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Abstract—The equilibrium distributions of the misfit dislocation density ρ(z) and elastic stresses ε(z) are cal-
culated along the direction of the epitaxial growth of the metamorphic InAlAs/GaAs(001) layer with higher
In content (to 87 mol %) and various profiles of varying the composition: step, linear, and root. The calcula-
tions are performed using the method based on iteration searching for the minimum total energy of the sys-
tem. It is shown that the largest differences between various constructions of the buffer layer are observed in
the character of distributions ρ(z), rather than ε(z). Unlike the traditional constructions with a step and linear
gradients of the composition, which are characterized by a quite homogeneous distribution of misfit disloca-
tions, in a buffer layer with a root composition gradient, the main part of such dislocations is concentrated in
the lower part of the layer near the heteroboundary with a GaAs substrate, and their density sharply decreases
by more than one order of value along the layer thickness, achieving the value minimum for all abovemen-
tioned constructions. In spite of the fact that the important effect of interacting the dislocations to each other
is not taken into account in this work, the calculations enable us to establish the main peculiarities of the dis-
tributions ρ(z) and ε(z) in various metamorphic buffer InAlAs layers, which were observed experimentally
before. Thus, this approach can be effectively used when designing optimal constructions of the device met-
amorphic heterostructures.

Keywords: misfit dislocations, elastic stresses, metamorphic heterostructures, InAlAs/GaAs, large lattice
misfit
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1. INTRODUCTION
The use of semiconductor heterostructures based

on Inx(Al, Ga)1 – xAs solid solutions with high In con-
tent (x ≥ 0.7) enables one to design high-efficient
devices of modern electronics including high electron
mobility transistors [1], heterojunction bipolar tran-
sistors [2], and also semiconductor light-emitting
diodes and mid-infrared lasers radiating in a middle
IR range (2–5 μm) [3, 4]. It is interesting to realize
similar structures on GaAs substrates that are charac-
terized by high manufacturability and low cost as com-
pared to those of InSb and GaSb substrates used com-
monly. However, a large lattice misfit of GaAs sub-
strate (as) and the active region (a) Δa/a > 5% leads to
the formation of a high misfit dislocation (MD) den-
sity and also threading dislocation (TD) density that
adversely affect the output parameters of the struc-
tures.

One of effective approach for solving this problem
is the use of a metamorphic buffer layer (MBL) that is
a layer of the solid solution with variable composition,
in which the lattice parameter is gradually changed
from as up to required value during the layer growth.

Commonly, MBLs with a step or linear profiles of
changing the composition are used [5], and this fact is
related to a simplicity of realizing such MBL as meta-
morphic structures are grown by the molecular-beam
epitaxy (MBE) and the possibility of using the com-
plex theory of relaxation of elastic stresses developed
in [6, 7] for estimating and controlling the density of
dislocations and residual elastic mechanical stresses
forming in the structure. The absence of similar theory
for nonlinear MBL, along with the complexities of the
technical realization of a nonlinear profile of changing
the composition, retards their active application in
metamorphic structures, although it was shown that
the use of InxAl1 – xAs MBL with a nonlinear compo-
sition gradient and the maximum In content in it
xmax > 0.5, instead of a linear or step MBL, enables one
to obtain the TD density lower by an order of value
(~107 cm–2) and also to increase the thickness of so
called dislocation-free region (dfree) [8, 9]. To under-
stand the processes of the relaxation of elastic stresses
and the distribution of MD in MBL with a nonlinear
profile of changing the composition, the numerical
approach can be quite efficient in spite of the absence
84
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Table 1. Parameters of materials studied in this work [11]

Material a, nm b, nm C11, GPa C12, GPa

GaAs 0.56534 0.400 118.4 53.7
AlAs 0.5611 0.400 120.2 57.0
InAs 0.60584 0.428 83.29 45.26
of the theory and small number of the published
experimental works [10].

