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Abstract—The Green’s function method for hexagonal crystals within the Lifshitz—Rosenzweig (1947) and
Kroner (1953) approaches has been used to obtain analytical expressions for the energy of elastic interaction
of radiation-induced point defects with dislocation loops of three types: the basal edge dislocation loop (c-

loop), the basal shear dislocation loop, and the edge a-loop (bedding plane {1120}, Burgers vector b? =

1/3(1120)). In the case of the basal edge dislocation loop, a similar expression has been obtained inde-
pendently by solving the equilibrium equations using the Elliott method. A numerical comparison of the
derived expressions for zirconium has demonstrated a complete identity of the results obtained within the

approaches considered in this study.
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1. INTRODUCTION

One of the reasons for the evolution of the micro-
structure in a crystal under irradiation is associated
with diffusion fluxes of radiation-induced point
defects onto structural elements (pores, dislocations,
precipitates of new phases, etc.), which serve as sinks
for point defects. The diffusion fluxes themselves are
substantially dependent on the gradient of the energy
of elastic interaction (drift flow) of point defects with
the stress field induced by a sink. Dislocation loops, as
a rule, are the first observed extended elements of the
microstructure of the material under irradiation.
Therefore, the calculation of their elastic fields and the
corresponding energy of interaction with point defects
is a very important problem in the theory of radiation
materials science.

If we know the fictitious distribution of body forces

Ky . . . .
fi~, which, in an elastic medium, creates the same
stresses as a real source .5, then the energy of interac-

. . S
tion between two systems of internal stresses S(u®, U,

G}j) and T(u’, u,-JT. , G;), according to Eshelby [1], can
be represented as the integral of the following form:

En(S.T) = [ £ulav, (M

which is taken over the region containing only the
source of the system of stresses .S. Let this system be
determined by a point defect, which, in the theory of

elasticity, is described by the volume distribution of
dipole forces without a momentum,
filr—ry) = _Aijvjs(r -r), A;=A4; (2

and the system 7 be determined by a dislocation loop
(T= D). Then, we have

E®) ==[ £ =0ul (0)dr' = =4 @), (3)

and, in the case of a dilatation center, A; = P5
write

ji» WE can

E.(r)/ P = =Spu(r), 4)

where P is the power of the dilatation center; the frame
of reference in this case is related to the dislocation,
and r is the coordinate of the point of location of the
point defect. In fact, there are two methods for the cal-

culation of an elastic field of a dislocation loop u,.f .The
first method is to solve the equilibrium equations in
terms of displacements with the appropriate boundary
conditions. In the case of a hexagonal crystal (axial
symmetry), the calculation is performed using the
Hankel transform [2]. The second method is to use the
tensor Green’s function Gj; of the equilibrium equa-
tions of the elastic medium under consideration, which
makes it possible to calculate the displacements caused
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by a dislocation of any form in any anisotropic elastic
medium according to the classical formula [3, 4]:

G.(r—r'
bDJ‘ nll)mds

Jkim®m
0x;
Sp

The notation used in formula (5) is as follows: Cy,
is the tensor of the elastic moduli of the medium sim-

u(r) = (5)

ulating the crystal, b,f is the mth component of the

Burgers vector of the dislocation, n,D is the /th compo-
nent of the normal vector to an arbitrary surface .S,
lying on the dislocation line, r is the coordinate of the
point of observation, and r' is the coordinate of the
point on the surface §). In the literature, there are two
versions of the analytical calculation of the tensor
Green’s function, namely, within the Lifshitz—
Rosenzweig approach (1947) [5] and using the Kroner
method (1953) [6] with the correction for the coeffi-
cient [7]. The first approach is valid for any
unbounded elastic anisotropic medium. In particular,
the Lifshitz—Rosenzweig method, as applied to cubic
and hexagonal crystals, has been described in suffi-
cient detail in our previous studies [8, 9]. The second
method is applicable only to hexagonal crystals.

