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Abstract—The interaction of a 3D supersonic turbulent gas f low with a transverse sonic jet injected from the
wall has been studied in detail both numerically and experimentally. However, the main drawback of such
studies is the lack of detailed description of formation and propagation of vortex structures for moderate and
large parameters n (ratio of pressure in the jet to pressure in the f low). Analysis performed in this study is
aimed at revelation and detailed explanation of mechanisms of formation of vortices behind the injected sonic
jet in a supersonic oncoming f low depending on n for improving the effectiveness of mixing of the jet with the
flow. As initial equations, we have used 3D Favre-averaged Navier–Stokes equations closed by the k–ω
model of turbulence; these equations are solved using the algorithm based on the essentially nonoscillatory
scheme of the third approximation order. We have demonstrated the presence of the following vortex struc-
tures known from a number of theoretical publications: two oppositely rotating vortices in front of the jet, a
horseshoe vortex; and two pairs formed in the mixing zone between the jet and the f low (one in the wake
behind the jet and the other on the lateral line of the jet). We have determined the pressure ratios for which
extra pairs of vortices appear (one pair emerges at the Mach disk edge as a result of interaction of a retarded
flow of the jet behind the Mach disk with a high-velocity ascending f low behind the barrel and the other pair
is formed due to the interaction of the ascending jet f low with the incoming main gas f low). As a result of
comparative analysis, the pressure ratios for which a clear pattern of additional horn vortices is observed near
the wall in the region behind the jet, have been determined. The dependence of the slope of the bow shock
on the pressure ratio has been plotted. It is found that the pressure distribution at the wall in front of the jet
in the symmetry plane is in satisfactory agreement with experimental data.

DOI: 10.1134/S1063784219100049

INTRODUCTION
The flows of high-velocity jets in a transverse f low

ensure effective mixing of the fuel and the oxidizer,
which is critical for supersonic combustion. At pres-
ent, the mechanism of formation of the shock-wave
structure of jet interaction has been studied compre-
hensively in several experimental [1–5] and theoreti-
cal [6–14] works for moderate parameters n (ratio of
pressures in the jet and in the f low). The general pat-
tern of the f low can be represented schematically as
follows (f low diagram in Fig. 1a and on the symmetry
line in Fig. 1b): bow shock (1) emerging due to deceler-
ation of the incoming flow in front of the jet and (2, 3)
oblique and terminal shocks, respectively. The bow,
oblique, and terminal shocks intersecting at one point
form a λ-shaped structure. The Mach disk and the
barrel structure in the jet are denoted by letters D and
B, respectively. Lines 4 and 5 show two well-known

oppositely rotating vortices in front of the jet, which
appear due to a high-pressure gradient produced on
the wall in front of the injected jet and, as a conse-
quence, due to the separation of the boundary layer.
Figure 1c illustrates schematically the vortex structure
behind the jet, which is known to make a significant
contribution to mixing of fuel with an oxidizer. Here,
curve 6 represents the vortex trail and 8 is the well-known
oppositely rotating pair of vortices in the jet itself, which
is formed by the jet sag and convection of the transverse
flow; horseshoe vortex 7 is also indicated here.

However, the existence of extra pairs of vortices
behind the jet, which is also illustrated in Fig. 1c, was
revealed in [9] as a result of numerical simulation of a
flow with pressure ratio n = 282 and in calculations
[13] with pressure ratios from interval 10 ≤ n ≤ 50. In
this pattern, 9 and 10 are new vortex structures; pair of
vortices 9 appears due to the interaction of the jet pass-
1430
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Fig. 1. Flow diagram (explanation is given in the text).
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ing through the Mach disk with an ascending external
flow, while vortices 10 are generated due to the inter-
action of the f low with the barrel structure in the jet.

It should also be noted that the results obtained in
[10] for pressure ratios 5 ≤ n ≤ 2000 confirm the pres-
ence of familiar vortices and show additional pair of
(horn) vortices behind the injected jet straight at the
wall, where the boundary layer streamlines the jet
emerging in the subsonic as well as in supersonic
flows; however, no such vortices were revealed in [9,
13]. It is difficult to perform comparative analysis for
our results and the data from [10] because no quanti-
tative description was given in the latter publication
concerning the generation and propagation of vorti-
ces. This necessitates further investigation of vortex
structures in a wide range of pressure ratios.

