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Abstract—Germanium, silicon, gallium arsenide, and indium antimonide n-type crystals on the metal side
of the insulator—metal transition (Mott transition) are considered. In the quasi-classical approximation, the
static (direct current) electrical conductivity and the drift mobility of electrons of the ¢ band, and electrostatic
fluctuations of their potential energy and the mobility edge are calculated. It is considered that a single event
of the elastic Coulomb scattering of a mobile electron occurs only in a spherical region of the crystal matrix
with an impurity ion at the center. The results of calculations using the proposed formulas without using fit-
ting parameters are numerically consistent with experimental data in a wide range of concentrations of hydro-
genlike donors at their weak and moderate compensation by acceptors.
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1. INTRODUCTION

The problem of the quantitative description of
electron and hole migration in three-dimensional
crystalline semiconductors as the impurity atom con-
centration in them increases and a quasi-metal state is
reached remains important for applications (see, e.g.,
[1-3]). Heavily doped degenerate n- and p-type semi-
conductor materials are radiation-resistant elements
of devices of cryogenic micro- and optoelectronics
[4—6]. Their electrical and optical parameters weakly
depend on the radiation fluence even at low tempera-
tures, which is important for device operation in space
(the temperature of the cosmic microwave back-
ground is =2.7 K). For power-electronics purposes, it
is pertinent to analytically describe the conductivity of
semiconductor elements in current breakers [7, 8].
One of the practically important problems is the devel-
opment of three-dimensional electrodes to a two-
dimensional conductor (e.g., to graphene) with
matched resistances in the electrical circuit.

We note that, although the first experiments for
measuring the electrical resistance in controllably
heavily doped degenerate semiconductors at liquid
helium and nitrogen temperatures were performed
half a century ago (see, e.g., [9—12]), so far there is no
theory which would quantitatively explain the col-
lected experimental data. For example, a method of
analytical approximation of the majority carrier
mobility in crystalline semiconductors was proposed
in [1].

The electrical conductivity is controlled by the
degree of electrical activity of impurity atoms immo-

bile in a crystal matrix (see, e.g., [13]). In general, in
the case of the heavy doping of monatomic semicon-
ductors (e.g., Ge, Si), the electrical activity of the
major (doping) impurity slightly decreases due to the
transition of a part of it from sites to interstices or the
formation of energetically inactive associates from the
impurity. In binary crystalline semiconductor com-
pounds (e.g., GaAs and InSb), dopant atoms can be in
part arranged in two sublattices, which results in a
decrease in its electrical activity. For the most part,
electrons and holes in heavily doped semiconductors
at cryogenic temperatures are scattered at impurity
ions.

The objective of the study is calculation of the dc
conductivity of heavily doped degenerate crystalline
n-type semiconductors, taking into account the elastic
Coulomb scattering of mobile electrons at hydrogen-
like impurity ions at low temperatures. For definite-
ness, an n-type crystalline semiconductor was consid-
ered, since the drift mobility of electrons is higher
than that of holes. Therefore, the relative contribu-
tion of scattering at impurity ions to a decrease in
the electron mobility is larger than to a decrease in
the hole mobility.

In a heavily doped n-type semiconductor, all
donors with the average concentration /N are in the
charge state (+1); all acceptors with the average con-
centration KN (where 0 < K< 1 is the degree of com-
pensation) are in the charge state (—1). From the elec-
trical neutrality condition, it follows that the average con-
centration of all electrons in the ¢ band n = (1 — K)N is
lower than the ion concentration N,,, = (1 + K)N.
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Fig. 1. Schematic diagram of counting the electron and
hole energy levels in heavily doped degenerate n-type
(upper scale) and p-type (lower scale) crystalline semicon-
ductors: E, — E, = Ey; is the band-gap width of an undoped

(intrinsic) crystal, £, = Eg — |EI(]fz)b| — |Er(:gb| is the band
gap of the doped crystal, E,, is the c-band electron energy,

E](f) > 0 is the Fermi level for electrons in an n-type semi-

conductor, E©

mob < 0 is the mobility edge for electrons;

Ep is the v-band hole energy, E l(;v) > 0 is the Fermi level for

holes in a p-type semiconductor, Er(;())b < 0 is the mobility

edge for holes; W,,, Wp are the root-mean-square fluctua-
tions of the potential energy of electrons (#) and holes (p).

At low temperatures, the electron transitions from the
v band to the ¢ band are insignificant for maintaining
ionization equilibrium.

