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Abstract—Propagation of frequency-modulated signals in an anisotropic medium (Earth’s ionosphere) is
numerically simulated with allowance for the effect of the electron collision frequency on deflecting absorp-
tion. Projections of ray paths onto different coordinate planes are considered. The influence of the divergence
of the ray paths and absorption of radio waves on the attenuation of the radio signal for ordinary and extraor-
dinary waves is studied. The calculations were performed for the daytime and nighttime models of the elec-
tron density and collision frequency of the high-latitude ionosphere.
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INTRODUCTION
Decameter electromagnetic waves are widely used

for long-range radio communications, radio naviga-
tion, radar, beyond-the-horizon surveillance, and
investigation of the ionosphere: the Earth’s upper
atmosphere. Therefore, the propagation of such waves
attracts much attention of researchers. However,
despite a significant amount of publications on this
subject (see, e.g., [1–7]), the propagation of fre-
quency-modulated (FM) signals in the ionospheric
plasma with allowance for the Earth’s magnetic field
has been studied insufficiently.

Earlier [8–13], we considered the features of the
ray propagation of frequency-modulated radiation in
the ionospheric plasma. In the present paper, which is
devoted to modeling the propagation of a linearly fre-
quency-modulated (chirp) signal in an ionospheric
anisotropic plasma, special attention is paid to the
attenuation of the radio signal due to deflecting
absorption and divergence on the example of models
of electron density and electron collision frequency for
the high-latitude nighttime and daytime ionosphere.

1. MATHEMATICAL FORMULATION 
OF THE PROBLEM

It is known that the effective permittivity of a
medium of an inhomogeneous anisotropic ionosphere
is described by the Appleton formula [14]:

(1)

where the plus sign corresponds to an ordinary wave
and the minus sign corresponds to an extraordinary
wave and the parameters  and u are the ratios of the
squared plasma frequency and the squared gyrofre-
quency to the squared working frequency, respec-
tively; i.e.,

(2)

where с = 2.997925 × 108 m/s is the speed of light,
= 9.108 × 10–28 g is the electron mass, e = 4.8029 ×

10–10 CGSE is the electron charge, and the function
N is the electron density at a fixed point of space. The
parameter Z is the ratio of the electron collision fre-
quency to the working circular frequency:

(3)

The quantity α is the angle between the Earth’s mag-
netic field  and the wave vector 

To apply formula (1), we only need to know 
The squared cosine of the angle α is determined by the
expression

(4)

In the calculations below, the amplitude of the
magnetic field will be considered constant. The orien-
tation of the magnetic field in the local coordinate sys-
tem is given by the angles γ and ϕ:

(5)
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If the electron collision frequency can be neglected, i.e., Z = 0, the formula for the effective permittivity (see,
e.g., [4, 7, 14, 15]) has the form

(6)

The approach used in this work is based on ray
methods, which are fundamental in describing the
processes of propagation of decameter radio waves in
various media (see, e.g., [4, 15]). The main ray
method for finding ray paths in an anisotropic inho-
mogeneous medium is the bicharacteristic method,
based on the system of differential equations (see
[4, 13, 15])

(7)

with the Hamiltonian

(8)

where  are the coordinates of the observa-
tion point, t is the group time, ω is the circular fre-
quency of the radiation,  is the wave
vector, τ is the parameter of the ray path, and

 is the real part of the effective permittivity of
the medium of propagation.