This work is devoted to the modeling the profiles of
the distribution of the MD density and elastic stresses
along the direction of the epitaxial growth of the
InxAl1 – xAs (xmax = 0.75–0.87) MBL with a linear,
step, and root gradients of changing the composition
and also to the comparison of the modeling results to
the experimental data.

2. CALCULATION OF ELASTIC MECHANICAL 
STRESSES AND THE MISFIT 

DISLOCATION DENSITY IN MBL

In this work, the equilibrium profiles of the distri-
butions of the elastic stresses and the MD density in
the direction of the growth of the studied structures
with different types of MBL were calculated using the
numerical method described in [10]. This method (the
method of successive approximations) is based on the
iteration searching for the minimum total energy of
the system that includes the elastic energy (Eε) and the
MD energy (Ed). Further we briefly describe the algo-
rithm of searching for the minimum total energy of the
system with the removal of some unclearities of its pre-
sentation and also errors in writing the final formulas,
that we detected in [10].

MBL with summary thickness L is separated into N
sublayer each of which has its proper set of the param-
eters: sublayer thickness hi, lattice parameter ai and
elastic moduli Ckl (Table 1). Taking into account that
the calculation accuracy increases as the value of hi

decreases, the number of sublayers N was chosen so
that hi does not exceed 5 nm. The elastic stresses in a
layer are determined according to Eq. (1):

(1)

where fi = (as – ai)/ai is the lattice misfit of sublayer i

and substrate,  is the Burgers vector projection on
the axis coinciding with the growth direction, and ρi is
the MD density in sublayer i.

The elastic energy of the system per unit area is

(2)

where Yi = C11i + C12i – /C11i is the Young’s mod-
ulus in the [001] direction [12]. The formula for the
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calculation of the dislocation energy per unit area can
be written as follows:

(3)

where α is the angle between the Burgers vector and
dislocation line, Gi = (C11i –G12i)/2 and νi =
C12i/(C11i + C12i) are the rigidity modulus and the Pois-
son ratio, respectively [12]. As known, the most char-
acteristic MD in stressed semiconductor A3B5 hetero-
structures with the crystal lattice of the zinc blende
type are 60° dislocations [13, 14]. Thus, the value α =
60° was used in our calculations.

As the initial calculation date, we use the initial val-
ues and take, for simplicity, ρi = 0 in each sublayer; in
this case εi = fi, which corresponds to the complete
absence of the relaxation in the structure. Then, we
determine the first iteration value  for each sublayer
i, beginning from the first sublayer. To do this, we con-
sider three values of the “MD density” for a given layer
(i):  = ρi + Δρ,  = ρi, and  = ρi – Δρ and
for several neighboring layers (i + 1, i + 2, and so on).
For example, in the case of simultaneous consider-
ation of two layers (i and i + 1), the expressions for
three values of the “MD density” in the i + 1 layer will
have the form:  =  + Δρ,  = , and

=  – Δρ. Note that the components listed
above listed above can be both positive and negative.
In this case, the positive values correspond to the case
of elastic tensile stresses and the negative, to the com-
pression stresses. Then, according to Eqs. (1)–(3), we
calculate the total energy of the system Eε + Ed for var-
ious combinations of the values of the “MD density”
in the considered neighboring layers and we choose
the combination that corresponds to the minimum
value of Eε + Ed. The numbers of the combinations in
the case of simultaneous consideration of one, two,
and three layers are 3, 9, and 27, respectively. Because
the calculation using one layer leads to the appearance
of nonphysical oscillations in the calculated distribu-
tion of the MD density, and although the use of three
and more layers insignificantly increases the accuracy
of the calculations, but needs substantially larger labor
consumptions [10], we use in this work the simultane-
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Fig. 1. Calculated coordinate dependences of the MD
density along the growth direction obtained for
InxAl1 ‒ xAs MBL (L = 1435 nm, x = 0.05–0.87) with dif-
ferent profiles of the change in the composition: (1) step,
(2) linear, (3) piece–linear, and (4) root.
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ous consideration of two layers as the most optimal
variant.