Let the criterion of a degenerate n-type semicon-
ductor at the absolute temperature 77— 0 be an elec-
tron concentration corresponding to the metal side of
the Mott transition [14, 15]. The insulator—metal
transition at 77— 0 (Mott transition) [16, 17] occurs
when n > ny;, where n,, is the critical concentration of
mobile electrons of the ¢ band, corresponding to the
Mott transition. The value ny; = (1 — K)Ny (at the
zero temperature 7'— 0 limit) is defined, according to
[15], by the relation

Nifas _
v

__ 0.
(1- K"

(1)

where ag = 4n£,€0h2/m,(,2e2 is the Bohr radius for a

c-band electron in one of the v equivalent valleys (v =6
for n-Si, v =4 for n-Ge, v = 1 for n-GaAs and n-InSb)
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with the effective mass m,(,l;; € = g,g, is the absolute

static permittivity of the semiconductor, €, is the rela-
tive permittivity caused by v-band electrons against a
background of positively charged cores of the crystal
matrix, neutralizing them, &, is the permittivity of free

space, e is the elementary charge, and N, ;faB is the
Mott parameter. Formula (1) shows that the smaller
the number of valleys v in the ¢ band and the smaller
the degree of semiconductor compensation K, the
lower the concentration of major impurities Ny, =
ny/(1 — K), required to implement the Mott transition.

In this study, the quasi-classical theory of the elas-
tic scattering of c-band electrons at hydrogenlike
impurity ions, proposed in [18, 19] for lightly doped
semiconductors, applies to heavily doped degenerate
n-type semiconductors. Hereafter, it is believed that
the spherical region of the crystal matrix in which one
electron scattering event occurs in the Coulomb field

of one impurity ion has the volume 47'CRi30n /3=N i;:]/ ’,

where N,,,, = (1 + K)Nis the average impurity ion con-
centration. The diameter of this region

2R, = 1.24N_"° ()
is approximately equal to the average distance between
ions (=1.28 N;/?) determined in [20] by the Voronoi—

mon
Dirichlet polyhedra method. The duration of one
event of electron—ion interaction (scattering) is equal
to the electron time of flight through the ¢ band of the
spherical region per impurity ion in the crystal. In this
case the Born approximation and the electron wave
function in the form of a plane wave (effective-mass

approximation) are used.

Then two types of heavily doped degenerate crys-
talline n-type semiconductors are considered: condi-
tionally ideally doped [symbol (id)] and really doped
[symbol (re)] semicondusctors, which differ only by
the dependence of the one-electron energy of the band
edges of allowed energies E, and E, on the spatial coor-
dinates x, y, z. For id-crystals, E, and E, are indepen-
dent of x, y, z, i.e., the bottom of the ¢ band and the top
of the v band are flat. For re-crystals, E.(x, y, 7) and
E (x, y, z) are antisymmetric functions with respect to
the band-gap center [16, 21] due to electrostatic fluc-
tuations of the potential energy and electrons of the
cband W, and holes of the v band W, (see Fig. 1). The
average concentrations of electrons nd = ™ = p,
donors N, and acceptors KN for id- and re-semicon-
ductors are considered to be equal.

2. STATISTICS OF ELECTRONS IN IDEAL
AND REAL CRYSTALLINE
SEMICONDUCTORS AT LOW
TEMPERATURES

In n-type id-semiconductors (with flat band edges
of allowed one-electron energies E,, i.e., when W, =
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W, =0 and E,(]f())b = E. = 0; see Fig. 1), the electron
concentration in the ¢ band n under the condition of
the complete ionization of donors with the concentra-
tion N and acceptors with the concentration KN are
given by (see, e.g., [16, 22])

n' = Il/ J. g;id)(gkin)fn(skin)dgkin =(1-K)N, 3

where V' is the volume of a bulk crystalline sample,

2V =VIQ2m,,)"? /2n°1’|e)}} isthe one-electron
density of states in the ¢ band of crystal, f,(g,) = {1 +

exp|(&in — zz(Fc)/kBT]}‘l is the Fermi—Dirac function,

€, 18 the kinetic energy of a c-band electron, 8(1;6) isthe
chemical potential, kg is the Boltzmann constant, 7'is

the absolute temperature; m,, = v¥3m.)) is the effective
mass of the c-band electron density of states, Vv is the
number of valleys (equivalent energy minima of c-band

electrons), m(l) is the effective mass of the electron
density of states in one valley, and A = h/2T is
Planck’s constant.

