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Abstract—To describe the viscosity of aqueous suspensions of carbon nanotubes, a structural (fractal) model
was used, which was previously used for polymer solutions. This model adequately interprets the dependence
of the suspension viscosity on the concentration of carbon nanotubes. When the percolation threshold for this
nanofiller is reached, a sharp increase in the viscosity of aqueous suspensions is observed. The model also
adequately reflects the dependence of viscosity on the geometry of carbon nanotubes. Knowledge of the
nanofiller structure, characterized by its fractal dimension, allows predicting the degree of reinforcement of
solid-phase polymer nanocomposites.
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INTRODUCTION

Carbon nanotubes (CNTs) have a specific highly
anisotropic structure, which determines their proper-
ties: a high aspect ratio and a relatively low modulus of
transversal elasticity [1]. Therefore, CNTs in various
states (solution, suspension, melt, solid phase) form
annular formations, which are a structural analog of
macromolecular coils of branched polymer chains [2].
In addition, it was experimentally [2] and theoretically
[3] demonstrated that these CNT formations are frac-
tal objects with dimension Df varying in a fairly wide
range: Df = 1–3. These circumstances make it possi-
ble to use well-developed methods of both classical [4]
and fractal [5] physical chemistry of polymer solutions
to describe the structure of CNTs in different states. For
example, the authors of [6] studied aqueous suspensions
of CNTs and found that the behavior of their viscosity is
correctly described within the framework of the well-
known Shultz–Blashke and Kuhn−Mark−Houwink
equations. However, for practical purposes, it is neces-
sary to predict the structure of CNTs when obtaining
films of polymer nanocomposites from solution, i.e.,
when the environment surrounding the CNT changes
from solvent to polymer, and further prediction of the
properties of solid-phase nanocomposites on this
basis. In this work, these problems are solved using the
methods of fractal physical chemistry [5] and
mechanics [7].

1. MATERIALS AND METHODS
In this work, we used the experimental data [6] for

aqueous suspensions of multiwalled carbon nanotubes
(MWCNTs) with two lengths (0.37 and 1.10 μm) and
a diameter of 10 ± 2 nm. Stable aqueous suspensions
of MWCNTs were formed by treating them with acid.
The viscosity of these suspensions as a function of the
MWCNT concentration in the range of 0.00005–
0.012 by volume was determined on a semiautomatic
Lauda Viscoboy 2 system using Ubbelohde Schott-
Geräte capillary viscometers at a test temperature of
302 K maintained with a water bath [6].

2. RESULTS AND DISCUSSIONS
The Schulz–Blaschke and Kuhn−Mark−Hou-

wink equations used by the authors of [6] do not con-
tain structural characteristics for macromolecular
coils of polymers and ring-shaped formations of
CNTs. Therefore, in this work, to describe the viscos-
ity of aqueous suspensions of CNTs ηCNT, we used the
following fractal relationship [5, 8]:

(1)

where c(α) is a constant depending on the swelling
coefficient α and is equal in the considered case to
0.049, MM is the molecular weight of CNTs, d is the
dimension of the Euclidean space in which the fractal
is considered (obviously, in our case, d = 3), Df is the
fractal dimension of the ring-shaped formation of
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Fig. 1. Dependences of viscosity of the CNT aqueous sus-
pension ηCNT on CNT volumetric content ϕn, calculated
according to the Eq. (1) (1, 2) and experimentally obtained
(3, 4) in double logarithmic coordinates for short (1, 3) and
long (2, 4) nanotubes and (5, 6) their percolation thresh-
old, respectively.
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CNTs, and m0 is the molecular weight of the CNT
“stiffness segment” (analog of the Kuhn segment for a
macromolecular coil).

Let us consider the methods for determining
parameters MM, Df, and m0 included in Eq. (1).
Molecular weight MM is determined as follows [9]:

(2)
where VCNT is the volume of CNTs determined from
geometric considerations; ρCNT is its density, which is
equal to 1500 kg/m3 [6]; and NA is Avogadro’s number.
MM is 5.4 × 104 g/mol for long CNTs, and 1.8 ×
104 g/mol for short ones.

The value of dimension Df is determined using the
equation [3]

(3)
where RCNT is the radius of the ring-shaped formations
of CNTs, which can be calculated using the following
ratio [3]:

(4)

where rCNT and LCNT are the radius and length of
CNTs, respectively, and ϕn is the volumetric content
of CNTs, which is given in [6] for the considered aque-
ous CNT suspensions.