In order to be able to use all the appropriate analyt-
ical methods and to compare the obtained results, in
this study, we considered crystals of the hexagonal sys-
tem (the numerical comparison was performed for zir-
conium). The point defect was simulated by a dilata-
tion center. Therefore, for dislocation loops of differ-

ent types, we calculated only the quantity Spu,f (r)
according to formula (4). This paper is organized as
follows. In Sections 2 and 3, we considered basal
vacancy dislocation loops with a pure edge component
and a pure shear component of the Burgers vector.
Since the Burgers vector inclined to the basal plane
can always be decomposed into these components, the
analytical result can actually be obtained for any basal
dislocation loop. Despite the large differences in
appearance of the formulas obtained by different
methods, the numerical estimates for zirconium
demonstrated their complete identity. In Section 4, we
considered a more complex object, namely, a disloca-

tion loop lying in the {1120} plane. In particular, for
zirconium, it is the so-called a-loop with the Burgers

vector b = 1/3(1120). Here, only the tensor Green’s
function method works fairly well. In this case, again,
the numerical estimates obtained for zirconium both
within the Lifshitz—Rosenzweig and Kroner
approaches showed their complete identity. It should
be noted that, in connection with the interpretation of
experimentally observed contrasts of dislocation
loops, the problems of the calculation of their elastic
fields was repeatedly solved in the past (see, for exam-
ple, [10, 11]). However, usually, the results were pre-
sented in the form of fairly cumbersome formulas for
elastic stress components. In this study, we are inter-
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ested only in the quantity Spu;; (r) Consequently, all
the formulas presented in this paper are not only orig-
inal, but also, as turned out, are much simpler mathe-
matically.

2. ELASTIC FIELD OF A PRISMATIC
DISLOCATION LOOP LYING IN THE BASAL
PLANE OF THE HEXAGONAL CRYSTAL

Let us consider a circular vacancy dislocation loop
with a radius R, lying in the plane z = 0 (basal plane)
of the cylindrical coordinate system (r, @, z), the Burg-
ers vector of which is perpendicular to the plane of the
loop and has only the z-component (0, 0, 7). The
normal vector to the plane of the loop coincides with
the positive direction of the “z” axis, which is also the
symmetry axis of the crystal. Smce the problem is axi-
ally symmetric, there is no angular dependence, so
that u, = 0 and o,, = G,, = 0, and the stress state is
uniquely determined by the four components of the
stress tensor G,,, Ggg, O, and G,,, which in terms of the
displacements have the form

6, =C ai"‘clz r+C13%,
or oz

Jdu u
L+ C—~+Cp,
or r

du,
0z
eafirthos

du,
0z
z_C44( j

and satisfy the equilibrium equations

Cpp = Ch,
(6)

d0,, N d0,, LOr-0

9 0
ai‘ az r ’ (7)

J0,, +8(5zz L0y
b

or 0z r

where Cy;, C,, Cj3, Cs3, and Cyy = Css are six (mini-
mum number) necessary nonzero elastic moduli. An
example of this type of objects is provided by the so-
called c-loops with the Burgers vector b = 1/2[0001],
which are observed in zirconium under the electron
irradiation at the temperature 7' = 715 K. As was
shown by Elliott [12], the problem of the calculation of
the elastic field of a dislocation loop, which is deter-
mined by expressions (6) and (7), can be solved in
terms of two stress functions @, (o = 1, 2) that satisfy
the equations

2
(V +v %j Wr2) =

V2= 82 1 J
or? rar

(®)
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and the coefficients v, are the roots of the quadratic
equation

CuC, 1V2 + (C123 +2C4Ci5 — C33C v

9
+ C44C33 = O. ( )
In this case, we have
_0 _0
u, =— (@, +0,), u, =—k®d +k,P,),
or 0z (10)