From (3), when the chemical potential E(Fc) is more
than three times higher than the thermal energy kT
and the electron Fermi gas in the id-semiconductor
cband can be considered as degenerate, we obtain
(see, e.g., [16, 17, 22])

el = LN — (° /12) (kT /C)] > 3k T, (4)

where {\© = (1312/2mm,)[3Tczn(‘d)]2/3 is the Fermi energy,

i.e., the chemical potential £F at the limit of the zero

absolute temperature (7' — 0).
In the three-dimensional crystalline n-type re-

semiconductor (W, # 0 and Eflf())b # E.=0; see Fig. 1),
the one-electron density of states in the ¢ band is given

by [23, 24]

3/2 E,

<re>(E)_V(2mn_d)I(E ~U,)PWU,)dU,, (5)

where E, is the total electron energy, U, is the potential
electron energy, £, — U, = E,;, is the kinetic energy of
a c-band electron, P (U,) is the probability distribu-
tion density of potential electron energy fluctuations.
Then the electron concentration in the ¢ band, aver-
aged over the crystalline sample volume V' (at the com-
plete ionization of hydrogenlike impurity atoms) is
given by

a0 =1 J g (E)f(E)dE, =(1-K)N,  (6)

where f,(E,) = {1 + exp[(E, — EX)/kgT1}~" is the
(c)

Fermi—Dirac function and Ey” is the Fermi level.
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Then, according to [24, 25], we suppose that

1 U;

exp| — R 7
o, p[ 2ij @
where W, is the root-mean-square fluctuation of the
c-band electron energy (Fig. 1). At n™® = (1 — K)N,
W, is related to the root-mean-square fluctuation of
the electrostatic energy of an immobile impurity ion
W, as [25, 26]

W, =0.21(1- K)"*W,. (8)
If the Coulomb interaction of only the nearest

point charged particles (impurity ions and electrons) is
taken into account, W, can be written as [17, 25]

PWU,) =

2
W, =~2.645—N!" 9)
4me
where N, = N,, + KN + n™ = 2N is the concentra-
tion of all point particles (with the charge *e), satisfy-
ing the conditions of semiconductor electrical neu-
trality (6).

We note that at W, — 0, the distribution density of
the probabilities of electrostatic fluctuations of c-band
electron energies P(U,) — d(U,), where 8(U,) is the
Dirac d-function, and formula (6) transforms into (3).

From formula (6), we determine the concentration
of mobile c-band electrons #n,,,, with energies E, =

E,, + U, higher than the energy E mop Necessary for
their migration within the entire three-dimensional
crystalline re-semiconductor,

3/2 %
Moy = (2mnd) I fI,FE -U,%WU,)dU,dE, (10

E© —oo )

_ (1)
n ~ Moc»

where #n,, is the concentration of electrons which can
move only in limited sample regions.

The quantity E,(Tf(),b < 0 entering expression (10) is
the migration edge (or “percolation threshold”) of

c-band electrons [17, 26]; E), is also denoted by E:,ce)r,
i.e., as the electron-liquid percolation energy. Accord-
ing to [23, 27, 28], we suppose that the critical fraction
of the three-dimensional semiconductor sample,
inaccessible for c-band electron migration through the

whole sample and corresponding to the electron per-

colation energy (E, < E(c)b) is 0.17. Then, if Eq. (7) is
taken into account, we have

E© ()

mob mob U2
PU, AU, = exp| -2 |dU, = 0.17,
j JT: I W)

from which we obtain

n

—oo

E©, = —-0.955W, <0, (11)

where W, is given by formula (8) if (9) is taken into
account.
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3. CALCULATION OF THE CONDUCTIVITY
AND DRIFT MOBILITY IN THE CASE
OF ELASTIC ELECTRON SCATTERING

AT IMPURITY IONS IN REAL
SEMICONDUCTORS

According to [16, 22, 29, 30], the static (dc) con-
ductivity of an ideally (id) doped n-type semiconduc-
tor, taking into account formula (3), is given by

o _ 2"
n 2mchkBT
% [ 10 eaet €@ - fewde, (1)
E.=0
('d)M:d),

where m, is the effective mass of a conduction elec-

tron, rSd) (&4n) is the relaxation time of the electron
quasimomentum (with the kinetic energy g,;,), and

ui? is the drift mobility;

