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Abstract—A numerical experiment on the simulation of the two-phase flow formed during spraying of a lig-
uid by a nozzle has been described. The radial and axial velocity profiles of the droplets and gas in the free
spray and in the two-phase flow through a cylindrical apparatus have been calculated and represented taking
into account the early drag crisis of droplets and peculiarities of turbulent friction in the gas, which was
detected in previous experiments. The distinguishing feature of the numerical model of the two-phase flow
is that it employs the differential equations describing the nonstationary flow of a compressible gas as the ini-
tial equations. In transition to their difference analog, the familiar Lax—Wendorff algorithm has been used.
A comparison of the results of calculations based on this model with experimental data has demonstrated

their concordance.
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INTRODUCTION: PECULIARITIES
OF THE TWO-PHASE FLOW IN THE SPRAY

Spraying of a liquid in a gas, e.g., using atomizers,
is often used to intensify a number of technological
heat- and mass-transfer processes, such as the com-
bustion of liquid fuels, drying, graining of polymers,
and cleaning of air from dust and gas impurities. In
analyzing these processes, it is important to know the
hydrodynamic structure of the two-phase flow being
formed, which is known as the spray, and the forces of
interaction between droplets and the gas. Satisfactory
methods for designing spraying processes have not yet
been developed, which makes this study topical.

The simulation of the spray can be carried out
using one of two approaches, i.e., the interpenetrating
continuums method [1] or the turbulent jet theory [2].
In the former approach, both phases are considered to
be distributed continuously over the space with the
variable density averaged over a small volume and with
different velocities. In the latter approach, it is
assumed that the concentration of the dispersed phase
is relatively low, and the velocities of the phases are
approximately identical; however, the turbulence of
the gas-phase flow is taken into account. Each of these
approaches considered separately disregards some
important features of the spray hydrodynamics,
including the following factors.

It has been established experimentally that the gas
flow in the spray is a turbulent jet [3, 4]. This jet is
formed at the root of the spray due to the interaction
between phases and subsequently evolves as if autono-

mously from the droplet flow. This jet differs from the
one-phase flow in the structure and the type of turbu-
lent friction. In particular, dimensionless profiles of
the axial velocity of the gas turn out to be slightly dif-
ferent (more gently sloping) than in a one-phase jet. It
has been established that the velocities of the phases at
each point of the flow are different, and the gas pres-
sure differences on the order of 1—10 Pa exist along the
spray axis and radius.

In addition, the substantial peculiarity in the inter-
action between the phases (early drag crisis) has been
detected. This should be taken into account in calcu-
lating the spray and can be explained as follows.

In processes involving the spraying of a liquid,
droplets with average diameter d on the order of 104 m
are formed. With this size and a large difference in the
dynamic viscosities of the liquid in droplets and of the
gas flowing past them (by about 60 times in the case of
water and air), the deformation of droplets and the
internal flow of the liquid in them can be disregarded,
treating droplets as hard spheres.

The hydrodynamic drag force acting a droplet in a
gas flow can be calculated as

F=C,SpV?/2, (1)

which requires the knowledge of the relative velocity V'
of a droplet in the gas and the hydrodynamic drag
coefficient Cy. Here and below, S = d?/4 is the mid-
section area of a spherical droplet, p is the gas density,
and  is the dynamic viscosity of the gas.
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Fig. 1. Dependence of drag coefficient Cy of droplets at
distance z from the nozzle: (M) experimental results [3]
with water droplets on the spray axis under water pressure
P=5x 10° Pa at the sprayer; (@) same at points of the
spray boundaries; solid curve is an approximation of
experimental results on spray axis by formula (15); dashed
curve is calculated by formula (3) using experimental data
from [3] for velocities of gas and droplets and their sizes.

For a sphere in a laminar flow with small Reynolds
numbers Re = Vdp/L <« 1, the Stokes formula is valid
as follows:

C, =24/Re, 2)

while for a sphere and the transient range 2 < Re <
700, the Klyachko dependence holds, i.e.,

C, =24/Re+4/Re'”, (3)

which successfully approximates the experimental
data generalized by the Rayleigh curve in the given
range [5, 6].