A comparison of dependences ηCNT(ϕn) in double
logarithmic coordinates calculated according to the
proposed method and given in [6] is shown in Fig. 1.
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Their comparison showed good agreement of both
datasets for CNTs with two different lengths: 0.37 and
1.10 μm. It follows from the above graph that, at ϕn ≈
0.0015, a sharp increase in the viscosity of the aqueous
CNT suspension begins with an increase in their con-
tent. This transition can be associated with the
achievement of the ϕn value of CNT percolation
threshold ϕc, after which highly anisotropic nanotubes
form a continuous percolation framework. The easiest
way to estimate the value of ϕc is as follows [10]:

(5)

where DCNT is the outer diameter of the CNTs.
The obtained values of ϕc are shown in Fig. 1 with

vertical dashed lines and are in good agreement with
the onset of a sharp increase in the viscosity of the
CNT aqueous suspension.

The process of obtaining nanocomposite films
from solutions in organic solvents is characterized by
the evaporation of the latter, which leads to a change in
the environment surrounding the CNTs from solvent
molecules to macromolecular coils of the polymer
matrix. The degree of influence of such a change on
the structure of CNTs in a polymer matrix, character-
ized by dimension Df, can be estimated within the
framework of the model [11] by applying the following
equation:

(6)

where  and  are the fractal dimension of the
macromolecular coil of the polymer matrix, taken
equal to 1.80 [5], and the initial nanofiller (  =
1.0), respectively.

Estimates according to Eqs. (3) and (6) had
demonstrated that a change in the environment sur-
rounding CNTs from a low-molecular solvent (in this
case, water) to a high-molecular polymer matrix leads
to a significant increase in the fractal dimension of
their structure, which is especially pronounced at low
concentrations of CNTs (Fig. 2).

The estimate of the Df value, according to Eq. (3),
can be checked using formula (6) with the replacement
of the dimension by dimension of the low-molecular
solvent (water) , assuming the latter to be zero.
This means that H2O molecules are treated as point
objects. In Fig. 2, dependence Df(ϕn), calculated

under the condition  =  = 0, is shown by a
dashed line, and a fairly good correspondence between
them follows from comparison of curves 1 and 3: the
average discrepancy is ~10%. One of the reasons for
this discrepancy may be the assumption of the condi-
tion  = 0, although it is currently known that
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Fig. 2. Dependences of fractal dimension Df of CNTs on
their volumetric content ϕn calculated according to (1)
Eqs. (3) and (2) (6). Dashed line 3 shows calculation of the
hypothetical dependence Df(ϕn) according to Eq. (6) pro-

vided  = 0.
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Fig. 3. Dependences of degree of reinforcement En/Em on
volumetric content of nanofiller ϕn calculated according to
Eq. (7) (1) and obtained experimentally (2) [14] for
PVA/CNT nanocomposites.
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water molecules can form clusters with dimension
 > 0 [12].

Using the values of fractal dimension Df  of CNTs
in the polymer matrix determined according to Eq. (6),
one can predict the degree of reinforcement of poly-
mer/CNT film samples within the framework of the
fractal model of reinforcement of polymer nanocom-
posites, the main relation of which has the following
form [13]:

(7)

where En and Em are the elastic moduli of the nano-
composite and the matrix polymer, respectively (the
ratio En/Em is usually called the “degree of reinforce-
ment of the nanocomposite”).

The results of [14] for polyvinyl alcohol (PVA)/car-
bon nanotube (CNT) composites prepared from solu-
tions of these nanocomposites in deionized water were
used as experimental data to check the correctness of
prediction, according to the proposed technique.
These experimental results are closest to those
obtained in this work by the theoretical method.
Figure 3 shows a comparison of the experimentally
obtained for PVA/CNT nanocomposites and depen-
dences of degree of reinforcement En/Em on volumet-
ric nanofiller content ϕn calculated according to Eq. (7),
which showed their good agreement (the average dis-
crepancy between the theory and experiment is less
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than 7%). The indicated correspondence presupposes
the correctness of the theoretical analysis performed
in this work.

In conclusion, let us note different trends in the
viscosity of CNT aqueous suspensions and the degree
of reinforcement of polymer nanocomposites: if, after
the value of ϕn reaches CNT percolation threshold ϕc,
a sharp increase in the viscosity of the CNT suspen-
sion is observed (Fig. 1), then the degree of reinforce-
ment of nanocomposites slows down its increase
under the same conditions, tending to an asymptotic
value (Fig. 3).

CONCLUSIONS
Thus, the results of this work have demonstrated

that the proposed fractal model correctly describes the
experimentally obtained dependences of the viscosity
of an aqueous suspension of CNTs on their content. At
the same time, the specified model includes only geo-
metric and structural parameters of this type of nano-
filler. The environment surrounding nanotubes sig-
nificantly affects their structure. Achievement of the
percolation threshold by the nanofiller content deter-
mines a sharp increase in the viscosity of CNT aque-
ous slurry. The most important result is the ability to
predict the characteristics of the final nanocomposites
based on the structural parameters of aqueous suspen-
sions of nanofillers (CNTs).
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