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INTRODUCTION

Solving three�dimensional vector problems of dif�
fraction on non�planar screens of complex shape is an
urgent problem of electrodynamics. A widely used
method for solving such problems is the method of
integral equations, in which the problem is reduced to
an intergo�differential equation on a screen [1, 2].

The discretization of the problem is reduced to a
finite�dimensional system of linear algebraic equa�
tions with a dense (filled) matrix with the dimension
on the order of 105–106. An efficient method for solv�
ing diffraction problems on figures of complex shapes
is the subhierarchic method described in [3, 4]. The
basis functions used in the Galerkin method used for
solving the integro�differential equation on a screen
were introduced in [5, 6]. The questions of the conver�
gence of numerical methods and other aspects of
implementation of the algorithms were discussed
in [7, 8].

The current paper continues work [9], in which the
problem of diffraction of an external electromagnetic
field on perfectly conducting thin bounded screens
was considered. The results of the current work form
the basis for solving more complex problems on a sys�
tem of screens and dielectric bodies.

The problem is reduced to solving the vector inte�
gro�differential equation [1]

(1)

where A is the integral operator

(2)

and Div is the tangent divergence on the screen Ω.
Here, τ is the tangential vector, u is the surface current
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density, k is the wavenumber, and the right�hand side

of the equation belongs to the space  and is
defined as follows:

(3)

1. THE GALERKIN METHOD

Let us consider an n�dimensional space 
The unknown u will be approximated by elements

 Using the Galerkin method, we find un from
the system of equations

(4)

These equations determine a finite�dimensional oper�

ator  where  is the space antidual to Vn.

For the convergence of the Galerkin method, it is
necessary that the basis function satisfy the approxi�
mation property. We use the basis functions ϕ intro�
duced in [5] and represented in Fig. 1. Here, the basis
function  in Π1,  in Π2, and Π1 and Π2

are the rectangles ACC1A1 and CBB1C1, having a com�
mon edge CC1. Further on,  and

 where  and  The func�

tions ϕ1 and ϕ2 are defined as  

 and   

In the general case, we may expect that the
method converges only when the spaces Vn are limit�
ingly dense in W:

(5)
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for all  This property is called the approximation
property (an arbitrary element W can be approximated
by elements from the subspace Vn with any accuracy in
the norm of W).

2. THE GENERALIZED COMPUTATIONAL 
MESHES AND GENERALIZED MATRICES

For the numerical solution of the problem, we con�
struct a computational mesh ΠN. The discretization of
the problem is described in [3, 4]. The use of a definite
computational mesh ΠN (whatever fine it is) requires
certain restrictions on the geometry of the figure. A
particular computational mesh ΠN is constructed for a
particular figure G, even of a canonical form. In order
to improve the approximation of the boundary  for
figures of a complex geometrical shape G, we add addi�

tional supports  for mesh basis functions  to
the computational mesh ΠN, where ith is the order
number of the support and k is the type of the support.
This makes it possible to apply the subhierarchic

method for choosing the mesh basis functions 

Using additional types of mesh basis functions  we

.Xϕ∈

G∂

supp k
if

k
if

.k
if

,k
if

can obtain a better approximation of figure’s boundary
 and minimize the number of basis functions

 in the choice of the geometry vector W. For
example, it is hard to approximate a circle by rectan�
gular supports. A circle can be better approximated by
triangular supports of mesh basis functions (Fig. 2).

Let us apply the subhierarchic method for choosing
the mesh basis functions. To this end, we construct a
computational mesh ΠN making it possible to intro�

duce mesh basis functions  of several different types.
Such computational meshes will be called generalized

canonical computational meshes 
For problems of diffraction on plane screens, we

can use the generalized canonical computational

mesh  presented in Fig. 3. This computational
mesh is the union of triangular and rectangular com�
putational meshes. For example, in the spatial case,

the generalized computational mesh  can be
understood as a computational mesh formed by the
faces of elementary rectangular parallelepipeds (finite
elements) obtained by the uniform partition of a rect�
angular parallelepiped of the canonical form. Each
face of the elementary parallelepiped (finite element)
is divided by diagonal lines into four triangles.