It was shown in [3, 4] using experimental data (Fig. 1)
that the value of C, for droplets in a strongly turbulent
flow with Re = 100 is smaller by a factor of four to
seven compared to the well-known values determined
by formula (3). An analogous early drag crisis was also
observed for a solitary hard sphere in a gas jet flowing
through a confuser [7]. It should be noted that experi-
mental points shown in Fig. 1 for z > 0.15 m are close
to the values that correspond to Stokes formula (2).

As a reason explaining the early drag crisis for a
spherical particle, the hypothesis was put forth in [7]
concerning the effect of strong turbulence of the gas
flow, which could be intensified by the confuser still
further (as compared to a free jet) so that it became
sufficient for the emergence of an early crisis at a soli-
tary hard sphere. This hypothesis was confirmed by a
numerical experiment on a sphere in a free gas flow
(both laminar and strongly turbulent) [8]. The above
arguments lead to the conclusion that it is expedient to
use a combination of the two above-mentioned
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approaches (method of interpenetrating continuums
[1] and the theory of turbulent jets [2]) in mathemati-
cal and numerical simulation of a spray as a two-phase
flow, taking into account all its peculiarities to
describe the motion of both phases in a unified man-
ner. An analogous idea was used earlier in [4, 9], but to
a limited extent (on a domain of calculation with a
smaller number of points, 26 X 26, and only for a free
spray unbounded by the apparatus walls).

1. MATHEMATICAL MODEL
OF A FREE SPRAY

A turbulent flow of the gas phase in the cylindrical
system of coordinate can be described by the time-
dependent continuity equation

ap , Ipw,)  19(rpw,) _ “)
ot 07 p dr
and the equation of motion for the time-averaged axial
(w, = w/(r, z)) and radial (w, = w/(r, 7)) gas velocity
components as follows:

ow, ow, ow,
+w,—=+w,
ot 0z or )
pr or poz p
aw’+wzawr+w,%:—la—jp+ﬁ. (6)
dt 0z or por p

Analogous equations are used for the liquid phase
(subscript “1”):

do a(ouu,) N 19(raw,) _

0, 7

ot 0z rodr @

%+u1%+u,%=—ﬁ, ®
ot 0z or op,

oy, u, ou, u, ou, = —L. &)
ot 0z or op,

Here, p and P are the gas density and pressure, T is
the turbulent drag stress in the gas phase, £, and f; are
the volume densities of the interfacial interaction
forces, o is the relative volume of the liquid (porosity),
p; is the physical density of droplets, and «_ and u, are
the axial and radial velocity components of the liquid.

System of equations (4)—(9) is not closed since it
contains nine unknown functions, i.e., w,, w,, p, P, O,
u, u, f., and f.. The closure of the system can be per-
formed as follows.

First, we can assume that the gas flow in the

spray is adiabatic and use the equation of the Poisson
adiabat:

i

= const = &, (10)
pv ¥

Po
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which leads to the relations

v-1
dP=vLap = dp = ¢ [BJ dp, (11)
p

0
where c is the velocity of sound in the gas, Y is the adi-
abatic exponent, and subscript “0” marks the initial
values of the quantities.

Substituting the last term from (11) into expres-
sions (5) and (6), we can eliminate gas pressure P from
system of equations (4)—(9).

Second, based on experimental data, the following
expression was obtained in [4] for gas turbulent drag

stress T:
= —p i (aw"j2
207\ or ’
where Z= z + Z, is the axial coordinate measured from
the gas jet pole, z is the same measured from the
sprayer, Z, is the distance from the pole to the sprayer,
and { = const(P))"/2. For excess water pressure P,= 5 X

10° Pa at the sprayer, values of Z, = 390 mm and { =
11.9 were obtained.