_Cive = Cyy _v(Cis + C44)‘
Ci3+Cy Cy3

Substitution of expressions (10) into equalities (6)
gives the stress field of a dislocation loop in terms of

o
- C44V0c

the stress functions @, and the desired quantity Spu ,-f
takes the form

2
Spuy; = (ke —v (11)
a=1
By means of the Hankel transform G(§, z) = erCI)(r,
0

2Jo(Er)dr [2], equalities (8) can be reduced to the
ordinary differential equations of the form

d’ 2 _
(Va—2—§ jGa(éz)—O, (12)
dz
which have the trivial solution Gy (§, 7) = A,(§) %
exp(—Ez/\[vy) + By(E)exp(Ez/\[v,). Since all the

components of the displacements and stresses should
vanish at z — oo, we obtain B, = 0 and the coefficients
A, are determined from the boundary conditions of
the problem. In our case, these conditions can be writ-
ten as follows [13]:

u(r,0) = —%bD, 0<r<R,

u,(r,0) =0, 0,(r,00=0

The second condition in formulas (13) follows from
the pure edge nature of the dislocation loop. The sign
for the z-component of the displacements u, was cho-
sen positive for the interstitial dislocation loop and
negative for the vacancy loop. Using the Hankel inver-
sion theorem [2] and the expression for the function
G, (&, ), we obtain

(13)

r > R,

6,.(rz) (14)

Ay ©)exp(-Ez/\[v, )}!, (rE)dE.

= C44J.E.~ Z{(lj%)

And then, from the second boundary condition, we
have the relation

-y

A, =
©= k),
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Similarly, for the z-component of the displacements
u,, we obtain

u,/(r,z)

Aa@exp(—&z/ﬁ)}fooé)d& (

and in the dimensionless variables 7= ER and p = r/R,
according to the first boundary condition, we have two
integral equations

jz A(t/R)JO(rp)dt_f 1+k2 b 2R :

0<p<y,

j 22 At/ RV (tp)dt =0, p>1.
0

These equations are satisfied under the condition

2 1+k, b°R’
t"A,(t/R) = v, —*
0/ R) = v
As a result, the stress functions @, take the form

1+kbR
D,(r,2) = 2
(r,z) = \/7k k2

).

x j éL(gR)JO(ré)exp(—éz/ﬁ)d&,
0

1+k bR "R
= 1,/ 1
D,(r,z) = (1) &, 2

x j éJl@R)Jo(ré)exp(—&z/JvT)d&.
0

(16)

By substituting function (16) into formulas (10) and
(6), we obtain all the components of the elastic
stresses. We will not write out them in the explicit
form. This was done in [10]. Here, we are interested

only in the quantity Spu,.f .
(16), we have

Spu,f b |:1+k2 kl [Er z J

2Rk —k, v, "R Rv,
ky — Va g1 _b° [(L &)
Jv, O’ R Rf “4nR \R'R)

( , )=Ithm(%t)]l(t)exp(—tﬁ)dt,

0

From expressions (11) and

1+ k,

~k 17

where

1

n
m

>~
X [
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Thus, the problem of the calculation of the elastic
interaction energy of a dilatation center with the pris-
matic dislocation loop under consideration is solved.

Next, we consider the same problem, but within
the formalism of the tensor Green’s function (5):

Spuy (r)
2
=" [ @[ C3Y. Graaud = 1)+ CisG s (r 1) |, (18)
Sp o=l
2
G., = 9°Gy
ij,km — .
0x,0x,,

The first method, as applied to our problem, was
described in sufficient detail in the authors’ recent
paper [14]. Therefore, below the obtained results will
be presented in a concise manner. The Kroner method
was used in the work of Yoo [15] for the calculation of
the energy of interaction between two point defects
within the force dipole model, and his original method
of presentation is also relevant in our case. We intro-
duce the following notation:

Kl ZZGY(MXY’ KZ - G3333’ K3 ZG3(X(X3

v=1 o=1
Then, from expression (18), it follows that
Spul = b° 2 4
puy = i _[ dr[C3K, + C33K, + (C33+C13)K;51.(19)
S[)

