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1. INTRODUCTION

The double-pulsed pumping–probing method is a
widespread method of examination of the spin coher-
ency of charge carriers in semiconductor structures [1–5].
The method is based on the use of a periodic sequence
of two pulses that are incident on the sample. These are
a high-power circularly polarized pump pulse orienting
spins of electrons and holes and a weak linearly polar-
ized probe pulse probing the spin dynamics of elec-
trons. The dependence of the rotation angle of the
polarization plane of the probe beam on the delay
between the pump and probe pulses during reflection of
this beam (Kerr signal) or during its passage through
the sample (Faraday signal) is studied. From this
dependence, the time of spin relaxation of charge carri-
ers and their complexes can be found. In such experi-
ments, spin relaxation can be observed in time intervals
shorter than the pulse repetition period, which is usu-
ally about 10 ns.

In bulk GaAs semiconductor [1], CdTe/(Cd,Mg)Te
quantum wells [3, 5], and quantum dot arrays [6], the
relaxation time of spin beats in a transverse magnetic
field attains several nanoseconds. Therefore, to the
point in time of the arrival of the sequential pulse, the
spin polarization in the system does not decay com-
pletely. In this case, to determine the times of spin
relaxation, the procedure of resonant spin amplification
is used. It involves the following. At a fixed value of the
interpulse time delay, the dependence of the Kerr signal
or of the Faraday signal on the value of the transverse
magnetic field is studied. If, at a certain value of the
field, the repetition time of the pulses becomes multiple
to the period of the spin precession, the rotation angle
of the polarization plane of the probe pulse increases

abruptly compared with its value for incommensurable
frequencies; i.e., the resonant spin amplification is
observed. From such magnetic field dependences, one
can find the times of spin relaxation [1].

The dominant mechanism of spin relaxation in
semiconductor quantum wells in a broad range of tem-
peratures and carrier concentrations is the precession
mechanism of spin relaxation (D’yakonov–Perel’
mechanism). It is conditioned by spin splitting of the
dispersion curve of electrons, which plays the role of
the effective magnetic field rigidly associated with the
wave vector of the electron. During the free motion of
carriers, the electron spin precesses around the effective
magnetic field, while scattering leads to random
changes in the direction of the spin precession fre-
quency [7, 8]. In quantum wells, the electron spin relax-
ation is substantially anisotropic. For example, in sym-
metric structures with the zinc-blende lattice grown
along the [001] axis, there are two linearly independent
components of the tensor of inverse spin-relaxation
times describing damping of the spin oriented along the
growth axis and normal to it. The asymmetry of the
structure leads to the emergence of anisotropy of spin
relaxation in the plane; i.e., the components of the ten-
sor of the inverse spin-relaxation times corresponding

to axes [ ] and [110] are different [9].

At this point, a theory of resonant spin amplification
in systems with isotropic spin relaxation has been con-
structed (see, for example, [1, 10] and references given
in these publications). In this paper, we develop a spin
amplification theory for the case of anisotropic spin
relaxation.
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2. SPIN BEATS DURING ANISOTROPIC 
RELAXATION

Let us consider a quantum well grown along the axis

 

z

 

 

 

||

 

 [001] and select the axes 

 

x

 

 and 

 

y

 

 in directions [ ]
and [110], respectively. The magnetic field is applied in
the structure plane along one of the main axes, for
example, along the 

 

x

 

 axis. Kinetic equations that
describe the dynamics of the total spin of the electron
gas 

 

s

 

 with the components 

 

s

 

x

 

, 

 

s

 

y

 

, and 

 

s

 

z

 

 have the form

(1)
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 = 

 

g

 

e
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B
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/
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 is the frequency of the Larmor spin
precession in the external field 

 

B

 

; 
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e

 

 is the electron
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 factor, which is assumed to be isotropic for the sake
of simplicity; and 

 

T

 

jj

 

 is the spin relaxation time for the
spin component 

 

s

 

j

 

 (

 

j

 

 = 

 

x
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). The spin component 

 

s

 

x

 

 is
not mixed by the field with two other components, and
the solution of the first of Eqs. (1) has a simple form:
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x

 

(

 

t

 

) = 

 

s

 

0, 

 

x

 

exp(–

 

t

 

/

 

T

 

xx

 

), where 

 

s

 

0, 

 

x

 

 is its initial value. We
further suppose the conditions of optical excitation,
under which 

 

s

 

0, 

 

x

 

 = 0, and discuss exclusively the behav-
ior of components 

 

s

 

y

 

 and 

 

s

 

z

 

.

In the case of spin relaxation conditioned by the
D’yakonov–Perel’ mechanism, which is important for
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comparison with the experiments, the relations for the
inverse spin relaxation times have the form [11]

(2)

Here, 

 

β

 

 is the constant at spin-dependent terms in the
effective Hamiltonian. These terms are linear by the
wave vector 

 

k

 

 and have the form of the Dresselhaus
term 

 

β

 

(
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x
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y

 

 + 
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), or the Rashba term 
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 – 
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),

 

τ

 

1

 

 is the relaxation time of the momentum of one elec-
tron [12], and angular brackets denote averaging over
the carrier ensemble.