This study is aimed at numerical and detailed com-
parative analysis of the mechanisms of vortex and
shock structure formation in a wide range of pressure
ratios and at obtaining generalized dependences of
characteristics of the f low for various pressure ratios.
For this purpose, we simulate the problem of injection
of sonic jets from circular holes drilled symmetrically
in the upper and lower channel walls perpendicularly
to the supersonic f low. For convenience of calcula-
tions, we consider the injection of the jet only from the
TECHNICAL PHYSICS  Vol. 64  No. 10  2019
lower wall. The f low diagram and qualitative pattern of
the vortex structure are shown schematically in Fig. 1.

1. FORMULATION OF THE PROBLEM

The initial system of equations is represented by the
3D Favre-averaged Navier–Stokes equations for a
compressible turbulent gas, which is written in the
Cartesian system of coordinates in conservative form:

(1)

components of vectors U, E, F, and G are defined as
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while components , , and  are connected by
viscous stresses

Stress tensors and heat f luxes are given by
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Here, μ = μl + μt, where μl is the molecular viscosity
(defined by the Sutherland law) and μt is the turbulent
viscosity.

The vector of supplementary terms has form

where

The constants assume the following values:

Here, k and ω are the kinetic energy of turbulence and
turbulent kinetic energy dissipation rate, and Pk is the
term describing the generation of turbulence; turbu-

lent viscosity is defined as μt =  [15].

The expressions for the pressure and temperature
have form

Here, t is time; u, w, and  are the f low velocity com-
ponents in the longitudinal and transverse directions;
ρ is the density; Et is the total energy; P is the pressure;
T is the temperature;  is the heat capacity at constant
volume; γ is the adiabatic exponent; and  is the
Mach number of the flow; subscripts “0” and “∞”
will mark the jet and flow parameters.

Initial system (1) is written in dimensionless form.
Key parameters are dimensional parameters , ,
and  at the input; the pressure and total energy are
normalized by quantity ; the characteristic length
is diameter  of the circular hole for the jet injection;
Pr is the Prandtl number, and Re =  is the
Reynolds number, where  is the channel length,
which is the key size for Re.

The boundary and initial conditions have the fol-
lowing form: at the inlet, as well as initial data, the
parameters of the f low
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The initial data for parameters k and ω were deter-
mined using the Baldwin–Lomax algebraic turbu-
lence model from the known averaged physical
parameters of the input f low and were described in
detail in [13].

Near the wall, the boundary layer is specified with
a thickness defined by formula δ1 = 0.37x(Re)–0.2. The
near-wall layer (10% of the boundary layer, δ2 = 0.1δ1)
is also specified. The longitudinal component of
velocity u, as well as temperature and densities, are
approximated in accordance with [13]: on the jet,

Here, n = P0/  is the pressure ratio.
At the upper boundary, the symmetry condition is

specified:

At lateral boundaries, we have

where Hx = /  is the length, Hz is the height, Hy is the
width of the dimensionless computation domain, and
R = 0.5 is the circular hole radius; at the outlet bound-
ary, the nonreflection condition is specified [16].

2. METHOD OF SOLUTION
In [17, 18], the essentially nonoscillatory (ENO)

scheme based on the Godunov method was described
and its applicability to solving the problem of super-
sonic multicomponent gas f low in a plane channel
with injection of transverse jets was demonstrated. The
algorithm developed in [17, 18] was generalized in [13]
to the 3D case, and the possibility of reliable calcula-
tions of complex supersonic 3D flows was demon-
strated. In this algorithm, the grid concentration is
preliminarily introduced in the boundary layer near
the wall at the jet level for more exact analysis of the
flow using the following transformations:

(2)

In this case, system of equations (1) in generalized
coordinates can be written in form
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where

is the Jacobian of the transformation, and  and 
are the diffusion terms containing mixed and second
derivatives.

In accordance with the principle of constructing
the ENO scheme, the initial system of equations is for-
mally represented as

(4)

Here,

are the Jacobi matrices,

Em = , Fm = , and Gm =
 are modified fluxes at nodal points (i, j, k),

which consist of initial convective vectors ( , , )
and additional higher-order terms (Eξ, Dξ, Eη, Dη, Eζ,
and Dζ), which are described in detail in [17, 18].

After factorization of the one-step finite-difference
scheme for integration of Eq. (4) with respect to time,
we obtain the following equality:
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(5)

where Aξ = ξxA, Bη = ηzB, and Qζ = ζyQ, and  =
I, I being the identity matrix, and

The derivatives in the convective terms, terms con-
taining additional high-order vectors, as well as terms
containing the second and mixed derivatives are
approximated in accordance with [17, 18]. System (5)
is solved using the splitting method in vector  by
matrix sweep.