[l = f,) = t4cosh’[ (e, — &5)/2k5T1) "
Based on formula (12), let us determine the re-

semiconductor conductivity 6 = 5, To this end, we
replace the electron density of states in Eq. (12)

899 (g, from (3) by g (E,) from (5), the bottom of
the cband E,=0by E ©) < (), and the relaxation time

mob

T, (€xin) bY Tion (B, — U,) = Tion(Eyy). As a result, the
static conductivity of the really (re) doped n-type
semiconductor, taking into account Egs. (5)—(11), can

be written as

w _ e 2m,)" T L= 1)
! me 3nh 9 kT
i ° By B (13)

x [t ~U)E, -U,)*PWU,)dU dE,

—oo

0,=0

where £,(1 —f,) = {4cosh?[(E, — EX)/2ky T}~

The relaxation time (entering Eq. (13)) of the elec-
tron quasimomentum with the kinetic energy E;, =

E,— U,>0 (at E,> E¥),) during elastic scattering at
hydrogenlike impurity ions in the crystalline matrix
with the permittivity € = €,g,, according to [18, 19], is
given by

N2

1/3
e - U = (1) (4]
e on (14)

X lnfl |:1 + (SngRion(fn — Un))2i| ,

*WE,-U,)

e
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where N,,, = (1 + K)N, the value of R,,, is determined
from formula (2). We note that only the Coulomb
interaction of the electron with an ion placed at the
center of a sphere of volume 1/N,,, was taken into
account in deriving formula (14). It was considered
that the local static permittivity €, in the vicinity of
each impurity ion is controlled by v-band electrons.

The drift mobility of c-band electrons, limited by
their elastic scattering at impurity ions, is defined in
n-type re-semiconductors by analogy with Eq. (12) as

(re) G;re) G,,

“‘n = Mion = = s
€Miob €Nmob

(15)

where 6, = G ) is determined by Eq. (13) taking into
account (14), and N, is determined by Eq. (10).

Let us compare formulas (13) and (15) for re-semi-
conductor with a degenerate electron gas in the ¢ band.
On the one hand, according to formula (13), electrons

whose energy E, exceeds the mobility threshold Efggb
are involved in the dc conductivity of the re-semicon-

ductor. In this case, only c-band electrons whose total

energy E, is close to the Fermi level Ey ) are efficiently
involved in scattering events at impurity ions. (This is
formally caused by the fact that the function f,(1 —f,)
under the integral sign in Eq. (13) has a sharp maxi-

mum at E, = El(f)). On the other hand, in writing for-
mula (15), it is supposed that the value of 6, = en,,, L,
is controlled by all mobile electrons with the concen-
tration n,,,,, but as though they all have identical
mobilities W, (and drift velocities). Thus, in writing
formulas (13) and (15), it was supposed that the static
conductivity of the re-semiconductor with a degener-
ate electron gas in the ¢ band is equal to the product of
the elementary charge, the concentration of all mobile
electrons, and the drift mobility of electrons with a
total energy in the vicinity of the Fermi level. This is
consistent with the conventional theory of semicon-
ductor conductivity [16, 22, 30, 31], but is inconsistent
with the concepts developed in [32].

We note that, disregarding electrostatic fluctua-
tions of the electron potential energy (W, < kgzT), i.e.,

setting P(U,) — 8(U,) and |EX), | < kg T, according to
(10), we have n,,, — 0 and n,,, = ™ = p9_1In this
case, formulas (13) and (15) transform to standard for-

mulas (12) and u'¥ = u = 6% /en® for the id-

on

semiconductor [16, 22, 30, 31].

Let us describe the calculation algorithm in accor-
dance with formulas (6)—(15) by the example of an
n-type semiconductor (see also [25, 26]).

(i) The initial parameters of the n-type semicon-
ductor are set: €,, m,,, m,s, temperature 7, the varia-
tion range of the hydrogenlike donor concentration N,
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the degree of compensation of donors by hydrogen-
like acceptors K, and the relative calculation error
goal =10~ 5

(ii) Using formulas (8) and (9), where N, = 2N,
the root-mean-square fluctuations of the electrostatic
potential energy of electrons and ions W, and W, are
calculated.

(iii) The nonlinear equation of electrical neutral-
ity (6) is solved by numerical methods with respect to

the unknown Fermi level Eéc) taking into account the
obtained values of W, and W,

(iv) Using formula (11), based on the obtained W,,,

Emob is calculated. Then, using formula (10), n,,, is

calculated.