According to Kroner, we can write

3 | x2z2_y2(vkr2+z2)
G”:Z 2 2]1/2 |:Ak r4 +Bk:|a

o vtz
ro=x"+y’,
3 2.2 2 2 2
1 Yz -x'(vyr'+2)
G :Z 2 21/2 Ay % + B |,
o lver” + 271 r

k:l (20)

27°]
G. =XV A, [vkr +
2= ; v+
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It turns out that all the functions K; (i = 1, 2, 3) in our

case can be written in a compact form as follows
(slightly different from that used in [15]):

2
T(1), T, =) AvoFu(13),

|_| o=1

1
K,=——
r

7

2 2
T, =Y DFy(1)), T =) CuvoFy(t3),
o=l1 o=1
215 — vy (1 - 13)
15+ vo (-1

where v, are the roots of the same quadratic equation
(9), and the coefficients appearing in expressions (21)
have the form

21

Fo(13) =

Ay =[(Ces = C1)(Cs3 = voCay) + (Cy + Cya)’V/ Ey,
Ces = (C11 —C1)/2,
Dy = (Cay = voCi1)(Cas = vCos)/ Eq, (22)
Co =(Ci3+ Cu)(Cyy —vCee)/ Eqs
E, = C,CyCe(vy — v3) (v, —vy),
E, = C,CyCoe(vy —v3)(vy — vy).

Here, 1, are the components of the unit vector T= (r —

2 = 1 is taken

into account. Thus, the problem is reduced to the inte-
gration of expression (19) (with due regard for formu-
las (21) and (22)) over the plane of the circular dislo-
cation loop (recall that 7' = 0, because the dislocation
loop lies in the basal plane of the crystal):

ar
5,Ir= r [’

Spuy; (r) = 23)

X [C3T1(T3) + C33Ty(T3) + <CB + Cy)Ty(13)].

This form of writing expression (23) was not chosen
randomly. The Lifshitz—Rosenzweig method gives the
analogous result in a similar form [14] in the same
variables

D 2
Spuy (r) = _Z_n I |rd g

D

{(1 ~31)0() + 203(1 - 1 ;’ Q} (24)

T3
0(13) = C13K(13) + C33W (13) + (Cy5 + C33)V (T3).

The functions K(‘cg), W(Té), and V(‘cg) are very cum-
bersome; therefore, they are given in the Appendix. It
is important that we have three versions of the solution
of the same problem. It is reasonable to compare
them. The numerical evaluations were performed for
zirconium. The experimental values of the elastic
moduli for zirconium according to [16] are as follows
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Fig. 1. Dependences of the functions IE(p, €) (solid line),

1X(p, ©) (dotted line), and 1™ R(p, {) (dashed line) accord-
ing to formulas (17), (23), and (24) on the relative distance
p = r/R in the plane { = 0.1 of the zirconium crystal.

(in Mbar): C,; = 1.554, C|, =0.672, C;3=0.646, C;; =
1.725, and Css = C,4 = 0.363. The results of the com-
parison are presented in Figs. 1 and 2 in the dimen-
sionless cylindrical coordinates p = r/R and { = z/R.

In this case, we have T2 = (¥/[r —rPand [r —r = p? +
{2 — 2pp'cos(¢ — @) + p'2. Because of the isotropy in
the basal plane, the result naturally does not depend
on the azimuthal angle @. Therefore, it was assumed to
be zero. Formulas (17), (23), and (24) are reduced to a

D
single form: Spuif = 4b—RI(p, ). Consequently, the
i

function /£(p, €) in Figs. 1 and 2 corresponds to for-
mula (17) (H.A. Elliott), the function I%(p, {)—to for-
mula (23) (Kréner), and the function /X ®(p, {)—to
formula (24) (Lifshitz—Rosenzweig). The figures
show the dependences of the functions /£, IX, and % R
on the relative distance p for two planes z = 0.1R and
z=0.5R. It can be seen from these figures that there is
a perfect agreement of all three versions of solving the
problem. In our previous study [14], the function
I R(p, {) was compared with the isotropic approxi-
mation. It was found that there was a difference, even
though small, but it was. Here, we did not find any dif-
ference. But, this is only a special case. The majority
of dislocation loops have the Burgers vector inclined
to the plane of the loop. Since the Burgers vector can
always be decomposed into the prismatic component
(perpendicular to the loop plane) and the shear com-
ponent (lying in the loop plane), it was appropriate to
consider the similar problem for the pure shear com-
ponent.
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Fig. 2. Dependences of the functions IE(p, €) (solid line),