It should be noted that representation (12) differs
from an analogous representation for a one-phase tur-
bulent gas jet in accordance with the new Prandtl
hypothesis as follows:

T= lz(a&jz =PV aWz
P or PV or’

where / is the mixing length. For a circular jet, the
kinematic turbulent viscosity v, = const is an empirical
constant [10]. It should be noted that, by substituting
expression (12) into Eq. (5), we can disregard the
dependence of p on 7 in the subsonic flow for simpli-
fying the latter equation.

Third, the drag exerted by the gas on an individual
droplet, which is usually expressed by formula (1),
where V= U — W is the relative velocity of the droplet
in the gas. Then we can write the following expression
for the components of the volume density of interfacial
interaction forces:

(12)

(13)

F,,op
— _ zr 1
fz,r - Fz,rn - ’
my

(14)

where 7 is the number density of droplets and m, is the
mass of an individual droplet.

As noted above, the values of drag coefficient C, for
droplets in the spray and its dependence on Reynolds
number Re = pdV/|L are anomalous [3, 4]. At the spray
root near the sprayer, the values of C,; approximately
correspond to the dependences well known from the
literature (e.g., Klyachko formula (3)) and sharply
decrease (by four to seven times) with increasing dis-
tance from the sprayer (see Fig. 1).

It can be seen from Fig. 1 that the decrease in C,
with increasing distance z from the sprayer along the
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spray axis is successfully approximated by the depen-
dence

C,4(0,z) = 0.45(z/0.1) . (15)

At the spray boundary r = ry;,,(z) = ztan@, which is
determined by the remotest (from the axis) trajectories
of droplets forming angle ¢ = 32.5°, which is half the
root angle of the spray, the values of Cy(ry,,, 2) are
obviously half (smaller by 1.8 times than) the value of
C4(0, z) on the spray axis; this will be taken into
account in further calculations in the expression

Cy(r,2) = C4(0,2)(0.45exp(—6r/F;n (2)) + 0.55). (16)

In numerical simulation of the spray, before repre-
senting the differential equations by their difference
analogs, it is expedient to pass to dimensionless vari-
ables, dividing the values of coordinates » and z by the
initial (minimal) radius r, of the spray in the computa-
tion domain; velocities w, u, V, and ¢, by initial velocity
u, of droplets (liquid jets); and p by density p, by the
stationary gas away from the spray, and # by ¢, = r,/u,.
In this case, the form of Egs. (4)—(9) does not change,
and the terms on the right-hand sides of the equations
acquire corresponding additional coefficients.

Passing from differential equations (4)—(9) to their
difference analogs using representations (1), (11)—
(16) on the rectangular spatial grid (i, ), asin [4, 9], we
used the explicit two-step Lax—Wendorff difference
scheme [11]. In this scheme, intermediate values of
dependent variables are determined for each temporal
layer at the first (auxiliary) step of calculation for r =
(n + 1/2)At using the Lax scheme with half-step Az/2.
The values of quantities on the previous layer are aver-
aged over four nearest nodes. At the second (main)
step of calculations with total time step At, the resul-
tant intermediate values of quantities are used in the
expressions approximating spatial derivatives, and new
values of variables are determined. Then, the cycle is
repeated.

The Lax—Wendorff scheme is found to be centered
in time [11]; for this reason, numerical effects of vis-
cosity and diffusion in it are much weaker then in the
one-step Lax scheme, which makes it possible to
obtain the velocity profiles for each phase, which are
closer to their true counterparts. To ensure the stability
of the difference scheme, it is necessary to satisfy the
Courant—Friedrichs—Lewy conditions [11], which
has the following form for identical spatial steps Az =
Ar of the grid:

At < Az .

\/2(c2 + wz2 +w))

The proposed model is advantageous because its
difference equations make it possible to calculate vari-
ables using a simple explicit scheme. One of difficul-
ties encountered in constructing the numerical model
is the specification of appropriate boundary condi-

A7)
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tions that preserve the stability of the difference
scheme. At the boundary nodes of the domain of cal-
culation, the difference scheme inevitably has a form
that differs from that at the inner points; in this
scheme, spatial derivatives can be approximated using
one-sided, rather than two-sided differences. In addi-
tion, one should bear in mind that radial velocities
w, = u, = 0 of the phases on the symmetry axis (for » =
iAr = 0); the derivatives of some variables with respect
to r can also vanish at these points.