After the determination of the combinations of cor-
rected values of the “MD density” for layers i and
i + 1, the first of them is the desired value , we repeat
the procedure described above for the following pair of
layers i + 1 and i + 2. In this case, the corrected value
of the “MD density” for layer i + 1 obtained during the
preceding step was chosen as the initial value for ρi + 1.
This procedure is repeated until the first iteration val-
ues will be obtained for all sublayers. It should be
noted that, as the start value of correction Δρ, we
choose the value exceeding the maximum possible
MD density in the structure under study, correspond-
ing to the case of the complete relaxation of elastic
stresses in it (in this case, 1012 cm–2).

At the next calculation step, correction Δρ
decreases by Δρstep (for example, by 10% from the ini-
tial value), and the process is repeated once again for
each sublayer, until desired values of , , and so on,
will be obtained for all sublayers. The calculation pro-
cess is stopped as the required accuracy Δρf (50 cm–2)
of determining the MD density is achieved.

3. RESULTS AND DISCUSSION
Using this numerical method, we calculated the

equilibrium distributions of the MD density and elas-
tic stresses along the direction of the epitaxial growth
for various constructions of InxAl1 – xAs both tradi-
tional most frequently used in the literature: with step,
linear and piece-linear gradients of the composition in
the direction of the MBL growth x(z) and for a nonlin-
ear MBL developed recently with root dependence
x(z) = xi + (xmax – xi)(z/L)0.5, where xi and xmax are the
In contents in the initial and final MBL regions. Fig-
ure 1 shows the distribution profiles of the MD density
along the depth ρ(z) for the listed MBL; in this case,
the layer thickness and also the range of changing the
solid solution composition were chosen to be the same
for all MBL constructions (L = 1435 nm, x = 0.05–
0.87). We considered the step MBL consisting of
12 equal portions, at the boundaries of which the In
content was changed by the same value. The piece-lin-
ear MBL consisted of two layers with a linear gradient
of the composition, whose value was decreased by a
factor of 1.5 at the transition from the lower layer to the
upper layer at x = 0.6, by analogy with [15]. In spite of
significant difference in the characters of these distri-
butions, the upper parts of each MBL constructions
contain regions in which ρ = 0 that corresponds to so
called dislocation-free region observed experimen-
tally.

As seen from Fig. 1, distribution ρ(z) for the step
MBL (curve 1) is the alternating of narrow peaks cor-
responding to the regions, in which a step change in
the composition accompanied by the formation of