The matrices composed with the use of the gener�

alized computational mesh  will be called general�

ized matrices  The finite elements of the generalized

computational mesh  are rectangles or triangles par�
allel to one of the planes of the Cartesian coordinate
systems and formed by the horizontal, vertical, or
diagonal edges of the computational mesh. The sup�

port of a mesh basis function  for a generalized

computational mesh  consists of two noncoinciding
finite elements adjacent to one edge, each oriented
along one of the planes of the Cartesian coordinate
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Fig. 1. Basis functions.

Fig. 2. Approximation of a circular screen.
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system. The template of the supports for a generalized

computational mesh  is the set of all possible types

of supports of the basis functions  In the planar
case, the generalized computational mesh is a rectan�
gular computational mesh whose each cell is divided
into triangles.

In the generalized computational mesh  pre�
sented in Fig. 1, we consider three types of basis func�

tions  (k = 1, 2, 3). The first type (k = 1) corre�

sponds to the basis functions  constructed on the
basis of the template of supports consisting only of tri�
angular finite elements. The second type (k = 2) cor�

responds to the basis functions  constructed on the
basis of the template of supports consisting only of
rectangular finite elements. The third type (k = 3) cor�

responds to hybrid basis functions  constructed on
the basis of a template containing both rectangular and
triangular finite elements. For example, these can be
the “rooftop” basis functions, hybrid basis function
from [5], or basis function constructed by the Rao–
Wilton–Glisson method (RWG) [6].

The templates of the supports for each aforemen�
tioned type of basis function are presented in Figs. 3a–3c.
The generalized template of supports of the computa�
tional mesh presented in Fig. 2 consists of all types of
supports.

The use of different types of support for  makes
possible a more convenient approximation of the
geometry of various figures. Rectangular figures are
more conveniently approximated by rectangular sup�
ports; for triangular figures, it is preferable to use
hybrid supports of basis functions. More complex geo�
metric figures, e.g., circles, are approximated by trian�
gular supports.
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Figure 4 shows a generalized computational mesh

 and a figure G of complex shape, constructed on
this mesh. In practice, they often use computational

meshes  with supports  oriented in the same
direction (Fig. 5). The algorithm for constructing such
meshes is simpler but can encounter problems in the
approximation of figure’s boundary. On the right of
Fig. 5, the figure constructed on the right of Fig. 4 is
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Fig. 3. Templates of the basis functions on a plane.

Fig. 4. Generalized canonical computational grid  on a
plane.

Π
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Fig. 5. Approximation with incomplete reconstruction of
the figure.
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approximated. As we see, the shape of  the figure is not
reproduced completely but, if we reduce the mesh
size, we can specify this figure with a higher accuracy.
The following assertion is true.

Any geometrical figure G constructed on a uniform

generalized computational mesh  containing N
finite elements along one of the axes can be con�
structed on a uniform generalized computational

mesh  containing 2N finite elements along each of
the axes.

Let us consider an arbitrary finite element of the

mesh  containing N finite element along one of the
axes. Assume that the finite element considered has a
rectangular form. Then, the division of its sides into two
equal parts yields four rectangular finite elements com�
pletely describing the initial finite element. If the finite
element under consideration has a triangular form, this
kind of partition of the mesh gives one rectangular finite
element and two triangular finite elements, completely
describing the initial finite element.

The use of a generalized matrix  makes it possible
to efficiently solve the problem of artificial anisotropy
arising when the problem is solved on the computa�
tional mesh ΠN. The supports of this mesh have a pro�
nounced orientation in one direction (Fig. 5). This
leads to an additional error in solving this problem.

The generalized computational mesh  makes it
possible to efficiently solve this problem at the stage of
specifying the geometry of the figure G due to the pos�
sibility of choosing the supports of the basis functions

There are different ways of specifying the shape of
the figure and its boundary , using a generalized

computational mesh . The same figure G can be
described by several different combinations of the sup�

ports of the basis functions,  It is preferable
to use the combinations consisting of the least number
of supports. In this case, the problem is solved faster.
Another criterion for choosing the supports is the most
accurate approximation of figure’s boundary. The
uniqueness of specifying the shape of the figure is guar�
anteed by the following assertion.