At the upper (inlet) boundary of the domain of cal-
culations (j = 0), it is necessary (taking into account
experimental data) to specify the porosity profile, say,
of triangular form ou(r, zy) = 3(r,,/ry)*(1 — r/r), r, being
the radius of the outlet apertures of the sprayer.

At the upper boundary, the radial profiles of liquid
velocity components u(r, zy) and u/(r, z,) are also
specified. The former profile can be rectangular, trap-
ezoidal, or more complicated, but it is expedient to
specify the latter profile by the linear function of
radius, u,(r, zg) = u(r, 2y)r/Zy on account of the form of
the liquid flow from the sprayer nozzle. Instead of the
experimental data, we can use the results of previous
calculations for the region closest to the sprayer.

In calculating the free spray on the lateral (exter-
nal) boundary, the gas density can be determined
using the Bernoulli equation

w4+ w]
P=Po I—T :

Co

(18)

To calculate the two-phase flow in the spray appa-
ratus, the conditions of vanishing of the gas velocity
components (w, = w, = 0) are specified at the lateral
boundary (wall of the cylindrical apparatus).

2. RESULTS OF CALCULATING
THE FREE SPRAY

The above-described algorithm was realized using
the Delphi program package to calculate the two-
phase flow in an axisymmetric spray produced by cen-
trifugal-spray injector with a nozzle diameter of 2 mm.
During code debugging, the difference form of the
boundary condition was varied, while in the numerical
experiment, we varied the form of dependences (12), (13)
for turbulent drag stress of the gas and the droplet drag
coefficient using formulas (2), (3), and (16), as well as
Cy;=0.17 and 0.1.

The unit of dimensionless spatial scale of the grid
was the spray radius at the upper boundary r, = z, tan@
of'the domain of calculations (¢ = 32.5° is half the root
angle of the spray); for the unit of the velocity scale,
the initial velocity u, = 0.75(2P,/p,)/? of liquid flow
from the sprayer nozzle was used. The calculations
were performed for water pressure P, = 5 X 10° Pa at
the sprayer; the measured droplet diameter was d =
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0.14 mm. In our calculations, the value of z, = 100 mm
was used.

The dimensionless grid pitch was defined as 4 =
Ar= Az =1/N, N = 16; the size of the spatial region
Was i, = max(ih, 7. — 2o = max(j)h. The size of the
rectangular grid was varied to max(/) = max(j) = 200
and ensured sufficient approximation of the difference
scheme.

It has been established that the (quasi-)stationary
state of the flow we are interested in the present prob-
lem was attained as a result of evolution of the time-
dependent solution over the grid time, which is
approximately 15—20 times longer than the character-
istic time %, = (2 — Z0)/Uo, Over which the droplets
crossed the domain of calculations from the upper to
lower boundary disregarding their deceleration in
the gas.

Figures 2—4 show the results of calculations of a
free axisymmetric spray based on the proposed model.
Figure 2 shows the results of the calculation and exper-
imental data [3] for the velocities of phases at the spray
axis for the values of C, calculated using formulas (16)
and (3). In the former case, the agreement between the
calculation and experiment is obvious. In the latter
case, droplets are decelerated, and the gas is acceler-
ated more intensely than in the experiment. Figure 3
shows the axial velocity profiles for the gas in the spray
at distances z = 100, 150, 300, and 500 mm from the
nozzle. Symbols show experimental results from [3],
and the curves are obtained as a result of calculations.
Figure 4 shows analogous profiles for droplets at dis-
tances z = 100, 300, and 700 mm from the sprayer. The
curve forj = 0 and z = 100 mm describes the depen-
dence that approximates the experimental data [3].
Figures 2—4 demonstrate satisfactory agreement
between the results of calculations of a free spray tak-
ing into account droplet drag crisis and experiments
for a considerable length of the spray region of 100—
700 mm from the nozzle.