ρ1
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i
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MD takes place, and the portions, in which there are
no MD completely; in this case, the latter portion
plays a part of the dfree region. It also should be noted
that the peak values of ρ in this type of MBL are
slightly changed in the structure thickness, and ρ
achieves value ρ0 ~ 4 × 1011 cm–2 in the upper part of
the MBL that is immediately adjacent to the dfree
region. In the case of MBL with a linear profile, the
changes in the MD composition are almost homoge-
neously distributed over the thickness (curve 2), and
their density slightly decreases as MBL grows, achiev-
ing a value of ρ0 ~ 2 × 1010 cm–2 in its upper part; this
value is more than one order of value lower than that
in the case of the step MBL. The analysis of the piece-
linear MBL gives the distribution of the MD density
(curve 3) close in character to the preliminary con-
struction, except for the step change in ρ in the point
of decreasing the composition gradient (x = 0.6, z =
845 nm) which allows us to reach an insignificant
decrease in ρ in the upper part of the piece-linear
MBL (ρ0 ~ 1.5 × 1010 cm–2) as compared to the linear
MBL. In the case of the root MBL, the profile of dis-
tribution ρ(z) significantly differs from the profiles of
other constructions of MBL, which is observed as a
nonlinear decrease in the MD density by more than an
order of value as the layer grows, and the density
achieves the value ρ0 ~ 9 × 109 cm–2 in the upper part
of MBL. As it is seen from Fig. 1, the distribution pro-
files ρ(z) for various constructions are strongly differ-
ent from each other not only in characters, but also in
the MD density values in the region immediately adja-
cent to the dfree portion; in this case, the minimum
value ρ0 is achieved in root MBL. This type of MBL is
characterized by the largest value dfree = 125 nm, while
the step, linear, and piece–linear MBLs have dfree =
115, 85, and 95 nm, respectively. It should be noted
SICS OF THE SOLID STATE  Vol. 63  No. 1  2021
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Fig. 2. Calculated coordinate dependences of the MD den-
sity along the growth direction obtained for InxAl1 – xAs
MBL (L = 1435 nm, x = 0.05–0.87) with different profiles
of the change in the composition: (1) step, (2) linear, (3)
piece–linear, and (4) root.
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Fig. 3. Calculated coordinate dependences of the MD den-
sity along the growth direction obtained for InxAl1 – xAs
MBL with one root profile of changing the composition at
various values of parameters xmax and L: (1) 0.75 and
1050 nm, (2) 0.83 and 1300 nm, and (3) 0.87 and 1435 nm.
The inset shows the profile of changing in the In content
along the layer thickness used in our calculations.
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that the found features of the MD density distribution
are also observed in the experiment. In [16], the
detailed TEM studies were performed for the cross
sections of the samples containing MBLs with the root
and piece–linear profiles of changing the composi-
tion; in that case, the layer thicknesses and the range
of varying the In content in the samples had the values
close to the parameters considered in this work. The
TEM data show that, in MBL with piece–linear pro-
files of changes in the composition, MD are actually
distributed quite homogeneously in the layer thick up
to the dfree region, while, in the case of a root MBL, the
value of ρ significantly decreases along the growth
direction. It should be also noted that the significant
increase in thickness dfree in the root MBL (290 nm)
observed experimentally as compared to that of the
piece–linear MBL (180 nm) [16] agrees quite well
with the data of our calculations that demonstrate the
corresponding increase in the value of dfree by a factor
of more than 30%.

Figure 2 shows the calculated profiles of the distri-
bution of elastic stresses along the depth ε(z) for MBL
with different types of the composition gradient. It
should be noted that dependences ε(z) are similar for
all types of MBL constructions considered in this
work, unlike dependences ρ(z) that are strongly differ-
ent from each other. The negative sign of ε demon-
strates that only compression stresses take place in all
these MBLs. In this case, the elastic stresses are quite
low and are slightly changed in the range (0.5 – 3) ×
10–4 almost in all layer thicknesses, except for the dfree
region. In the MD-free region, the elastic stresses
increase sharply; in the case of the step MBC, they are
constant to thickness dfree and equal to ~1.5 × 10–4; at
PHYSICS OF THE SOLID STATE  Vol. 63  No. 1  2021
the same time, in MBLs with linear and root profiles
of changing the composition, the elastic stresses lin-
early increase with the thickness, achieving values
~3.5 × 10–3, ~3.1 × 10–3, and ~2.5 × 10–3 in the near-
surface regions of linear, piece-linear, and root MBLs,
respectively. In spite of these differences, all the layers

are characterized by close values of integral .

Thus, there are no substantial differences between dif-
ferent MBL constructions from the point of view of
the compensation of residual stresses during subse-
quent growth of heterostructures on them.

The analysis shows that MBL with a root profile of
changing the composition is the best construction of
the buffer layer, in which the main MD density is con-
centrated in the lower part of MBL that is closer to the
GaAs substrate. Note that such configuration of MD
must lead to a decrease in the threading dislocation
density, which we observed experimentally before
[16].