The shape of a figure is specified uniquely if the fol�
lowing two conditions are met:

(1) the edges forming the support do not intersect;

(2) there are no two supports  formed by one
edge and lying in the same plane.

Indeed, the first criterion guarantees that the same
support that can be defined by different diagonal edges
will not be used twice. The second criterion guarantees
that the supports formed by the same edge and lying in
the same corresponding planes will not be used simul�
taneously.
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A generalized matrix  consists of matrix elements

containing mesh basis functions  of different types.
For solving the problem, it is necessary that each type
of mesh basis functions satisfy the approximation con�
dition. Any combination of such basis functions must
also satisfy the approximation condition in the chosen
spaces. The following assertion is true.

Suppose that a generalized matrix  involves

 types of basis functions  (k = 1, …, N), each
satisfying the approximation condition. Then, any
combination of the elements of basis functions of dif�
ferent types satisfying the uniqueness condition will
also satisfy the approximation condition.

Indeed, the uniqueness condition guarantees the
unique choice of the geometry vector W. Each basis

function  guarantees the approximation within its
support, so the set of such basis functions defined on
the supports describing a region, guarantees that the
approximation condition is satisfied in the entire
region.

The size of the generalized matrix  is significantly
greater that the size of the matrix constructed for a
particular computational mesh. However, the general�
ized matrix is of the block Toeplitz type. This makes it
possible to store only a few rows rather the entire
matrix, which substantially simplifies the computa�
tions associated with the calculation, storage, and pro�
cessing of the matrix.

3. APPLICATION OF THE SUBHIERARCHIC 
METHOD FOR GENERALIZED 

COMPUTATIONAL MESHES

Applying the projection method to the problem to
be solved, we reduce it to a system of linear algebraic
equations (SLAE). Using the discretization technique
described above, we construct a SLAE in which the
matrix and the vector are multi�indexed. Each ele�
ment of this matrix is obtained by calculating the inte�

gral  =  Here, x =  and

y =  are multi�variables, i and j are multi�
indices, and  is the known Green’s function.
The right�hand side of the matrix equation describes
the behavior of the incident field. The SLAE can be
solved by one of the iterative methods.

The subhierarchic method makes it possible to
solve problems on figures of a complex geometrical
form. Suppose that the figure G consists only of inter�
nal supports  then, it can be written as follows:

G =  Here, fi are the basis functions defined

on the support  Let us specify the geometry of
a figure of a complex geometric form, G. To this end,
we introduce the geometry vector W of the length
equal to the number of supports that can be con�
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structed on the mesh for a figure of a canonical form.
We fill the elements of the vector W with zero or unit
values: zero, if the template of supports is not defined
on the new figure G, and unity, otherwise:

(6)

The supports are chosen so that the uniqueness
condition be satisfied. This procedure will be called
the separation of a figure on a generalized computational
mesh. The separated figure G must be confined inside
a canonical figure, i.e.,  and be described by a
combination of supports.

Let us apply an iterative method to the SLAE
obtained by the projection method. The basic opera�
tion in the iterative method is the matrix–vector mul�
tiplication. Each time, multiplying the matrix A by a
vector B, we will multiply element�wise the obtained
vector U by the geometry vector W.

As a result of solving the SLAE by this method, we
will obtain the solution only on the figure of our
interest, G. 

Suppose that  is a generalized matrix obtained by
the discretization of integral equation (1) on a figure of
a canonical form Π =   by
the projection method. Let us introduce the geometry
vector W and uniquely define the figure of a complex
form, G. Applying the subhierarchic method at the
stage of solving the SLAE, we will solve the integral
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equation on the submatrix. The solution found will be
the solution of the integral equation on the figure G.

Indeed, by hypothesis, the geometry vector W is
defined uniquely. This guarantees that the chosen
combination of basis functions satisfies the approxi�
mation condition. Applying the results of Theorem 1
from [4], we guarantee that the solution found is the
solution of the integral equation on the figure G.