3. CALCULATION OF THE TWO-PHASE FLOW
IN A SPRAYING APPARATUS

Among the spraying systems used in chemical tech-
nologies, two types can be distinguished, i.e., injectors
and ejectors [12]. Both of these contain cylindrical
chambers for phase mixing that is coaxial with the
sprayer and a separator tank for their separation. The
difference between these systems is that the gas flow
rate in the injector is limited by the valve at the appa-
ratus outlet, while the valve in the ejector is installed at
the inlet.

The presence of the cylindrical chamber limits the
two-phase flow in radius and height. The inner surface
of its wall is the lateral boundary i = » in the computa-
tion domain, on which both gas velocity components
vanish: wz(i, j) = uz(i, j) = 0. Droplets freely precipi-
tate on the wall. The height of the mixing chamber H
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Fig. 2. Variations in velocities of droplets (#z) and gas (wz)
on spray axis; curves are calculated taking into account
drag crisis by formula (16); uzl and wz1 curves are calcu-
lated using formula (3); j = —25 is position of the outlet
aperture of the nozzle.
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Fig. 4. Radial profiles of axial velocity of droplets at differ-
ent distances z = (100 + 4/) mm from the nozzle; curves are
calculation results, symbols represent experimental data.

is connected with the position of the lower boundary
J = nz of the computation domain by the relation H =
(100 + 4nz) mm.

In calculations, the gas pressure drop Pbetween the
lower and upper cross sections of the mixing chamber
(computation domain boundaries) was specified. The
volume gas flow rate Q in the apparatus was deter-
mined from the calculated values of the gas axial
velocity. The variants of designing of the apparatus
differed in the gas pressure drop P and diameter D,pp
of the mixing chamber of the apparatus.

The results of calculations were used to determine
the P(Q) dependence known as the hydraulic charac-

Fig. 3. Radial profiles of the axial velocity of the gas at dif-
ferent distances z = (100 + 4j) mm from the nozzle; curves
are calculation results, symbols represent experimental
data.

uzli, j1, wzli, j]
1.0k

0.8
0.6
0.4F"

0.2

Fig. 5. Calculated axial velocity profiles for droplets (top)
and gas (bottom) at different distances z = (100 + 4j) mm
from nozzle in spraying apparatus of diameter Dapp =
140 mm and height 4 = 800 mm.

teristic of the apparatus, maximal values P, and Q,,,
their dependence on D,pp, as well as the dependence

eff(Q) = PO/(PQ)) 19)

of'the hydraulic efficiency of the apparatus on gas flow
rate (P, and Q, are the pressure drop and the flow rate
of the liquid at the sprayer. In calculations, the follow-
ing experimental data for these quantities were used:
P,=5 x 10° Pa and Q, = 0.745 X 10~* m?). These
results are represented in Figs. 5—9.

Figure 5 shows the axial velocity profiles for drop-
lets and gas in the apparatus for various distances z
from the nozzle; Fig. 6 shows the profiles of the radial
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Fig. 6. Calculated radial velocity profile for the gas at dis-
tances z = (100 + 4/) mm from the nozzle in the apparatus
of diameter Dppp = 140 mm and height H = 800 mm.

gas velocity in different radial cross sections of the
same apparatus for the same gas pressure drop in it
(P = 14 Pa). The negative values of the wz and wr pro-
jections of the gas velocity onto the coordinate axes
near the apparatus wall (i = 35) indicate the reverse
vortex flow of the gas near the upper (j = 0) inlet cross
section of the apparatus.

Figure 7 shows the calculated dependences of the
maximal values of the pressure drop P, in the appara-
tus and volume gas flow rate Q,, on the apparatus
diameter D,pp. It can be seen that, upon an apprecia-
ble increase in the apparatus cross-sectional area (by
four times), the maximal gas pressure drop P,, across
it changes insignificantly (by 7%). At the same time,
the maximal gas flow rate Q,, in the apparatus changes
significantly (by six times), approximately following
the power law Q,, = 0.08(10D,pp)>¢ if Q,, is measured
in cubic meters and D,pp in meters.