To apply system (7) and (8), it is necessary to sepa-
rate the real part of permittivity (1), i.e., represent the
permittivity as the sum of the real and imaginary parts:

(9)
Analyzing expression (1), we find

(10)

(11)

In formulas (10) and (11), we use the notation

(12)

(13)

(14)

If the external magnetic field is absent (H0 = 0), for-
mula (1) for the permittivity has the form [14]

(15)

Assume that the initial wave vector  depends
parametrically on the ray departure angle α0 (β0 = 0):

(16)

and the radiation source is a point outside of the mag-
netoactive plasma with the coordinates

(17)

The propagation of an electromagnetic wave initially
takes place in the (x, z) plane. Denote the effective
permittivity of the medium in the radiation source by
ε0. Assume that the signal is linearly frequency-modu-
lated (chirp); i.e., the formula for the instantaneous
carrier frequency has the form [8, 10]

(18)

where  is the ray departure time, f0 = ω0/(2π) is the
initial operating frequency (Hz), fd is the frequency
deviation (Hz), and Tp is the pulse duration (s). In this
work, we used the following values of the parameters:
f0 = 2.5 MHz, fd = 3.75 MHz, Tp = 3 s, and δ = 1 s–1.
With such parameters, the maximum radiation fre-
quency is 10 MHz.

Let us consider two models of high-latitude iono-
spheric plasma: nighttime and daytime. The electron
density profile of the nighttime ionosphere (Fig. 1a)
has the traditional form: the E layer is poorly visible
and the maximum of the F layer is much lower than in
the daytime ionosphere. On the contrary, the profile
of the daytime ionosphere (Fig. 1b) is atypical, since,
at the maximum of the E layer, the electron density is
higher than in the F layer.

Figure 2 shows the dependence of the electron col-
lision frequency on the altitude for the nighttime and
daytime ionosphere. At low altitudes, these graphs
almost coincide. Significant difference begins at alti-
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Fig. 1. Electron density vs. altitude for (a) nighttime and (b) daytime models of high-latitude ionospheric plasma.
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Fig. 2. Electron collision frequency vs. altitude: (a) nighttime and (b) daytime ionosphere.
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tudes above 110 km, where the role of the electron col-
lision frequency in absorption (and even more in the
deviation of the trajectory) is small.

The profiles presented in Figs. 1 and 2 are consis-
tent with the data given in [16] (80° N, 30° E, March).
The calculations were carried out with the following
parameters: Н0 = 0.551 Oe, ϕ = π/4, ζ = 0, and γ = –83°.

2. NUMERICAL SIMULATION. 
NIGHTTIME IONOSPHERE

In this section, in Figs. 3–9, the results of numeri-
cal simulation in the case of the nighttime ionosphere
for ordinary and extraordinary waves are presented.
The background in all the figures means the electron
density in the ionosphere.

Figure 3 shows the radiation structure of a chirp
signal in the (x, z) plane when the radiation source is
situated on the ground. The ray departure angle is 45°.
In the region about the altitude of 115 km, the E layer
is visible. At an altitude of about 290 km, the layer F2
JOURNAL OF COMMUNICATIONS TECHNOLOGY AND
is clearly visible. At first, all rays go along a common
trajectory. Then, in the ionosphere (dispersing
medium) they diverge. Low-frequency rays are
reflected from the Е and F2 layers and return to the
Earth, and high-frequency rays penetrate through the
layer. With increasing frequency, the trajectories
become straight.

The ray structures of ordinary (see Fig. 3a) and
extraordinary waves (see Fig. 3b) differ insignificantly,
but, for an extraordinary wave, the penetration
through the ionosphere occurs at higher frequencies
than for an ordinary wave.

Figure 4 shows the ray structure of a chirp signal in
the (y, z) plane. The rays passing through the iono-
spheric layer F2, above 400 km, rotate in parallel to the
z-axis and go upward (high frequencies).The reflected
rays (low frequencies) return to the Earth along close
trajectories, since there are no horizontal gradients
(within the model). It should be noted that the ray
structure of an extraordinary wave (see Fig. 4b) in this
plane looks more compact than the structure of an
 ELECTRONICS  Vol. 64  No. 1  2019
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Fig. 3. Ray structure of a chirp signal in the plane (x, z); (a) ordinary wave and (b) extraordinary wave.
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Fig. 4. Ray structure of a chirp signal in the plane (y, z); (a) ordinary wave and (b) extraordinary wave.
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ordinary wave (see Fig. 4a) and is a sort of its mirror
reflection about the vertical axis.