1X(p, ©) (dotted line), and 1™ R(p, {) (dashed line) accord-
ing to formulas (17), (23), and (24) on the relative distance
p = r/R in the plane { = 0.5 of the zirconium crystal.

3. ELASTIC FIELD OF A SHEAR
DISLOCATION LOOP LYING IN THE BASAL
PLANE OF THE HEXAGONAL CRYSTAL

Since the axial symmetry of the problem in this
case is broken, the Hankel transform method is not
applicable. It remains now to use the Green’s function
method. Let the “x” axis of the basal plane “xy” be

directed along the shear component 4° of the Burgers
vector of the dislocation loop. Then, from formula (5),
we obtain the following equation for the components
of the displacement vector:

u (1) = b°Coy [ Gy (r = 1) + Gy =)l r, (25)
Sp
where the integration, as before, is performed over the
dislocation loop area. And again, we will continue to
% that is,

ij o

be interested only in the quantity Spu

Spu®)=b°Coy [ 1G a0 —F)+ Gy (0 =1, (26)
Sp
where the summation is performed over the index “i”

running from 1 to 3. After the necessary calculations,
according to Kroner, we obtain

b° 2, T5T
Spu(r)=2-C,, | d°r—3
14 ,() 4n 44I |r—r'|3
) 5o (27)
|33 Corm AuVa + (Do = Co ¥ Buva |
= [vVo(l = T3) + T3]
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Fig. 3. Dependences of the functions IK(p, g, ¢) (dotted

line) and 2 R(p, €, @) (solid line) according to formulas
(27) and (28) on the azimuthal angle @ in the plane { = 0.5

of the zirconium crystal for the relative distance p = 1.5.

where

B, =[(C4s = voC ) (C33 — v Cay)
+ v (Cis + C44)2]/Eou
and all other quantities are defined above (see formu-

las (22)) (T, = (x; — x;c) /Ir —r'|). A similar problem was
solved in [11] in connection with the interpretation of
experimentally observed contrasts of dislocation
loops. The results obtained in [11] are presented in the
form of formulas for elastic stress components. They
are very cumbersome and expressed in terms of the

integrals 7, (17). Our formula is quite different. It is
fairly compact and easily perceptible. Hence, we
believe that this formula is absolutely original.

A similar expression to the same variables, accord-
ing to Lifshitz and Rosenzweig, has the form

Spu (r)— c44 j P L LI

r—r | 28)
{3{‘11@3) Y(1)} + 212 s‘y +2(1 - 13)

T3 Ta

P(13) = V() +W(13), Y(@3) = K(T3) +V(13).

The functions K(‘cg), W(‘cg), and V(‘cg) are given in the
Appendix. In the dimensionless cylindrical coordi-
nates p = r/R and { = z/R, formulas (27) and (28) for
a circular dislocation loop, again, are reduced to the

form Spu,- = ﬁ I(p, &, ©). Then, we numerically
T
compare the corresponding expression (27) for the
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Fig. 4. Dependences of the functions IK(p, g, ¢) (dotted

line) and 2 R(p, €, @) (solid line) according to formulas
(27) and (28) on the azimuthal angle @ in the plane { = 0.5

of the zirconium crystal for the relative distance p = 0.5.