Figure 8 shows the calculated dependences of the
relative pressure drop p = P/P,, of the gas in the appa-
ratus on the relative volume flow rate ¢ = Q/Q,, of the
gas through the apparatus. Figure 9 shows the calcu-
lated dependences of the relative hydraulic efficiency
e = eff/eff,, of the apparatus on the relative volume
flow rate g of the gas through the apparatus. For refer-
ence, it should be noted that eff,, = 0.055 for Dppp =
140 mm and eff,, = 0.083 for D,pp = 160 mm.

It is interesting to note that the p(g) and e(q)
dependences obtained in [12] from simple theoretical
premises, which have the simple form

p=1-¢°, (20)
e=3"/2q(1-¢% Q1)
TECHNICAL PHYSICS Vol.62 No.7 2017
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Fig. 7. Calculated dependences of maximal values of (H)
pressure drop P, of the gas in the apparatus and (@) vol-
ume flow rate Q,, of gas on apparatus diameter D pp.

and coincide with the experimental results obtained
on spraying apparatuses, were also found to be in con-
formity with the results of calculations based on a
more rigorous model of the spray described above.
This is obvious from Figs. 8 and 9.

Formula (21) implies that the maximal hydraulic
efficiency eff,, of the sprayer is attained for optimal gas
flow rate Q,,,, which satisfies the condition

= Qyp/Om =372 (22)

qopt

0 0.2 0.4 0.6 0.8 1.0

Fig. 8. Calculated dependences of relative pressure drop
p = P/P,, of gas in apparatus on relative volume flow rate
q = 0/ 0y, of gas through apparatus for both diameters D pp:
(M) 140 and (@) 160 mm; P, and Q,, are the maximal val-
ues of Pand Q. Curve is calculated dependence p =1 — g°.



1012

0.6 ]

0.2r

0 0.2 0.4 0.6 0.8 1.0
q

Fig. 9. Calculated dependences of relative efficiency e =
eft/eff,,, of apparatus on relative volume flow rate g of gas
through apparatus for both diameters Djpp: (H) 140 and

(@) 160 mm. Curve describes dependence e = 3% 2/ 2q(1 — qz).

CONCLUSIONS

In this study, the model of the spray produced by a
nozzle, which was proposed earlier in [4, 9], has been
developed. A comparison of the results of calculations
of the two-phase flow based on this model with the
experimental data leads to the conclusion that the
numerical model described here makes it possible to
analyze the turbulent two-phase flow with an admissi-
ble degree of accuracy.

The distinguishing features and advantages of this
model are that it is applicable to a compressible con-
tinuous dispersion medium, as well as for an almost
incompressible flow; it can be used to calculate non-
stationary flows, as well as (quasi-)stationary states.
The latter are obtained from the former states as a
result of evolution. The difference equations of the
given model make it possible to calculate all variables
using a simple explicit scheme.

As compared to earlier publications of the author
[4, 9], new results have been obtained in this study. In
particular, the free spray with a height of up to 1 m was
calculated in one run and not only in several runs on
sequential regions of a smaller height. The results of
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new calculations for the velocities of the phases are in
good agreement with experiment.

In addition to the free spray, we have calculated the
two-phase gas—droplets flow in a cylindrical spraying
apparatus. The dependences of maximal values of gas
volume flow rate Q,,, and pressure drop P, in the appa-
ratus on its diameter have been established, and the
form of the dependences of hydraulic characteristic
P(Q) of the apparatus and its hydraulic efficiency
eff(Q) on gas flow rate Q in the apparatus have been
calculated. It has been shown that the peak of the
hydraulic efficiency is attained under condition (22).

Taking into account the analogy between interfa-
cial transfer of momentum, mass, and heat in a turbu-
lent two-phase flow [13, 14], we can propose that the
maximal efficiency of the heat and mass transfer in the
spraying apparatus is attained under the same condi-
tion (22).
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