Figure 5 shows the radiation structure of a chirp
signal in the (x, y) plane. This is a top view of the ray
structure. The structure of an extraordinary wave (see
Fig. 5b) in this plane is similar to the mirror ref lection
from the horizontal axis of the structure of an ordinary
wave (see Fig. 5a). In the case of an extraordinary
wave, the propagation of the signal along the y-axis is
substantially “more compact”. In this projection, we
clearly see a caustic structure and its singularity: an A3
JOURNAL OF COMMUNICATIONS TECHN
catastrophe. The wave field structure in the vicinity of
the caustic tip (A3 catastrophe) was studied in detail in
[17–20].

Let us now consider the absorption along the tra-
jectories. The absorption associated with the electron
collision frequency is calculated by the formula

(19)

It should be noted that, at small ratios of the effective
electron collision frequency to the working circular

2

22 .i
d
d c
Ψ ω= − ε
τ
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Fig. 5. Ray structure of a chirp signal in the plane (x, y); (a) ordinary wave and (b) extraordinary wave.
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Fig. 6. Absorption Ψ (in Nepers) along trajectories vs. altitude: (a) ordinary wave and (b) extraordinary wave.
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frequency (Z  1), the imaginary part of the effective
permittivity is proportional to the product of the colli-
sion frequency by the square of the electron density:

 As the altitude decreases below the
E layer, the electron density decreases and the colli-
sions frequency increases (see Figs. 1 and 2); there-
fore, the maximum absorption takes place near the
lower boundary of the ionosphere, as can be seen in
Figs. 6 and 7. Figure 6 shows the dependences on the
absorption Ψ on the altitude along the trajectories
(in Np).

In Fig. 6, two groups of curves can be distin-
guished. For rays at higher frequencies, passing
through the ionosphere, the absorption is small. Rays
at lower frequencies are reflected from the layer. The
characteristic maximum on the curves is the reflection

!

2~ ~ .i eZ Nε νv
JOURNAL OF COMMUNICATIONS TECHNOLOGY AND
point. These rays spend much time in the lower iono-
sphere and undergo active absorption. Naturally, with
decreasing frequency, the absorption increases and,
comparing Figs. 6a and 6b, we see that the extraordi-
nary wave is absorbed more intensely than the ordi-
nary wave.

Figure 7 shows local absorption along ray paths.
The graphs in Fig. 7 were plotted by formula (19). In
Fig. 7, we clearly see an increase in absorption with
decreasing frequency; moreover, the absorption is
affected by a small region along the lower boundary of
the ionosphere. Since, in the generally accepted mod-
els, the data on the collision frequency and electron
density below 65 km are usually not presented, it is
clear that this region has been studied insufficiently.
We do not present the graphs of the imaginary part of
 ELECTRONICS  Vol. 64  No. 1  2019
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Fig. 7. Local absorption along ray paths vs. altitude: (a) ordinary wave and (b) extraordinary wave.
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nary wave.
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the effective permittivity, since, by virtue of (19), they
are similar to Fig. 7.

Figure 8 shows the dependences on the altitude for
the real part of the effective permittivity of the medium
along the ray paths. The right part of the figures is
bounded by 1 (permittivity in a vacuum), and the left
part, by 0.5, which is determined by the ray departure
angle α0. Since the effective permittivity depends on
the coordinates, as well as on the wave vector and the
frequency of the signal, each ray has an individual
JOURNAL OF COMMUNICATIONS TECHN
dependence on the altitude. The minima correspond
to the E and F layers. The dependences for the ordi-
nary (see Fig. 8a) and extraordinary waves (see
Fig. 8b) are very similar. It should be noted that, as
follows from the calculations, the allowance for the
effective collision frequency has no significant effect
on the ray path. This makes sense if we consider that
the correction for εr is proportional to 

Figure 9 shows the dependences of the divergence
along the ray paths on the altitude (in decibels).