(v) Using Eq. (13), taking into account (14) and

(re) .

(2), the conductivity 6, = G,,  is calculated.

(re)

(vi) Finally, using Eq. (15), the mobility W, = ;,,

is calculated.

4. CONWELL—-WEISSKOPF (CW) MODEL
FOR THE ELECTRON DRIFT MOBILITY
IN IDEAL SEMICONDUCTORS

For comparison with formulas (13) and (15), we
present here the necessary formulas of the CW model
for an ideal degenerate electron gas of the id-semicon-
ductor ¢ band (see also formulas (3) and (12)).
According to this model, the relaxation time of the c-
band electron quasimomentum with the Kkinetic
energy €,, upon elastic scattering at hydrogenlike
impurity ions (see, e.g., [33—35]) is given by

(ON1/2.3/2
(id) _ _(4me) 2m,,)" &
Ty (Euin) = Tew(€kin) = [—2 ) S——nd._—kin

e TN,

ion

A 2 (16)
X In~! |14+ kin |
€ NlO]l
where g, is the electron kinetic energy (g,;, = E, at

= E). =0; see also Fig. 1), N,,, = (1 + K) N is the
impurity-ion concentration. (We note that the
interaction time of an electron with one impurity
ion was formally taken as infinitely large in writing

formula (16).)

According to [30, 34, 36], the electron drift
mobility in the CW model is determined from the
formula (12) as

(id) G(id

T
M CW — Mlon - (,d) e< CW>

no

A7)

where the average relaxation time of the c-band

electron quasimomentum (at W, = f,fgb =0, Fig. 1)
is given by
(Tew) = Tcw(gkm)gk f(l J) deg,
E.=0
_ O (18)
x| [ elin-f)de, | -
Eo=0

The conductivity Gy is given by formula (12) at

‘cﬁ,id)(ekm) = Tew(€xin) and is related to the electron drift
mobility [Lew by the standard expression [33, 34, 36]
Scw = 0," = en" ey, (19)
where n9 = (1 — K) N is the electron concentration in
the id-semiconductor ¢ band according to formula (3),

which defines the Fermi level e(c) in the formula (18).

We note that all formulas written in Sections 3
and 4 are also valid for a p-type semiconductor con-
taining hydrogenlike acceptor and donor ions if the
effective mass of the density of states in them m,,, is
replaced with m,,;, the effective mass of the conductiv-
ity m, is replaced with m,;, and the average c-band
electron concentration # is replaced the average v-band
hole concentration p.

5. COMPARISON OF THE CALCUATED
RESULTS WITH EXPERIMENTAL DATA

For comparison the dc conductivity ¢, and drift
mobility |, calculations with experimental data, heav-
ily doped n-type germanium, silicon, gallium arse-
nide, and indium antimonide crystals were chosen.
The electron concentration for these semiconductors
n = ni = (1 — K)N according to Eq. (3) satisfied
inequality (4), and the donor concentration N was
higher than the Mott concentration Ny determined
from relation (1). We note that numerical calculation
according to Eq. (10) yields for degenerate n-type
crystals the ratio n,,./n™ < 0.2 (for Si, Ge), n,,./n™ <
0.02 (for GaAs, InSb) at n™ > n,,, where the Mott
electron concentration is ny; = (1 — K) Ny

This circumstance allows the conclusion that the
concentration n,,,, = n™ — n, of free (within the
entire crystalline sample) c-band electrons is almost
equal to their average concentration in the sample.
This conclusion is consistent with analytical estimates
[37, 38] identifying the dc-measured Hall concentra-
tion of majority carriers in a strong magnetic field with
their average concentration in three-dimensional par-
tially disordered crystalline semiconductors. Elec-
trons of ¢ band with the concentration n,,. are not
directly involved in the dc conductivity and Hall
effect, but contribute to the macroscopic static per-
mittivity of the semiconductor.
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Fig. 2. (a) Calculated dependences of the Fermi level El(f)

and the electron migration threshold Er(rf())b (according to
formulas (6) and (11)) on the antimony-atom concentra-
tion (as hydrogenlike donors) N in n-Ge:Sb crystals at the
degree of compensation K = 0.01, temperature 7= 3 K,
and c-band electron concentration n = (1 — K)N. The
dashed curve is the e(FC) calculation by formula (3) for an
ideal Fermi gas. (b) Dependences of the static conductivity
6, and the electron Hall mobility W, on the antimony-

atom concentration. The measurement temperatures 7 are
(a) 4.2 [40], (b) 1.3 [9, 10], (c) 2.5 [41], (d) 4.2 K [42].
Lines are the calculations for K= 0.01, 7T=3 K, and n =
(1 — K)N: (1) 6, according to Eq. (13), the drift mobility
W, according to Eq. (15); (2) ocw according to Eq. (19)

and [y according to Eq. (17).