function /X according to Kroner and expression (28)
for the function /% R according to Lifshitz and Rosenz-
weig. The obtained results are presented in Figs. 3—5.
First, we should note the complete coincidence of the
results in both approaches, which indicates their
equivalence. But, in contrast to the case of a pure pris-
matic dislocation loop, here, there is a dependence on
the azimuthal angle @ in the basal plane of the hexag-
onal crystal. Figures 3 and 4 show such dependences

1.5

—_
(=)

0.5

Functions 7K /LR

_0 . 5 1 1 1
0 1 2 3 4 5
Relative distance »/R

Fig. 5. Dependences of the functions IK(p, g, ¢) (dotted

line) and 2 R(p, €, @) (solid line) according to formulas
(27) and (28) on the relative distance p = /R in the plane
€ = 0.5 of the zirconium crystal for two azimuthal angles
¢ =0and ¢ = 21/5.
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of the functions /X and /%> ®in the plane z = 0.5R of the
zirconium crystal for two values of : ¥ = 1.5R (outside
the dislocation loop) and » = 0.5R (inside the loop). It
can be seen that, in both cases, the interaction changes
the sign at angles ¢ = 1/2 and ¢ = 3rt/2. The dilatation
center is attracted in one half of the shear dislocation
loop and repelled in the other half. Figure 5 shows the
dependences of the functions /X and /™ ® in the plane
z = 0.5R of the zirconium crystal for two angles ¢ =0
and @ = 21/5 on the relative distance p = r/R. The
interaction has the same sign, because the azimuthal
angle lies in the range 0 < ¢ < 1t/2, and the interaction
itself decreases in absolute value to zero at ¢ = /2.
Thus, the question of the elastic interaction of a basal
dislocation loop in a hexagonal crystal with a dilata-
tion center can be considered as closed.

4. ELASTIC FIELD OF AN a-LOOP
IN ZIRCONIUM

The next object of our investigation is an a-loop in
zirconium with the Burgers vector b = 1/3(1120),

which lies in the {1120} plane. This form of disloca-
tion loops dominates under neutron irradiation. Such
dislocation loops, both vacancy-type and interstitial in
their nature, are perfect prismatic [17]. For a vacancy
a-loop, the direction of the Burgers vector coincides
with the direction of the normal to the plane of the
loop. Therefore, it is natural to choose the “x” axis of
the Cartesian coordrnate system in the same drrection.
Then, the displacement defined by expression (5) is
convenient to write in the form

4/ () = b” [ [C1Guq + CsGrysldr’
5o (29)
+ bD(Cll - Clz)_[ Gy, (r— l")dzr',

Sp

Spuy () = b” [ [C1Gias + CisGnsld’r’
S (30)
+ bD(Cll - Clz)I G — r')dz" "

Sp

The summation on the right—hand side of formula (30)
is performed over the index “o” running from 1 to 2
and over the index “i” running from 1 to 3. The con-
venience of this representatron is that the first term in
formula (30) coincides, up to coefficients, with
expression (18), for which the result has already been
known both according to Kroner (formula (23)) and
according to Lifshitz—Rosenzweig (formula (24)).
Therefore, we should calculate only the sum G, ;. The
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result of the calculations according to the Kroner
method is as follows:

pP 4
Spulf(r) = 3
4n SD|r —r

X [C1,T1(T3) + C3T5(T3) + (Cyy + C3)T4(T3)]

+—(C“ Cu)j L@, 6D
r|
[A, v +(C,— B,))v,]
T , — o o o
@) = Z v, (-1 + 12

w1 3’tlva ’
v (l—T3)+ 13

where all the functions and constants were defined
above by formulas (21) and (22). A similar result of the
calculations according to the Lifshitz—Rosenzweig
method is given by the expressions