2 2 2~ .eZ N νv
OLOGY AND ELECTRONICS  Vol. 64  No. 1  2019
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Fig. 9. Divergence along the ray paths vs. altitude (in decibels): (a) ordinary wave and (b) extraordinary wave.
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To determine the divergence, it is necessary to
transform bicharacteristic system (8) to

(20)

known as Lukin’s bicharacteristic system [21, 22], and
complement it with the system of equations

(21)

with the initial conditions
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i.e., to solve an extended bicharacteristic system
[4, 21, 22].

Having obtained the solution of bicharacteristic
system (21), we can calculate the Jacobian J of the
divergence of a ray tube:

(23)

and find the divergence of the field at each point of
space:

(24)

In formula (24), J0 is the Jacobian of the divergence at
a given distance from the source (in the calculations, it
was taken equal to 1 m). We have ε = εr.

In Fig. 9, in the first turn, it is worth noting the tra-
jectory corresponding to the high-frequency signal. It
has a small kink in the vicinity of the maximum of the
F layer, which is related to signal defocusing. The hor-
izontal lines correspond to caustics. These are areas of
field amplification (focusing). It follows from Fig. 9
that the rays corresponding to long-range propagation
(see Fig. 3), sometimes called Pedersen rays, undergo
a very large divergence.

Using the data presented in Figs. 3, 6, and 9, we can
estimate the signal amplitude at the reception point.
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Fig. 10. Ray structure of a chirp signal in the plane (x, z): (a) ordinary wave and (b) extraordinary wave.
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As is known, the effective electric field of an isotropic
radiator in a vacuum is determined by the formula

(25)

where W [W] is the power and r [m] is the distance to
the radiation source. Then, the effective electric field
at an arbitrary point in space can be evaluated by the
formula

(26)

For example, for the nighttime ionosphere, for a signal
frequency of ~4 MHz on the ground (800 km from the
source), the absorption is on the order of 1 Np and the
divergence is about 120 dB. If we assume that
the source power is 1 kW, then the field strength at this
point will be 64 μV/m.

3. NUMERICAL SIMULATION. 
DAYTIME IONOSPHERE

Let us now consider the corresponding graphs for
the daytime ionosphere (Figs. 10–16) for ordinary and
extraordinary waves. The beam departure angle is 30°.

Figure 10 shows the beam structure of a chirp sig-
nal in the (x, z) plane. Since, in this case, the maxi-
mum of the E layer is greater than the maximum of the
F layer, which is an anomaly, the rays are reflected
only from the E layer (compare with Fig. 3). If we
compare it with the ray structure of the nighttime ion-
osphere, then the communication range at the same
frequency at a fixed beam departure angle has notice-
ably decreased (more than by a half) and the structure
has become more ordered.

=e0
30 , V m ,WE

r

−= −ψ × 20
e e0 exp( ) 10 , V m. mAE E
JOURNAL OF COMMUNICATIONS TECHN
Figure 11 shows the ray structure of a chirp signal
in the lateral plane (y, z). The main difference from the
night ionosphere (see Fig. 4) is that the rays deviate
less from the original plane of propagation.

Figure 12 shows the top view of the ray structure,
i.e., the ray structure of a chirp signal in the (x, y)
plane. If we compare the trajectories in this plane for
the daytime (see Fig. 12) and the nighttime ionosphere
(see Fig. 5), then we see again that the reflected rays
deviate less from the original plane of propagation,
which is consistent with Fig. 11.

Figure 13 shows the dependence on the altitude of
the absorption Ψ along the trajectories. Comparing
the absorption in the daytime (see Fig. 13) and the
nighttime ionosphere (see Fig. 6), we see that it has
increased significantly. The maximum absorption for
an ordinary wave is approximately 8.5 Np, and, for an
extraordinary wave, ~22.5 Np. For a frequency of
~4 MHz, the absorption is ~7 Np for an ordinary wave
and ~ 10 Np for an extraordinary wave.