Now we consider how the MD density distribution
will be changed in this MBL construction in the
dependence on the maximum In content and the layer
thickness. Figure 3 shows the profiles of the MD den-
sity distribution in depth ρ(z) obtained for the root
MBL with different xmax, assuming that, in all the
cases, the compositions are changed with thickness
x(z) by the same law (the inset in Fig. 3). As seen from
Fig. 3, the quite significant changes in the maximum
In content in the root MBL from 75% to 87% almost
do not influence the MD density distribution with
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Fig. 4. Calculated coordinate dependences of the MD
density along the growth direction obtained for the root
InxAl1 – xAs MBL (x = 0.05–0.87) of various thicknesses
(L = 500–1700 nm). The inset shows dependence ρ0(L).
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thickness and only insignificantly decrease ρ0 in the
upper part of the MBL from 1.1 × 1010 to 9 × 109 cm–2

and also increases the dfree region from 110  to 125 nm.
It should be noted that these changes in ρ0 and dfree are
caused rather not so much by a change in the compo-
sition as by a change in the MBL thickness. This fact
is confirmed by the calculations of dependence ρ(z)
for the root MBLs with different layer thicknesses but
a fixed range of the composition change; the calcula-
tion results are given in Fig. 4.

As indicated in Fig. 4, the MD density distribution
in the root MBL has inhomogeneous character at all,
even at relatively small thicknesses. In spite of the fact
that the MD density in the upper part of the MBL
immediately adjacent to the dfree region is nonlinearly
dependent on the layer thickness (dependence ρ0(L)
in the inset in Fig. 4), the value of ρ is not higher than
3 × 1010 cm–2 even at small L = 500 nm. Thus, we can
assume that the root MBL with a thickness halved as
compared to thicknesses (1000–1500 nm) commonly
used in traditional MBL constructions will not be
inferior to them in crystallographic perfection and the
threading dislocation density. This circumstance is
doubtlessly important for practical realization of
methamorphic heterostructures.

It should be noted that the simplified approach
used in this work for calculating the MD density and
residual stresses in MBL does not take into account
the effect of interaction of dislocations to each other.
This effect can substantially influence the distribution
of the MD and TD densities and their decrease. Nev-
ertheless, such calculations, as shown above, enable us
to correctly predict the features in the distributions of
the MD density and elastic stresses in different types of
PHY
MBL and can be efficiently used when designing
device methamorphic heterostructures.

4. CONCLUSIONS
We calculated the equilibrium distributions of the

MD density ρ(z) and elastic stresses ε(z) along the epi-
taxial growth direction for InxAl1 – xAs MBL with high
In contents (to 87 mol %) and different types of the
composition gradients: step, linear (piece-linear), and
root. These MBL constructions strongly differ to each
other in the character of distributions ρ(z), while
dependences ε(z) are similar and the differences are
observed only in the dfree region. In the root MBL,
dependence ρ(z) is rigidly nonlinear, unlike the tradi-
tional (step and linear) MBL with almost homoge-
neous MD distributions; in this case, the main part of
MD is concentrated in the lower MBL part near the
heteroboundary with a GaAs substrate. Note that we
observed the noted feature experimentally before. In
addition, it is found that the root MBL has the MD
density in the upper part of the layer up to ρ0 ~ 9 ×
109 cm–2 that is the lowest density among those of all
the constructions and the highest thickness of the dis-
location-free region dfree = 125 nm. It should be noted
that, although dependences ε(z) are different for vari-
ous MBLs in the dfree region, the integral values of
residual stresses in the dislocation-free regions for
them are almost the same demonstrating that there are
no substantial differences between different MBL
constructions from the point of view of the compensa-
tion of residual stresses during subsequent growth of
heterostructures on MBLs. The numerical method
used for the calculation in this work, does not take into
account the effect of interaction of dislocations to each
other that leads to a decrease in the absolute TD den-
sity. Nevertheless, this method enabled us to qualita-
tively reproduce all the features of the MD density in
different MBLs observed experimentally and to estab-
lish the characters of the distributions of elastic
stresses in them. Therefore, this approach can be effi-
ciently used when designing the optimal constructions
of apparatus metamorphic heterostructures of various
maximum compositions and required thickness.
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