3. ANALYSIS OF RESULTS
We analyze the supersonic f low with parameters

Pr = 0.72, Re = 1.87 × 106,  = 4, and  = 70.3 K
past an ideal gas sonic jet f low (M0 = 1) through a hole
of diameter  = 0.476 cm at  = 261 K with pressure
ratios in the interval 50 ≤ n ≤ 300 in a channel of length
27.69 cm, height of 11.43 cm, and width of 15.24 cm.
The dimensionless parameters of computation
domain were as follows: Hx = 58, Hy = 32, and Hz = 24,
where the distance from the input boundary to the
injected jet center is x0 = 16, y0 = 16. The height of the
boundary layer at the inlet was δ1 = 1.65, where 22–26
mesh points of the grid were used for this height. The
range of the pressure ratio considered here was 50 ≤ n ≤
300. Detailed analysis of the convergence of numerical
solution based on the proposed technique was per-
formed in [13] using as an example the solution of the
3D problem of the transverse injection of a sonic jet
with moderate pressure ratios. Accordingly, we chose
the grid of size 251 × 121 × 151.

Figures 2–6 demonstrate the results of numerical
simulation with pressure ratio n = 300. The velocity
vector field shown in Fig. 2a shows that two oppositely
rotating vortices 4 and 5 are formed in front of the jet
analogously to the case with moderate pressure ratios;
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these vortices appear as a result of detachment of the
incoming f low induced by the λ-shaped system of
shocks. These vortices are clearly seen in Fig. 2b show-
ing the projection of the f low lines onto the plane nor-
mal to the y axis in the symmetry plane (y = 16).
Figure 2c shows the isobars for the λ-shaped system of
shock waves (bow, oblique, and terminal shocks).

Figure 2a also shows the dependence of pressure
coefficient Cp at the wall (solid curve), which indicates
that as we approach the injection region, the pressure
increases, and then its growth slows down so that a
small plateau is formed (region I). Further, it can be
seen that pressure decreases (region II), and the veloc-
ity vector field indicates that pressure region II corre-
sponds to the core of horseshoe vortex 4, and its min-
imal value corresponds to the center of rotation. The
region of pressure drop is followed by a sharp increase
in the pressure coefficient (region III), where it
reaches its maximal value (region IV). Numerical cal-
culations show that the pressure maximum is the zone
of separation of rotating vortices 4 and 5 (see Fig. 2a).
The correspondence of the pressure peak to the vortex
separation zone can be explained by the fact that the
air f low passing through the regions of the λ-shaped
system of shocks (in particular, the terminal shock)
behind which the pressure attains the highest value
turns downwards to the wall and penetrates the region
of the separated flow, and then spreads in opposite
directions with the formation of two vortices, vortex 4
moving clockwise and vortex 5, counterclockwise. The
isobar distribution curves (see Fig. 2b) show that the
pressure peak lies behind the lower part of the terminal
shock (pressure equals 1.5). Figure 2d demonstrates
the distribution of vorticity ω = |curl(u)| in which the
barrel-shaped structure formed during the injection of
the underexpanded jet into the supersonic f low; high
values of vorticity can also be seen in the figure in the
presence of the aforementioned vortices.

The left part in Fig. 3a (velocity vector field and
pressure coefficient Cp in the xz plane, y = 18.41)
demonstrates the lateral spreading of vortices 4 and 5.
It can be seen that the two vortices are separated by the
maximal pressure on the Cp curve (region IV). It can
be seen that vortex 5 has a blurred structure (right part
of Fig. 3a shows the projections of the f low lines onto
the plane normal to the x axis) and that it is enhanced
by the upward f low. In all probability, the center of
rotation of vortex 5 is reoriented in this region.

