using the filters of the original wavelet
bases {#,} and {g,}. The scheme for reconstructing the

samplings of the estimate X,(¢) does not differ from
the classical MRA scheme (see Fig. 7b).

Due to the proposed and substantiated construc-
tive approach for obtaining frequency-modified wave-
let bases, the scheme for expansion of the observed
signal y(¥) and reconstruction of the wavelet expansion
coefficients of the estimate X,(¢) is not the only one. In
the scheme for expansion of the observed signal y(7),
other recursive formulas (148)—(159) can be used.
Based on the resulting wavelet expansion coefficients

the estimate should be reconstructed X,(r).

(161)

For subspaces U,,, and INJH1 scaling functions
€,.4( and Ej+1’k(t), k € Z the orthogonal expan-
UJ_HZU/@SJ, UJ+1:I~J1®SJ,

U 41 =U;®8S; are valid. Then, scaling functions

sions

Ejrx(®), 12 ;x(), k € Z can be represented as the sums

Epa®) = Y Manfy O+ D &iaVa(D, (162)
k) =D M0+ s a(0), (163)
Erok® =Y M a0+ D Erorsan¥1a0), (164)
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Fig. 8. Generalized scheme realizing multiresolution algorithm for reconstructing estimate of useful signal X,(7) .

from which follow the formulas for the expansion

coefficients a},,, and a7, ;:

g = th—znéjy‘,n + ng—znl;jy,m (165)
/+1k _zhj+lk ma jl’l+zgj+lk 2nbjns (166)
a,y‘+1,k = Zﬁj+l,k—2nd;,k + Zgjﬂ,k—znl;jy,k- (167)

Therefore, using the recursive relations (161) and
(165) it is possible to recover the coefficients of expan-
sion of a larger scale from the coefficients of expansion
of the same basis of a smaller scale, and using the rela-
tions (166) and (167), the coefficients of expansion of
a larger scale from the coefficients of expansion of a
biorthogonal basis of a smaller scale. In addition,
mixed recursive relations are possible, where the coef-
ficients of expansion of a larger scale are obtained
from the coefficients of expansion of the scaling func-
tions of the same or biorthogonal wavelet system and
the wavelet functions of the biorthogonal or the same
wavelet system at a smaller scale. Indeed, if we use
(160), and then (45), (46) and (92), (96), then in the
time domain we obtain

&jﬂ,k(f) = ZE/E:'-H,I{—ZnE.'j,n(t) + ngfzn?j,n(f), (168)

&jﬂ,k(f) = zhk—znaj,n(t) + Zg§+l,k—2n’Yj,n(t)- (169)

Similarly, from (163) with (45) (46) and (94), (98) in
the time domain we have

Eux(®) = z P0G n(0) + zgfﬂ,k—m’?j,n(t)a (170)

Ejns() = z};JéJrl,k—ZnEj,n(t) + zgk—anj,n(t)- (171)

Then, mixed recursive reconstruction formulas for

approximating expansion coefficients a},, ,, @}, , have
the following form:

y _ € ~ y
i = Zhj+l,k—2naj,k + ng—anj,n’
n n

(172)
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ajy'+1,k = th—znajy',n + zg §+1,k—2n5}jka (173)
j+1k_zhk ma /n+zg/+lk 2n jn’ (174)
g = zhmk 2@ +zgk 2D - (175)

Thus, recursive formulas are obtained for one level
of DWT and IDWT, which make it possible to con-
struct flexible computational schemes for multiresolu-
tion approximation of the solution to convolution
integral equation (1) taking into account the time—fre-
quency singularities of the observed signal y(7), fre-

quency response function 71(0)), or filter with a fre-

quency response ﬁ(m). Figure 8 shows the generalized
scheme realizing a multiresolution algorithm for

reconstructing the estimate of the useful signal X, (7).