Figures 2—5 show the experimental and calculated
dependences of the dc conductivity, the Hall (experi-
ment) and drift (calculation by the proposed algo-
rithm) mobilities of c-band electrons, as well as the

Fermi level and migration threshold E,(,f())b on the dop-
ant N and electron n = (1 — K)N concentrations.
Weakly compensated (K <« 1) n-Ge (Fig. 2) and »n-Si
(Fig. 3) crystals were considered, as well as moderately
compensated (K= 0.1) n-GaAs and n-InSb crystals at
cryogenic temperatures (Figs. 4 and 5). The solid
curves in Figs. 2—5 were calculated by formulas (6),
(10), (13), and (15) according to the quasi-classical
model of equilibrium states and electron scattering,
developed in this study; dashed curves are Uy and
Ocw calculations by formulas (19) and (17) according
to the CW model [33, 39]. The points correspond to
the experimental data for n-Ge:Sb from [9, 10, 40—42]
(see also [39, 43, 44]) for n-Si:P [11, 12, 45] (see also
[39, 43, 46]), for n-GaAs:Sn [47, 48], n-GaAs:Te
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Fig. 3. (a) Calculated dependences of the Fermi level El(_-c)

and the electron migration threshold E:rfg)b (according to
formulas (6) and (11)) on the phosphorus-atom concen-
tration (as hydrogenlike donors) N in n-Si:P crystals at the
degree of compensation K = 0.01, temperature 7= 3 K,
and c-band electron concentration n = (1 — K)N. The
dashed curve is the e(l_f) calculation by formula (3) for an
ideal Fermi gas. (b) Dependences of the static conductivity
0, and the electron Hall mobility on the phosphorus-atom

concentration. The measurement temperatures 7 are (a)
4.2 [11], (b) 4.2 [12], (c) 78 [12], (d) 4.2K [45]. Lines are
the calculations for K=0.01, 7=3 K, andn = (1 — K)NV:
(1) 6, according to Eq. (13), the drift mobility L, accord-

ing to Eq. (15); (2) ocw according to Eq. (19) and pcw
according to Eq. (17).

[49, 50], and n-GaAs [51], as well as for n-InSb:Se
[52], n-InSb:Sn [53, 54], and n-InSb:Te [55].

Here we note that the electron Hall mobility in
extremely pure crystals of Ge, Si, GaAs, and InSb at a
temperature of 7= 78 K, when scattering at phonons
dominates (the mobility W) according to [56, 57] is
Wi = 4 X 10*cm?/(V's) for n-Ge, Wy, = 2 X 10* cm?/(V's)
for n-Si, W, = 2 X 10° cm?/(V's) for n-GaAs, and W, =
10° cm?/(V s) for n-InSb. Due to the fact that i, > W,
(see Figs. 2b, 3b, 4b, and 5b), scattering at phonons at
cryogenic temperatures was disregarded.

In calculating the conductivity and drift mobility of
electrons in germanium and silicon, the following
physical quantities [56, 57] were used: for n-Ge (the
number of valleys in the cband v=4):¢,=15.4, m,;, =
0.554m, m,; = 0.119my; for n-Si (v = 6): €, = 11.47,
m,; = 1.062my, m,; = 0.259m,, where m is the elec-
tron mass in free space. (The dependence of the elec-
tron effective mass on the electron concentration for
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5§ Band gap
—100 =—

