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Thermoelastic effect, a change in temperature
under adiabatic elastic deformation of solids, has been
known for a long time: it was discovered by Joule and
described by Kelvin in 1853 [1].

The temperature change ΔT under elastic defor�
mation of solids in the realistic range of applied stress
up to ~1–2 GPa is small: ΔT/T ~ 10–3–10–2. There�
fore, the thermoelastic effect is primarily of theoretical
interest. However, it can be noted that progress made
in the infrared phonon detection technology has led to
the development and fabrication of commercial sen�
sors for detection and analysis of elastic stresses in
technical objects via a change in temperature [2]; i.e.,
the thermoelastic effect has found practical applica�
tions.

We now turn to the description of the thermoelastic
effect.

Kelvin proposed the classical (which is natural for
those times) formula for the dependence of the tem�
perature of a solid on the applied uniaxial external
stress σ

where T and ΔT are the temperature and its change,
respectively; α is the linear coefficient of thermal
expansion (CTE); and C is the specific heat.

The presence of the CTE in the Kelvin formula
indicated that the nature of the thermoelastic effect is
associated with a nonlinearity of the atom–atom
interaction and, accordingly, with an anharmonicity
of the thermal oscillations of atoms.

In addition to such an important physical indica�
tion, the Kelvin formula raised questions on the con�
ditions and limits of its applicability to the description
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of thermoelasticity of objects with different structures
and in different temperature ranges.

The development of the thermodynamic descrip�
tion of the thermoelastic effect in the classical temper�
ature range can be found in [3–5]. A separate question
is the influence of the quantum character of the ther�
mal dynamics (which was unknown at the Kelvin
time) on the behavior of thermoelasticity, which is
typical of solids.

The simplest manifestations of the quantum char�
acter of the thermal dynamics are changes in the spe�
cific heat and CTE with variations in the temperature
(vanishing of both quantities at T  0). An attempt
of taking this factor into account by introducing the
dependences C(T) and α(T) into the Kelvin formula
leads to an obviously incorrect result. As is known, the
ratio α(T)/C(T) is nearly constant (the Grüneisen
relation, see, e.g., [6]) and thus the ratio ΔT/T in the
Kelvin formula remains finite at an arbitrary σ ≠ 0,
which is unrealistic at T  0. Therefore, thermoelas�
ticity requires special consideration with the inclusion
of quantum properties of solids from the very begin�
ning. This work is aimed at carrying out such an anal�
ysis in a wide temperature range.

Since in many cases nonlinear effects can be
described by the model of a solid as a system of oscil�
lators, it seems reasonable to use this model to clarify
the effect of quantum properties on the process of adi�
abatic deformation of materials. In this work, the
energy of the ensemble of nonlinear oscillators is cal�
culated with the use of the virial theorem [7]. Accord�
ing to this theorem, the average kinetic energy of the
system can be expressed as [7]
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where Fi is the force acting on the ith particle and ri is
the coordinate of this particle. In the ensemble of non�
linear oscillators considered below, this expression
takes the form (per oscillator)

(2)

Here, U(z) is the potential energy of the oscillator and
the prime sign denotes the derivative with respect to
the coordinate z. The angle brackets in Eqs. (1) and (2)
denote both the thermodynamic averaging (over the
ensemble) and quantum�mechanical averaging. Since
we consider below the effects associated with small
changes in temperature at a low mechanical load, the
interatomic potential can be approximated by the
cubic parabola

(3)

where f is the coefficient of linear elasticity, g is the
anharmonicity constant, and F is the external force
applied to the solid and transmitted to each bond in
the model of a one�dimensional crystal. The displace�
ment z from the equilibrium position can be expressed
as a sum (z = x + a) of two terms: the instantaneous
displacement x and the average displacement a, the
magnitude of which is found from the condition of the
thermodynamic equilibrium of the system. This con�
dition is knowingly zero average force acting on the
oscillator: 〈U'(z)〉 = 0. In this case, the kinetic energy
(1) described in terms of the virial theorem takes the
form 

To calculate the thermodynamic characteristics of
the ensemble of anharmonic oscillators, we use the
self�consistent Einstein approximation, the essence of
which is to approximate the free energy of a nonlinear
system by the known probe system of harmonic oscil�
lators (see, e.g., [8]). This probe system of quantum
harmonic oscillators is described by the distribution
function over the coordinates x of the form