With increasing distance from the symmetry line,
vortices 4 and 5 are substantially rearranged. Begin-
ning with section y = 18.74, only vortex 4 can be seen.
Then, its core splits into two cores (Fig. 3b, xz plane,
y = 20.97). As follows from the figure, the maximal
value of Cp does not correspond to the zone of separa-
tion of two vortices, which suggests the bifurcation of
vortex 4. The split vortex rapidly disintegrates (Fig. 3c,
xz plane, y = 22.98); in this region, there is only one
vortex. Further, beginning from section y = 24.25,
TECHNICAL PHYSICS  Vol. 64  No. 10  2019
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Fig. 2. (a) Velocity vector field and pressure coefficient Cp at the wall; (b) projections of flow lines onto the plane normal to the y axis;
(c) isobars; (d) vorticity for Re = 1.87 × 106, Pr = 0.72, n = 300, M0 = 1, and  = 4 in the symmetry plane (section y = 16).
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Fig. 3. (left) Velocity vector field and pressure coefficient Cp at the wall; (right) projections of f low lines onto the plane normal to
the y axis for Re = 1.87 × 106, Pr = 0.72, n = 300, M0 = 1, and  = 4 in the zx plane: (a) section y = 18.41; (b) y = 20.97, and
(c) y = 22.98.
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vortex structure 4 cannot be seen any longer; appar-
ently, reorientation of the center of rotation and its
alignment in the direction of the transverse f low also
occur in this region.

Figure 4a (yz plane, section x = 17) shows pair of
vortices 8 generated by vortex 5 as a result of lateral
f low [13]. The left part of the figure shows that vortic-
ity ω = |curl(u)| has high values in the region in which
vortex 8 is present. Computer experiments show that
in the case considered here, this pair of vortices pos-
sesses (like in the case of moderate values of n = 50 [13])
a high energy, which allows these vortices not only to
move downstream, but also to increase in size.
Numerical results show that the maximal sizes of the
lateral vortex are observed for x = 22.85. Analogously
to [13], we believe that the increase in size of these vor-
tices is apparently due to their localization in the wall
region, and the increase in the boundary layer thick-
ness also facilitates their growth. It follows from the
results of numerical calculations that beginning from
this section, the intensity of lateral vortices 8
decreases, and the barrel structure in the jet disap-
pears. Upon the downstream propagation of vortex 8,
its intensity in the transverse direction decreases, and it
is not observed in sections from x = 23.24 to x = 26.90.

Figure 4b (plane yz, x = 26.30) shows vortex pair 9
that is formed at the base of the Mach disk as a result
of interaction of the jet with the upward f low. In this
region, vortex trail 6 is observed near the wall in the
low-pressure region. The vorticity in the graph in the
region of vortices 9 and 6 is also high. The presence of
these vortex pairs and the mechanisms of their forma-
tion were studied in [13] for moderate pressure ratios
in the range 10 ≤ n ≤ 50 and in [9] for n = 282. There-
fore, the vortex structure described above is quite sta-
ble. The vorticity distribution indicates the presence of
horseshoe vortex 7 in the region of moderate values of
vorticity, which are localized in the near-wall region.

The pattern in which newly intensified vortex 8
rotates in pair with vortex 9 is shown in Fig. 4c in sec-
TECHNICAL PHYSICS  Vol. 64  No. 10  2019
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Fig. 4. (left) Velocity vector field and projections of flow lines onto the plane normal to the x axis and (right) vorticity for Re = 1.87 ×
106, Pr = 0.72, n = 300, M0 = 1, and  = 4 in the zy plane: (a) section x = 17; (b) 26.30; (c) 28.18, and (d) 42.32.
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tion x = 28.18. It should be noted that for pressure ratio
n = 282, the author of [9] obtained this structure with
two vortices in section x = 31, while in numerical cal-
TECHNICAL PHYSICS  Vol. 64  No. 10  2019
culations for the same pressure ratio, this value
appeared in section x = 26.90. The results coincide
qualitatively, while the quantitative discrepancy can be
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Fig. 5. Influence of the pressure ratio on the tilt of the bow
shock.
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explained by different formulations of the initial
boundary conditions for x and ω in the model of tur-
bulence. The same figure demonstrates an increase in
the size of vortex pair 6.

Further, beginning from section x = 30.05, vortex 9
is entrained by vortex 8. This follows from the fact that
the direction of rotation of the formed vortex coin-
cides with direction of rotation of vortex 8 and is pre-
served to the end of the computation domain.

Figure (zy plane, x = 42.32) confirms the presence
of vortex pair 10, which was detected numerically for
TECHNICAL PHYSICS  Vol. 64  No. 10  2019

he z axis and (right) vorticity for Re = 1.87 × 106, Pr = 0.72, n =
; (b) 0.2648; and (c) 0.5958.
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Fig. 7. Distribution of pressure coefficient Cp at the wall on
the symmetry axis for Re = 1.87 × 106, Pr = 0.72, n = 282,
M0 = 1, and  = 4: (solid curve) numerical results;
(symbols) experiment [9]; and (dashed curve) results
obtained in [9].
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the first time in [9] for n = 282 and also in [13] for
moderate pressure ratios (n = 50). It is known that this
vortex is formed as a result of interaction of the jet and the
high-speed incoming flow passing above the injected jet
and appears for pressure ratios exceeding 20.