The useful signal x(¢) initially distorted by the
impulse response A(7) followed by noise n(f) in the
form of time samplings y, = y(¢,) is subjected to wave-

let expansion with a low-pass filter {0 714y O {8,414 1)

and high-pass filter {f],, ,} (or {n,,,}). As a result the
approximating wavelet expansion coefficients

cA; ={aj} (or cA, = {a;}) and detailed wavelet expan-

sion coefficients ¢D; = {b}} (or D, = {b}}) of scale J
are obtained. Next, each of the approximating coeffi-

={aj} (or

= {d;}) for j, —1 < j <J must be processed by a

cients of the wavelet expansion c4;

low-pass filter {E} (or {fzg}, or {fzg}) and high-pass

filter {g_k} (or {g;,}, or { gik}). Thus, a discrete
sequence of wavelet expansion coefficients {c4; ,cD; :
Jo<Jj <J} is formed. The detailed coefficients
{cD; :jo < j<J} are subsequently subjected to
threshold processing. After that, the IFT is performed
with a low-pass filter {#.} (or {h,k} or {h ) and

high-pass filter {g,} (or {gj,k}, or {gj)k}). In this case,

Vol. 65 No.4 2020
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the wavelet reconstruction scheme should yield a solu-
tion to integral equation (1).

Estimation of the useful signal %, with a multireso-
lution algorithm using the new biorthogonal fre-
quency-modified wavelets is done in several stages.

1. Choice of the frequency-modifying function
f)(m) . At this stage to select the frequency-modifying

function D(w) a priori information about the useful
and observed signals x(¢), y(¢), impulse response A (),
and noise parameters #(¢) is taken into account.

In practice, to suppress infinite noise amplifica-
tion, a filter is used that regularizes amplification at
high frequencies (3), which can be used to construct

the function D(®) in the form D(w) = K(w)~'. Sup-
pression of infinite noise amplification can also be
achieved by applying a window function w(®), which
includes the scaling function ¢, (®), which at the finest
resolution J must satisfy the following requirements:

—an infinite increase of the high-frequency part of

the spectrum 71((1))_1 must be compensated by a
decrease in the high-frequency part of the scaling
function;

—the spectrum of the scaling function ¢,(w)
within the spectral band y(w) should be as flat as pos-
sible;

—the scaling function §,(®) should be smooth
enough to eliminate the Gibbs phenomenon (contin-
uously differentiable by as many times as possible).

The scaling functions from Kravchenko wavelet
systems possess such properties [25—28].

Additionally, the frequency response of the system
can be corrected. For this, function D(w) must be
multiplied by a suitable polynomial of .

2. Choice of an orthonormal wavelet basis @(7) , y(7)
with optimal properties. To achieve greater accuracy
and computational advantages, the wavelet basis must
have a compact spectrum, a small number of filter
coefficients {#,}, {g;}, and continuous differentiabil-
ity by as many times as possible. The scaling functions
from the Kravchenko wavelet systems have such prop-
erties [25—28].

From the time—frequency properties of the

selected wavelet basis, the scale values J > j > j, are
determined at which DWT should be performed.

3. Obtaining a biorthogonal frequency-modified

wavelet system &, (¢), ¥,.(), &, (t), 7,4 (@) . Initially
from the selected orthonormal wavelet basis @;,(7),

V() and modifying function ﬁ((») functions & IOR
Y, (#) should be obtained by formulas (27), (28). Next

the function Ef(w) from formula (44) is introduced,
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with the use of which biorthogonal wavelet bases

& i« (), ¥, (t) are constructed by (45), (46). Addition-

ally, the modifying function ﬁ(m) may be subjected to
frequency correction.