(b)
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Fig. 4. (a) Calculated dependences of the Fermi level El(f)

and the electron migration threshold Er('xf())b in n-GaAs
crystals according to formulas (6) and (11) on the electron
concentration n = (1 — K)N for the degree of compensa-
tion K = 0.1, temperature 7 = 78 K, and hydrogenlike
donor concentration N. The dashed curve is the E(FC) calcu-

lation by formula (3) for an ideal Fermi gas if the depen-
dence m,; = m,s on n according to Eq. (20) is taken into

account. (b) Dependence of the electron Hall mobility p,,

on the electron concentration in n-GaAs at temperature
T= 78 K. The measurement data: (a) n-GaAs:Sn [47],
(b) n-GaAs:Sn [48], (c) n-GaAs:Te [49]; (d) n-GaAs:Te
[50]; (e) n-GaAs [51]. Curves are calculations for K= 0.1,
T=78K,and n= (1 — K)N according to Eq. (20) of (/) the
drift mobility W, according to Eq. (15) and (2) ucw accord-

ing to Eq. (17).

n-Ge (to 3 X 10" cm~3) and n-Si (to 3 X 10?° cm~3) can
be neglected [56, 57].)

For heavily doped degenerate n-GaAs crystals (v = 1;
g, = 12.4) and n-InSb (v = 1; ¢, = 16.8), the depen-
dence of the effective masses m,,;, = m,,; of electrons on
their concentration in the ¢ band [56, 57] should be
considered:

n-GaAs: m,(n) = m, [1 + 6.4 x 10~*(n/n*)%%%], (20)
where m,; = m,; = 0.067m,, n* =1 % 10" cm~3;
n-InSb: m,,(n) = m,,[1 + 2.6 X 1072(n/n*)*3], (21)
where m,; = m,; = 0.013m,, n* = 3.1 X 102 cm™.
We can see in Figs. 2b, 3b, 4b, and 5b that the cal-
culations by formulas (13) and (15) are in general

agreement with the experimental data for n-Ge:Sb,
n-Si:P, n-GaAs, and n-InSb crystals.

5§ Band gap

(b)

103 raal L

Fig. 5. (a) Calculated dependences of the Fermi level El(_f)

and the electron migration threshold E](]fz)b in n-InSb crys-
tals according to formulas (6) and (11) on the electron con-
centration n = (1 — K)N for the degree of compensation
K= 0.1, temperatures 7= 78 K, and hydrogenlike donor

concentration N. The dashed curve is the E(FC) calculation
by formula (3) for an ideal Fermi gas taking into account
the dependences m,; = m,s on n according to Eq. (21).
(b) Dependence of the Hall mobility W, of electrons on

their concentration in #-InSb at the temperature 7= 78 K.
The measurement data: (a) n-InSb:Se [52], (b) n-InSb:Sn
[53], (c) n-InSb:Sn [54], (d) n-InSb:Te [55]. Curve are
calculations at K= 0.1, 7= 78 K, and n = (1 — K) N taking
into account Eq. (21): (/) the drift mobility 1, according to

Eq. (15), (2) ucw according to Eq. (17).

For weakly compensated n-Ge:Sb crystals at the
antimony concentration N < 10" cm—3, a certain dis-
agreement of the results calculated according to
Egs. (13) and (15) with experiments is observed. This
is probably associated with elastic strains of the lattice
in the vicinity of Sb atoms, which are smoothed at high
concentrations of this dopant [58—60].

As for the electron mobility in n-GaAs (Fig. 4), we
note that a decrease in W, at n = 10" cm— is probably
caused by a small increase in the degree of compensa-
tion with increasing dopant concentration for both
n-GaAs:Sb and n-GaAs:Te (see, e.g., [13, 61]).

As for the electron mobility in #-InSb (Fig. 5), we
note that an electron can be scattered not at one (as in
the relaxation-time calculation model proposed in this
study), but simultaneously at two impurity ions in this
semiconductor with a small effective electron mass
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[62]. Therefore, the electron mobility will be slightly
higher than for scattering at one center (ion).

We can see in Figs. 2a, 3a, 4a, and 5a that an
increase in the concentration of major impurities (and

electrons) shifts the Fermi level £ (solid curve) for
re-semiconductors deeper into the ¢ band in compar-

ison with the Fermi level E(FC) (dashed curve) for id-
semiconductors. Other conditions being equal, the
less the value of the effective electron mass m,, the less

the difference between S(Fc) and Eéc).

6. DISCUSSION

In deriving both formulas (14) in [18] and (16) in
[33], the interaction of an electron during its scattering
at an impurity ion was considered to be the purely
Coulomb one. In the Brooks—Herring electron—ion
scattering model [16, 22, 31, 39, 63], the Coulomb
potential of the interaction of a c-band electron with
an impurity ion is replaced with the screened Cou-
lomb potential (in the Debye—Hiickel or Thomas—
Fermi approximation for a non-degenerate and
degenerate electron gas, respectively). However,
according to [64, 65], the screened Coulomb potential
(i.e., the total potential of ion and a cloud of charges
screening it) cannot be interpreted as the pair interac-
tion potential of electron and ion.