b 4o

Spuy (r) = - ) oF
r—

(32)
- _(Cll Cu)_[ d’r' | 3T {3)/('53) + 2'52 Zj}

3

0(13) = (1 = 313)[C,Y (13) + C,3¥(13)] + 2151 - T3)
X ICY () + G = (€ = Y (@),
3
() = V(@) + W), Y1) = K1)+ V(T)).
The functions K(‘Cg), W(‘cg), and V(‘cg) are given in the
Appendix. Here, it should be kept in mind that the dis-
location loop lies in the “yz” plane; i.e., T, = x/[r — |
andt;=(z—2)/Ir—r. Therefore the drmensronless
cylindrical coordinates used for a visual comparison of
formulas (31) and (32) for a circular dislocation loop
are as follows: { =x/Rand p=r/R(P=y*+ 2,y =
rcos, z rsin(p, i.e., @ is still the azimuthal angle, but
in the “yz” plane of the loop). As was done above,
expressmns (31) and (32) are reduced to the standard

D
form Spu,f = 4€t_R[(p’ €, ¢). Then, we numerically

compare the corresponding expression (31) for the
function /X according to Kroner and expression (32)
for the function 7% ® according to Lifshitz and Rosenz-
weig. For zirconium, the obtained results are pre-
sented in Fig. 6 for the parameters { = 0.5 and p = 1.5
(the region outside the dislocation loop). And again,
as can be seen, there is a complete coincidence of the
results obtained within both approaches. In contrast to
the case of a basal prismatic dislocation loop, here, the
functions 7X and I™ ® have a weak dependence on the
Vol. 59

No. 5 2017



ANALYTICAL METHODS FOR THE CALCULATION 941

—0.20 | | T

022 A

K LR

~—0.24¢ .

Functions /
&
to
(@)}
T
|

—0.28 -

—0.30 ; ! !
0 1 2 3 4

Azimuth angle

Fig. 6. Dependences of the functions IK(p, g, ¢) (solid

line) and 2 R(p, C, ¢) (dotted line) according to formulas
(31) and (32) on the azimuthal angle ¢ for the a-loop in the
plane £ = 0.5 of the zirconium crystal for the relative dis-
tance p = 1.5.

azimuthal angle @, but the character of the interaction
(the sign of these functions) does not depend on the
angle ¢. For the relative distance p = 0.5 (the region
above the dislocation loop), as in the case of a basal
dislocation loop, the interaction changes the sign,
whereas the weak angular dependence of the functions
IX and ™ R is retained. We did not present here this
dependence in order to not overload the figures. It
turns out that the dependences of the functions /X and
1" R on the relative distance p for different values of {
almost completely coincide with the corresponding
dependence for the basal prismatic dislocation loop
(see Figs. 1, 2). And this is quite natural because of the
weak sensitivity of these functions to the angle .

5. RESULTS

Thus, this paper concludes a short series of publi-
cations [8, 9, 14] concerned with the method of the
calculation and with a particular application of the
tensor Green’s function within the approach proposed
by Lifshitz and Rosenzweig [5]. For cubic crystals, this
approach implies the expansion in the small anisot-
ropy parameter, and, according to [8, 18], the correc-
tions to [5] are quite significant. For hexagonal crys-
tals, there are two methods for the calculation of the
tensor Green’s function, namely, the Lifshitz—
Rosenzweig method [5, 9] and the Kroner method [6].
In both methods, the tensor Green’s function compo-
nents have a universal form, which is valid for any hex-
agonal crystal. However, their formulas are so differ-
ent in appearance that they can be compared with each
other only in terms of the results obtained in particular
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applications. In the literature, the Kroner method is
commonly cited in relation to the elastic interaction
between two point defects or between a point defect
and an infinitesimal dislocation loop. Therefore, the
main objective of this study was to compare the results
obtained using the two methods with specific exam-
ples of the elastic interaction of point defects with dis-
location loops of finite sizes in real hexagonal close-
packed metals.