4. Calculation of the discrete filters of the new
biorthogonal frequency-modified wavelet system. To
conduct forward DWT of the observed signal y(¥) and

obtain an estimate of the useful signal X.(¢) using

IDWT, the known discrete filters {4}, {g,} of the
orthonormal wavelet basis ¢(¢), y(¢) are supplemented
with calculation of the following filters:

—using formulas (68), (73), (78), (83), the filter
coefficients {0,,,,}, {414} and {8,,14}, My} are
calculated, which determine the first level of DWT;

—using formulas (101), (105), (108), (112) the filter
coefficients {ﬁik}, {gik} and {Eik}, {gf,k} are calcu-

lated, which along with {#,}, {g,}canbe used in calcu-
lating subsequent levels of DWT and in the IDWT. It
should be noted that the coefficients of these filters do
not require IFT calculation for each resolution. They
are calculated by discrete convolution of the known

filter coefficients {#.},{g,} with a precalculated
sequence of coefficients of a 2 * 2r-periodic function

Efﬂ(w) and its inverse function 1/ E?H(o)), respec-
tively, {G;i1 .}> {Gj41 4} Moreover, the coefficients

{C,+1. »} can be calculated from the coefficients {g,; ,}-
Thus, the largest computational cost requires single
calculation of the filter coefficients {0,,,,}, {114}

and {01}, Mysiet-

5. Obtaining the initial expansion coefficients of the
observed signal y(7). At the first stage of expansion of
the observed signal y(f), the coefficients

{a by, ne 2} or @b, ne Z} are calculated
using discrete filters {0, : k € Z}, {14 : k € Z} or
0,4 tke L}, Myuy: ke 2} by formulas (156)—
(159). These filters were obtained in the frequency

domain by formulas (66), (71), (76), (81) and take into
account the singularities of the modifying function

ﬁ(co), which can increase significantly in the high-fre-
quency region. Moreover, it follows from (66), (71),
(76), (81) that frequency filters éj(w), Nj(co) can pro-
vide an increase in the frequency components of the

processed signal for X(co) — 0 (in the frequency band
of the observed signal y(w)), if these singularities are
not sufficiently compensated by the appropriate

choice of ﬁ(m). In particular, the high-frequency
component of the signal containing the main noise
can be significantly increased. Filters © ;(®), N (o),

conversely, do not amplify such frequency compo-
nents of the processed signal and can serve as an alter-
Vol. 65
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Prx) Prx)
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rx/rx

Fig. 9. Functions of hard (a) and soft (b) threshold pro-
cessing.

native approach for calculating the expansion coeffi-
cients of the observed signal y(7) at the first stage of
DWT. Subsequent stages are carried out with filters
with a lower passband, where in the high-frequency

part, the increase in the modifying function D(co), asa
rule, is significantly less. Therefore, subsequent DWT
stages are most often less critical toward the choice of
the expansion filters.

6. DWT of the observed signal y(7). During DWT
the optimal scheme for wavelet expansion of the
observed signal is selected y(7) using formulas (140),
(141), (148)—(151), (154), (155) for the selected scale

values j, = j = J taking into account the time—fre-
quency singularities of the observed signal y(7), fre-

quency response function 7:.(0)), or filter with fre-

quency response ﬁ((o). Excess DWT is also used
(wavelet coefficients are not discarded as a result of
decimation), for which better noise reduction can be
achieved.

7. Threshold processing of the wavelet coefficients.
Cleaning up the observed signal from noise using
wavelets can be performed by threshold processing of
the wavelet coefficients [13—21, 42, 43]. The advan-
tage of nonlinear methods for threshold processing of
the wavelet coefficients is the speed of the algorithms
for constructing the estimates and the possibility of
better adaptation to functions with varying degrees of
regularity in different areas. In addition to the noise
removal problem, threshold processing makes it possi-
ble to solve the signal compression problem. In thresh-
old processing the level of the detailing coefficients is
limited by the threshold function p;(x). Instead of

argument x in the function p;(x) the detailing coeffi-
cients for each expansion level are substituted by j
(cD;, jo < j<J).

A hard or soft threshold function with a threshold

T is commonly used. The hard threshold processing
function is described by the following expression:

_[x at |x|>T,
Pr=10 at <.
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Obviously, the hard threshold processing function has
a gap. This can lead to undesirable processing singu-
larities of a sufficiently smooth signal function. Soft
threshold processing is set by a continuous threshold
function

x-T at x>T,
x+T at x<-T,
0 at |x[<T.

Figure 9 shows the hard and soft threshold processing
functions.