Figure 14 shows the local absorption along the ray
paths. If we compare the nighttime (see Fig. 7) and
daytime ionosphere (see Fig. 14), we see that the peaks
have become narrower and much longer. They are still
located near the lower boundary of the ionosphere.

Figure 15 shows the dependences on the altitude of
the real part of the effective permittivity of the medium
along the ray paths. In comparison with Fig. 8, the
character of curves in Fig. 15 has changed signifi-
cantly. They became more compact, since the behav-
ior of the curves follows the behavior of the electron
density (compare Figs. 1a and 1b).

Figure 16 shows the dependence on the altitude of
the divergence along the ray paths (in decibels). As in
OLOGY AND ELECTRONICS  Vol. 64  No. 1  2019



JOURNAL OF COMMUNICATIONS TECHNOLOGY AND ELECTRONICS  Vol. 64  No. 1  2019

PROPAGATION OF FREQUENCY-MODULATED ELECTROMAGNETIC RADIATION 9

Fig. 12. Ray structures of a chirp signal in the plane (x, y): (a) ordinary wave and (b) extraordinary wave.
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Fig. 11. Ray structures of a chirp signal in the plane (y, z): (a) ordinary wave and (b) extraordinary wave.
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Fig. 13. Absorption Ψ (in Nepers) along trajectories vs. altitude: (a) ordinary wave and (b) extraordinary wave.
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Fig. 14. Local absorption along ray paths vs. altitude: (a) ordinary wave and (b) extraordinary wave.
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Fig. 15. Real part of the effective permittivity of the medium along the ray paths vs. altitude: (a) ordinary wave and (b) extraordi-
nary wave.
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the case of the nighttime ionosphere, using Figs. 10,
13, and 16, one can estimate the signal amplitude at
the reception point. For rays with a frequency of
~4 MHz on the ground (distance of ~350 km from the
source), the absorption is about 7 Np for an ordinary
wave and 10 Np for an extraordinary wave and the
divergence is about 115 or 110 dB, respectively. If we
assume that the source power is 1 kW, then the field
strength at this point will be 0.28 μV/m for an ordinary
wave and 0.025 μV/m for an extraordinary wave.
JOURNAL OF COMMUNICATIONS TECHN
CONCLUSIONS

Thus, in this paper, we have mathematically simu-
lated the propagation of radio waves in the ionosphere
with allowance for the Earth’s magnetic field, fre-
quency modulation, and the effect of the electron col-
lision frequency on the deflecting absorption. The fea-
tures of the propagation of chirp signals in a two-layer
anisotropic ionosphere in the case of ordinary and
extraordinary waves have been compared. The absorp-
OLOGY AND ELECTRONICS  Vol. 64  No. 1  2019
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Fig. 16. Divergence along the ray paths vs. altitude (in decibels): (a) ordinary wave and (b) extraordinary wave.
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tion of radio waves and the divergence along the rays
and the influence of these factors on the attenuation of
the radio signal have been studied. The calculations
have been performed for daytime and nighttime mod-
els of the electron density of high-latitude ionospheric
plasma. The projections of rays on different coordi-
nate planes: the plane of propagation, the side plane,
and the “top view”, have been considered. The ray
characteristics have been calculated using the bichar-
acteristic system of differential equations, the
unknowns of which are the coordinates of the ray, the
components of the wave vector, as well as frequency
and time. The attenuation of the electric field along
the trajectory was determined via calculating the
divergence of the ray f lux on the basis of an extended
bicharacteristic system of equations.

The simulation results imply that, when studying
the propagation of chirp signals in anisotropic media,
it is necessary to calculate electromagnetic fields with
a complex caustic structure using the wave catastrophe
theory [15, 23–25], since, in order to describe the
wave fields in accordance with the figures given above,
it is necessary to calculate the fields on caustics (enve-
lopes of ray families), including caustic singularities
(catastrophes).
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