The same figure demonstrates the emergence of
vortex 11 formed as a result of sticking of the jet to the
plate plane and described in detail in [13]; it follows
from the figure that the direction of its rotation coin-
cides with the direction of trail 6. Numerical experi-
ments show that vortices 11 and 6 subsequently merge
together, and only one vortex trail is observed down-
stream of the f low. The vorticity distribution pattern
shows that horseshoe vortex 7 is separated by a large
distance from the symmetry line in the range of mod-
erate values of pressure ratio.

It should be noted that the localization of vortex 10
over the height directly depends on the intensity of jet
injection and on the shock-wave structure. For exam-
ple, for moderate pressure ratios (see [13], n = 50), this
vortex is formed at a height from 4 to 5 units. In the
given case, the localization of its center turned out to
be at level of z = 8.7, while for n = 282, it was at height
z = 8.5. Since vortex 10 is between the jet being
injected and the bow shock, its height directly depends
on the tilt angle of the bow shock wave. Figure 5
demonstrates the effect of the pressure ratio on the
bow shock; the abscissa axis corresponds to pressure
ratio, while the ordinate axis corresponds to the tilt
angle of the bow shock calculated by formula

( )=ang arctan max .w
u
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It can be seen that the tilt angle of the bow shock
increases with the ratio of pressures in the jet and in
the f low. The tilt angle at small and moderate values of
pressure ratio increases sharply; however, beginning
with n = 150, the angle values remain almost
unchanged, and the height of localization of vortices
10 changes insignificantly; i.e., beginning with n =
150, the height of localization of these vortices almost
remains constant.

In Fig. 6a, in the xy plane (z = 0.1235), vortices 12
formed near the wall can clearly be seen in the region
behind the jet at a small distance from the hole (in sec-
tion x = 19.5). These vortices were described in [10]
and were called horn vortices. The physical mecha-
nism of their formation can be described as follows:
the jet f lowing directly from a hole interacts with the
external f low, which streamlines the jet, striving to
close on the symmetry line; this leads to twisting of
counterpropagating f lows in the form of two horn
structures. Numerical calculations show that this vor-
tex is also formed for pressure ratio n = 5, indicating
the stability of the given vortex system. Numerical cal-
culations show that in section z = 0.2648 (Fig. 6b),
vortices close on the symmetry line, and no horn
structures are seen even for z = 0.5958 (Fig. 6c).

In Fig. 7, the numerical results for pressure coeffi-
cient Cp at the wall in the symmetry plane are com-
pared with the results obtained in [9]. As can be seen,
numerical results are in satisfactory agreement with
experimental data. A slight discrepancy between the
calculated and experimental results in the range –4 <
x < –1 is apparently due to the use of the k–ω turbu-
lence model, which has probably affected the region of
joining of the injected jet with the main flow near the
wall, necessitating further modification of the model.
This is also confirmed in publication [14] devoted to
jet interaction. In this study, we analyzed the applica-
bility of various turbulence models, namely, the Spal-
art–Allmaras, k–ε, k–ω, and SST models for solving
analogous problems based on comparison of calcu-
lated and experimental data. It was shown that the use
of different models of turbulence leads to different
numerical results on the pressure distribution on the
wall in front of the injected jet. In particular, calcula-
tions based on the k–ω turbulence model lead to
underestimated results of numerical simulation as
compared to the experiment in the region close to the
injected jet also.

CONCLUSIONS
We have performed detailed comparative analysis

of formation mechanisms of vortex structures as a
result of interaction of the incoming flow with the
injected jet for moderate and large pressure ratios 50 ≤
n ≤ 300. It is found that beginning with n = 50, the
centers of rotation of vortices 4 and 5 are reoriented in
the direction of the transverse f low (as a result, their
visualization is difficult in sections transverse to the
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incoming f low) and horseshoe vortex 4 splits into two
independent vortex structures upon an increase in the
distance from the symmetry line. We have confirmed
the presence of horn vortices near the wall in the
region behind the jet in the range of pressure ratios
10 ≤ n ≤ 300, which are formed as a result of interac-
tion of the jet with the external f low leading to twisting
of counterpropagating f lows behind the jet in the form
of two horn structures. In constructing the generalized
dependence of the bow shock tilt angle on the pressure
ratio, we have demonstrated a moderately linear
increase in this angle for large pressure ratios.
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