By analogy with the vector W, we can introduce the
vector V making it possible to choose the basis func�
tions. This vector can be filled with the numbers 1,
2, …, n, where an arbitrary ith component defines the
type of the basis function in the ith support. Transferring
the value of the ith component to the basis function, we
choose the necessary basis function for the ith support.
Introducing the vector of basis functions makes possible
a better approximation of figure’s boundaries and sup�
pression of artificial anisotropy. The vector of basis
functions makes it possible to solve the integral equation
on a generalized computational mesh.

4. NUMERICAL RESULTS

Using a subhierarchic method, from a screen of a
canonical form, we obtained a rectangular plane
screen and non�planar screens of a complex geometri�
cal form, for which the surface currents were calcu�
lated.

Below we present the calculation of surface cur�
rents on a plane screen. The length of each face was
equal to the wavelength λ. The wavenumber k is 2π.
The mesh size is 32 × 32. The incident field had the
harmonic form presented in [6]. The directing vector of
the incident field is oriented along the y�axis. Figure 6a
shows a screen for which the surface current distribu�
tion was obtained; Fig. 6b shows the surface current
distribution in the plane XOY along the x�axis and
Fig. 6c, along the y�axis. The results of solving this
problem agree with the solutions obtained by other
authors in [5, 6].

In the case of non�planar screens, the numerical
calculation of surface currents presented in Figs. 7–13
was performed. The length of each face was equal to

z
y

xO

(a) (b) (c)

Fig. 6. (a) A plane screen and surface current distribution on it (b) along the x�axis and (c) along the y�axis.
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the wavelength λ. The wavenumber k was 2π. The grid
size was 32 × 32 × 32. The incident field had the har�
monic form presented in [6]. The directing vector of
the incident field lies in the z�axis. Figures 7a and 8a
show a cross�shaped screen, and Figs. 7b and 8b show
the surface current distribution on it in the plane XOY
along the x� and y�axes, respectively.

Figures 9a and 10a also show a cross�shaped
screen, and Figs. 9b and 10b show the surface current
distribution on it in the plane YOZ along the y� and
z�axes, respectively. Due to the symmetry of the figure,
the results in Fig. 7 and 10 are in a good agreement
with one another. The same is true for Figs. 8 and 9.

Figures 11a and 12a also show a screen of a com�
plex geometrical form, and Figs. 11b and 12b show the
surface current distribution on it in the plane XOY
along the x� and y�axes, respectively.

Figures 13a and 14a also show a screen of a com�
plex geometrical form, and Figs. 13b and 14b show the

surface current distribution on it in the plane YOZ
along the y� and z�axes, respectively.

In addition, the surface current distribution on a
screen of a complex geometric form was calculated
without regard for the corner elements. The results
obtained in this case differ from the results presented
above in the vicinity of the edge.

It should be noted that the results obtained for a
plane screen fully agree with the results presented in
[3, 4, 7]. In [8], the convergence of the Galerkin
method for the RWG basis functions was proven.

The current distribution on a non�planar screen
(on a corner) was described in [9].

From the results of computations, we see that the
normal components of the field vanish and the tan�
gential components have a singularity, which agrees
with theoretical results.

z

y

xO

(a) (b)

Fig. 7. (a) A cross�shaped screen and (b) surface current distribution on it in the plane XOY along the x�axis.
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(a) (b)

Fig. 8. (a) A cross�shaped screen and (b) surface current distribution on it in the plane XOY along the y�axis.
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Fig. 9. (a) A cross�shaped screen and (b) surface current distribution on it in the plane YOZ along the y�axis.
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Fig. 10. (a) A cross�shaped screen and (b) surface current distribution on it in the plane YOZ along the z�axis.
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Fig. 11. (a) A screen of complex form and (b) surface current distribution on it in the plane XOY along the x�axis.
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(a) (b)
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Fig. 12. (a) A screen of complex form and (b) surface current distribution on it in the plane XOY along the y�axis.
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Fig. 13. (a) A screen of complex form and (b) surface current distribution on it in the plane YOZ along the y�axis.
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Fig. 14. (a) A screen of complex form and (b) surface current distribution on it in the plane YOZ along the z�axis.
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The calculations were performed on the computer
cluster of the Penza State University.
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