We have considered three types of vacancy disloca-
tion loops: the basal prismatic dislocation loop with
n=(0,0,1),bP=(0, 0, b”); the basal shear dislocation
loop with n = (0, 0, 1), b? = (#°, 0, 0); and the pris-
matic a-loop in zirconium with n = (1, 0, 0), b? = (4?,
0, 0) (bedding plane {1120}, the Burgers vector bP? =
1/3(1120)). For each type of dislocation loops, the

analytical expressions for the quantity Spu,-f-) (r) (the
point defect was simulated by a dilatation center) were
obtained by the two methods using expressions (23),
(24), (27), (28), (31), and (32). In the case of a basal
prismatic dislocation loop, the similar expression was
obtained independently by solving the equilibrium
equations using the Elliott method [12] (formula (17)).
In order to compare the obtained results, we used the
circular shape of the dislocation loop. In the dimen-
sionless cylindrical coordinates, they are represented
D

in the form Spuif = ﬁ](p, €, ¢). The numerical cal-
culations of the curvgs 1(p, €, @) were carried out for
zirconium. The results of these calculations are pre-
sented in Figs. 1—6. The main conclusion is that all the
methods used in the calculations are completely
equivalent to each other. However, taking into account
the limited applicability of the Elliott method [12], the
calculation technique is actually the tensor Green’s
function method within the Lifshitz—Rosenzweig and
Kroner approaches.

A simplifying factor in the above-considered cases
of dislocation loops is that the normal vector to the
plane of the dislocation loop, as well as the dislocation
loop Burgers vector, has only one component in the
Cartesian coordinate system. In general, this is not the
case. And, the initial expressions (5) then become
much more complicated. However, the calculation
technique remains the same and does not lead to fun-
damental mathematical difficulties.

With the knowledge of the energy of elastic interac-
tion of a point defect with a dislocation loop, we can
calculate the diffusion fluxes of radiation-induced
point defects onto the loop [19, 20], as well as the pref-
erence (bias) factor for a specific type of point defects.
This factor is a very important characteristic of dislo-
cations, in terms of which proper explanations have
been found for many phenomena, such as swelling,
radiation creep, radiation hardening of structural
materials of nuclear reactors [21—24], and others.
Here, however, we should note the following. In all the
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relevant theories, the dislocation bias factor was calcu-
lated under the assumption of an elastically isotropic
crystal, when the energy of interaction of point defects
with a rectilinear dislocation or a loop is a harmonic
function. For a hexagonal crystal, this is not the case.
Such a conclusion follows, for example, from expres-
sion (17) for a basal prismatic dislocation loop. There-
fore, the corresponding diffusion problem [19, 20] is
complicated by the presence of the additional term,
and the authors’ conclusions regarding the depen-
dence of the bias factor on the dislocation loop radius,
the type of dislocation loop, and the ratio of the dila-
tation volumes of point defects can be changed. But,
this is already another problem.

APPENDIX
V(@) = (1= 3)B(@) + 200 - D) 02,
3
W) = F(d) - 20 - 1) 4L
daT;
K@) =-N@) - 224N
dT;

2dM
3 2
T3

—3UM(T) + 2131 -7

where the functions ®(13), F(13), N(t3), and M(13)
are related to the tensor Green’s function components
by the following expressions:

Gor =17 = — ()18, + F(TD)3s],
4mr —r'|
<I>(t§)z 2i a+b+2x+p
(21 +22) A(T3)
Fap=—2

- (z + Zz)A(Ti)

x((b+p>+(a+b—p)r§—“+2”j,
21

A 1
G, r-r)y=—
ax( ) 4mr — r'|

X [N (T3 — M(T3)T,Tgdp + P(T3)T,T:05.1,

. 2 2
Nah=—H _R©)
(21 + 2)bAT)  bP()b + p)(1 - T0)
2
My = — 2 S(t3)
(®) (21 + 22) (1 = T2)bA(TD)
P(13) + bT3

JoPab 4 pa-1)
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A(T3) = 2k + (1 - 15) — m(1 - 13)°],
B(ty) =2k +1(1-13), P(13)=b+p(l-13),
k =(a+2b)(+p),

m=(a+b-pyy—(+2p),
I'=(a+2b)yy+Q2b-x)(x+2p),

1
b= E(C” —C)=Ce, x=C;—-Cyy,

1
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