We note that, according to the data shown in
Figs. 2b, 3b, 4b, and 5b, the drift mobility limitation
by c-band electron scattering at impurity ions at cryo-
genic temperatures dominates over scattering at pho-
nons. Therefore, let us also briefly discuss the elec-
tron—electron and resonant scattering of electrons at
donor ions within the id-semiconductor model (see
formulas (3), (4), and (12)).

To estimate the mobility limited by electron scat-
tering at electrons in the degenerate id-semiconductor
¢ band, we proceed from the formula for the average
relaxation time 7, after [66] (see also [67]),

3/2
1 _nls])’ 3 [kBT)
Tee 8 he(FC) 2h Eg:c) kF[ee '

where /,, = vpTew(€,n) 1S the mean free path of an elec-

(22)

tron with the kinetic energy &,;, = e(FC) t kgT and the

Fermi velocity v = [2e\ /m')]'/2 for scattering at elec-

tron; kg = [2m2n(9]1/3 is the wave vector of an electron

with the kinetic energy E(Fc) = (,f) according to for-

mula (4). Then the electron mobility limited by elec-
tron—electron scattering is written as W,, = €T,,/M,q,
where T,, is given by formula (22).

Let us estimate the minimum average relaxation
time T, of the c-band electron quasi-momentum in
the case of resonance scattering at donor ions in a
degenerate id-semiconductor (see, e.g., [68, 69]).
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Conventionally considering that donor energy levels
are uniformly distributed in the ¢ band in the vicinity

of €, we can estimate 11, as

kT
el

(23)

1/ﬁcres = NrcsVFGres’

where kT, /a(Fc) is the fraction of resonantly scattered

electrons with the kinetic energy €,;, = E(FC) * kgT and

velocity vi; Ny = (kgT) /eif))N is the fraction of donors

in the (+1) charge state, resonantly scattering elec-

trons; Oe = nRifm is the resonant scattering cross sec-
tion of an electron at a donor (estimate by the solid
sphere model [70]); R, = 0.62 [(1 + K)N]~'/3. Then
the drift mobility of electrons, limited by resonant
scattering is given by U, = eT,./m,s, Where T is given

by formula (23).

The total electron drift mobility usd) is determined
by Matthiessen’s rule (see, e.g., [16, 22, 30])

/G = /Mg + 1/l +1/Mees = 1/0iGH
where the contribution of y,, and U, according to

Egs. (22) and (23) to the total mobility uf,id) is no more
(id) _

ion

than 3% of the contribution [
Eq. (17).

Lew according to

7. CONCLUSIONS

The quasi-classical model of the elastic scattering
of majority carriers (c-band electrons) at immobile
ions of hydrogenlike impurities in heavily doped
degenerate n-type semiconductors. It was thought that
a single event of elastic Coulomb electron scattering at
anionin the crystalline matrix occurs during its transit
time through the spherical region (radius of R, =

0.62[(1 + K)N]~'/3) whose center contains one impu-
rity ion at their total concentration (1 + K)N, where
N isthe donor concentration and KN is the concentra-
tion of acceptors compensating donors. Electrostatic
fluctuations of the potential energy of c-band elec-
trons and the shift of their migration threshold to the
band-gap depth were taken into account. Based on the
algorithm proposed in this study, the static (dc) con-
ductivity and the electron drift mobility upon elastic
scattering at impurity ions were calculated at low
(cryogenic) temperatures. It was shown that the con-
tribution of mobile electron scattering at phonons and
electrons, as well as resonant electron scattering at
donor ions to total electron scattering in degenerate n-
type semiconductors at low temperatures is not deter-
mining.

The results of calculations by the formulas obtained
in the quasi-classical approximation without using fit-
ting parameters are in numerical agreement with the
known experimental data for n-type germanium, sili-
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con, gallium-arsenide, and indium-antimonide crys-
tals at rather high donor concentrations for low and

m
th

oderate degrees of their compensation. In general,
e conductivities and electron drift mobilities calcu-

lated by the model developed in this study are higher

th
m

N

10.

11.

17.

18.

19.

an those obtained within the Conwell—Weisskopf
odel.
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