(4)

where

m is the particle mass, T is the absolute temperature, �
and k are the Planck’s and Boltzmann constants. The
free energy has a minimum at the thermodynamic
equilibrium, which leads to the set of equilibrium
equations [9]

(5)

2 Ekin〈 〉 zU' z( )〈 〉 .=

U z( ) f
2
��z2 g

3
��z3– Fz,–=

2 Ekin〈 〉 xU' x a+( )〈 〉 .=

ρ x( ) nω qtanh
π�

������������������ mω
�

�������x2 qtanh–⎝ ⎠
⎛ ⎞ ,exp=

q �ω
2kT
��������,=

U' x( )〈 〉 0 fa g x2〈 〉– ga2– F– 0,= =

mω2 f 2ga– mω0
2 2ga.–= =

The first equation here describes zero average force
acting on the oscillator and the second one specifies
the best approximation of the free energy of the
ensemble of nonlinear oscillators under consideration

by the harmonic system; ω0 = . The model of a
one�dimensional crystal generally requires taking into
account that m in Eq. (5) must be set equal to a half of
the atomic mass, since each atom belongs to two inter�
atomic bonds (in the nearest�neighbor approxima�
tion).

The expressions for the components of the internal
energy E of the oscillator (without the field term pro�
portional to the external force in Eq. (3)) calculated
with the use of Eq. (4) have the form

(6)

Let us consider adiabatic mechanical loading of the
system. In this case, as was shown in [9], the internal
energy E2 ≈ E1 + F 2/2f (to the second order in force)
is conserved in the low� and high�temperature limits.

In the high�temperature region (�ω/kT � 1), from
Eq. (6) we obtain

which yields the expression for the temperature
change (thermoelastic effect)

(7)

The first term in Eq. (7) corresponds to the classical
Kelvin formula for the thermoelastic effect and the
second one is the correction caused by the quantum
effects; i.e., there is a quantum�mechanical correction
to the classical Kelvin formula.

Let us present the expression for the equilibrium
temperature–force strain, which follows from Eq. (5)
and also includes the quantum�mechanical correction
to the classical value:

(8)

Now, we construct using Eqs. (5) and (6) the solu�
tions in the opposite limiting case of low temperatures
�ω/kT � 1

(9)

f/m

Ekin〈 〉 x2〈 〉
2

�������� f 2ga–( ) 1
4
���ω �

2kT
��������⎝ ⎠
⎛ ⎞ f 2ga–( ),coth= =

Uint U〈 〉 x2〈 〉
2

�������� f 2ga–( ) f
2
��a2 g

3
��a3–+= =

=  1
4
���ω �ω

2kT
��������⎝ ⎠
⎛ ⎞coth f

2
��a2 g

3
��a3

.–+

kΔT gkT

f2
��������F

g �ω0( )2

12f2kT
����������������–+ 0,=

ΔT
T

������ g

f2
��F 1 1

12
����

�ω0

kT
��������⎝ ⎠
⎛ ⎞

2

–⎝ ⎠
⎛ ⎞ .–≈

a F
f
�� gkT

f2
�������� 1 1

12
����

�ω0

kT
��������⎝ ⎠
⎛ ⎞

2

+⎝ ⎠
⎛ ⎞ .+≈

ΔT
T

������ kT
�ω0

�������� 1
�ω0

kT
�������� g

f2
��F+⎝ ⎠

⎛ ⎞ln ,–≈



PHYSICS OF THE SOLID STATE  Vol. 56  No. 12  2014

DESCRIPTION OF THE THERMOELASTIC EFFECT 2495

(10)

As is seen, Eq. (9) for the thermoelastic effect in
this limiting case cannot be generally reduced to the
classical Kelvin formula with some quantum�
mechanical correction but rather has a specific, essen�
tially different functional form.

Remarkably, Eq. (9) leads to zero thermoelastic
effect at T  0, which is physically reasonable.

At the same time, quantum�mechanical formula
(9) asymptotically transforms to the classical Kelvin
formula at high temperatures (�ω/kT � 1). This
allows using Eq. (9) as an approximation in the entire
temperature range.

Equations (7)–(10) hold at low applied loads
gF/f 2 � 1 and a small ratio of the ground�state energy
to the dissociation energy: �ω0/2D � 1, where D =
f3/6g2.
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