Therefore, with this approach, the most effective
noise removal will be achieved when the signal energy
as a result of DWT is concentrated in the minimum
number of coefficients above the threshold and the
noise energy is distributed in the maximum number of
coefficients below the threshold. This occurs when the
selected wavelet basis is well correlated with the signal.
For every scale j, a threshold 7 is selected, which in
accordance with [42, 43] is determined as

TU = GV211’1N.

This threshold is called “universal,” since it does not
depend on the observed data (it depends only on the
noise variance). When choosing a threshold Ty, the
closeness of the root-mean-square risk to the mini-
mum is ensured [42—45], and almost all noise is

pr(x) =

removed from the signal. The noise variance o’ canbe
calculated using the calibration procedure of the signal

. . . 2 .
recording device. However, often the variance ¢~ is
unknown and instead of its exact value, it is necessary

to use some estimate Gf). The variance estimate can be
obtained from the observed y, = y(¢,) by calculating

the median M, wavelet coefficients cD; at the finest
scale J since, by virtue of (157) (or (159)), these coef-
ficients actually contain only noise 6, = M, / 0.6745.
In addition, selective variance can be used as the vari-
ance Gé. Selective variance is the most widely used

estimate for (5(2) and in the absence of rejects, it is most
preferable. Then, if the signal y, has a length N of the

N/2 wavelet coefficients c¢D; of the smallest scale

j=4J—1, then 0(2) is estimated as follows:

w23

=N/2

N
where y =l Z

n=N/2+1
8. Reconstruction of the estimate of the useful signal
Xp(?) using IDWT. During IDWT, the discrete values
of the estimate of the signal X, , = X.(¢,) are recon-

structed from the wavelet expansion coefficients of the
observed signal y, = y(#,) that have undergone thresh-

—y,
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old processing. Since for the given approximating and

detailed coefficients at each scale j (j, < j < J) it is
possible to reconstruct the approximating coefficients

{a},,} or {a},;} depending on the filters in formulas
(161), (165)—(167), (172)—(175), the next stage of
IDWT can be carried out taking into account the
time—frequency singularities of the observed signal

y(f), frequency response function 7:.((0), or filter with

frequency response ﬁ(m). At the last stage of recon-
struction, formulas should be applied that ensure

reconstruction of X, ,.

9. Visualization and interpretation of the results.
Estimating the error in solving the problem. The
obtained result is visualized and subjected to further
processing (statistical, comparative, empirical, etc.) in
order to more fully study the object and evaluate the
error in solving the problem.

CONCLUSIONS

We have validated the use of wavelet approaches in
reconstructing the useful signal in the case of represent-
ing the measurement process as a convolution model.
To realize the algorithm for solving problem (1), it is
proposed to use Kravchenko orthogonal wavelets with
a finite spectrum [25—28]. It is demonstrated that it is
possible to modify wavelets with a compact support in
the frequency domain so that it becomes possible to
estimate the useful signal X,(¢) from the observed sig-
nal y(¢) using fast DWT-based algorithms. A method
for obtaining new biorthogonal frequency-modified
wavelets that form two MRA chains based on a modi-

fying function with a frequency response ﬁ((n)) is pro-

posed and validated. The function 15(0)) allows the
construction of wavelets taking into account stabiliza-
tion of the solution to convolution integral equation (1)
and effective noise suppression. Several types of scal-
ing equations and formulas for calculating the wavelet
coefficients for these equations are obtained. The pro-
posed biorthogonal frequency-modified wavelets are
nonstationary with respect to scale; i.e., they are not
the result of a shift and scaling of one scaling and
wavelet functions. However, they form an effective
multiresolution algorithm for approximating the solu-
tion to convolution integral equation (1). The
obtained wavelet systems make it possible for DWT
and IDWT to optimize the process of obtaining and
reconstructing wavelet coefficients to compensate
time—frequency singularities of the observed signal

y(f), frequency response function 7:.((0), or filter with

frequency response ﬁ(m). Several variants of DWT
and IDWT are proposed based on new biorthogonal
frequency-modified wavelets, which can be used in
various physical applications.
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