Let us assume that at the initial point in time 

 

t

 

 = 0, a
short circularly polarized optical pulse had generated
the spin oriented along the 

 

z

 

 axis. The initial condition
for system (1) in this case will be 

 

s

 

z

 

 = 

 

s

 

0

 

, 

 

s

 

x

 

 = 0, 

 

s

 

y

 

 = 0,
where the initial spin polarization 

 

s

 

0

 

 depends on the
selection rules for excitation of photoelectrons. The
time dependence 

 

s

 

z

 

(

 

t

 

) is written in the form [13]

(3)

where

(4)

(5)

(6)

Note that, depending on the ratio between the fre-
quency 

 

Ω

 

 and inverse time

the quantity 

 

Ω

 

 is either purely real or purely imaginary.
For further analysis, it is convenient to rewrite

Eq. (3) in the form

(7)

which is valid at an arbitrary ratio between 

 

Ω

 

 and
inverse time 1/

 

T

 

'. Hence it follows that the spin polar-
ization in the system can both demonstrate damping
beats and drop without oscillations [14]. The first case

is realized at real , where 

 

Ω

 

T

 

' > 1, and the second
case is realized at a sufficiently large anisotropy of

relaxation times, where 

 

Ω

 

T

 

' < 1, i.e., 
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and the quantity  is imaginary. In the second case, the
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Fig. 1. Region in the plane (ΩTzz, ΩTyy) in which spin beats
are observed (shaded area).
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ratio sin( )/  can be replaced by .
Figure 1 schematically represents the region of param-
eters ΩTzz and ΩTyy where oscillations of spin polariza-
tion are observed. At the region boundary, the quantity

 = 0; we will refer to this magnetic field as boundary.
It is evident that at small ΩTzz and ΩTyy, this region is
concentrated near the diagonal Tzz = Tyy, and as the val-
ues of ΩTzz and ΩTyy increase, the region of spin beats
is broadened. The existence of two modes of spin
dynamics and renormalization of the spin precession
frequency in comparison with the Larmor frequency
are the differences of the situation under consideration
with respect to the isotropic spin relaxation mode.

3. RESONANT SPIN AMPLIFICATION

Resonant spin amplification appears during the
injection of electron spins by the sequence of polarized
optical pulses passing with the interval Trep. Taking into
account that the number of these pulses in the experi-
ment is large, we assume that their sequence is infinite.
According to (3), the steady-state value of spin polar-
ization of carriers observed at a fixed delay ∆t between
the pump and probe pulses can be written in this case as

(8)

Here, ∆t is the delay between the probe pulse and near-
est subsequent pump pulse. It can take any negative val-
ues between –Trep and 0.

Summing the geometric series in (8), we obtain the
following compact expression describing the resonant
spin amplification in anisotropic systems:

(9)

where

Equation (9) is the central result of this study. It
describes the spin polarization in the pumping–probing
experiments at arbitrary anisotropy of spin relaxation
and arbitrary ratio between the frequency of the Larmor
precession of electron spins and repetition rate of
pulses.

Analysis of formula (9) shows that the dependence
of the electron spin on the magnetic field B at a fixed
delay ∆t consists of the sequence of peaks correspond-

ing to the condition cos( Trep) ≈ 2πN, where N is an
integer number. Indeed, if the period of the spin preces-
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×
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sion in the magnetic field 2π/  and the pulse repetition
interval are multiple, then the spin injected by the
sequential pump pulse is in phase with the precessing
electron spin. As a result, the spin polarization in the
system increases.

In the case of isotropic spin relaxation, when Tzz =

Tyy ≡ T and  = Ω, the function C(x)  cosx and (9)
is reduced to the relation known in the literature [10]

(10)

Let us analyze three important limiting cases for Eq. (9)
describing the spin amplification during the anisotropic
relaxation.

(i) The magnetic field is zero, and after a single

pump pulse, sz(t) = . Therefore, the signal of the
resonant spin amplification is

(11)

(ii) In the boundary magnetic field,  = 0, disre-
garding |∆t| in comparison with the pulse repetition
interval, we have

(12)

(iii) The magnetic field corresponding to the maxi-

mum:  = 2πN, N ≠ 0 is an integer number
(2πN|∆t/Trep| � 1). In this case, we have

(13)

It is evident from comparison of Eqs. (11) and (13)

that sz(∆t;  = 2πN) > sz(∆t; Ω = 0) since, in the
D’yakonov–Perel’ mechanism, Tzz < Tyy (see Eq. (2)
and [9]).
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Near the maximum, where |  – 2πN| � 1, and
|∆t/Trep| � 1, relation (9) can be rewritten in the form of
the Lorentzian function

(14)

Ω̃T rep

sz 0 Ω̃,( )

=  s0
1 e

T rep/T–
–

Ω̃T rep 2πN–( )2
2 T rep/T( )cosh 1–[ ]+

--------------------------------------------------------------------------------------------.

In this approximation, the peak width is determined by
the quantity

(15)

which, in the limit of large times of spin relaxation
Trep/  � 1, is reduced to ∆ ≈ Trep/ ; the smaller this

quantity is, the longer the spin relaxation time .
Dependences sz at a fixed delay ∆t on the magnetic

field (expressed in units ΩTrep) are represented in
Fig. 2. Figure 2a corresponds to the case of isotropic
spin relaxation; Fig. 2b corresponds to the case of mod-
erate anisotropy, Tzz/Tyy = 1/2; and Fig. 2c corresponds
to the case of pronounced anisotropy, Tzz/Tyy = 1/10.
According to (9), the signal of the resonant spin ampli-
fication as a function of the magnetic field consists of

the peaks corresponding to  = 2πN, where N is an
integer.

The structure of the peaks substantially differs in the
cases of isotropic and anisotropic spin relaxation. In the
first case (Fig. 2a), all peaks have the same height, while
during the anisotropic spin relaxation (Figs. 2b, 2c), the
peak height at Ω ≠ 0 is larger. This is a consequence of
the anisotropy of spin relaxation. In the zero magnetic
field, the signal of spin amplification is determined only
by the value of longitudinal time of spin relaxation Tzz

(see Eq. (11)). As the magnetic field increases, the spin
precession leads to the fact that the damping of spin
beats, according to (5), is determined by the longer
time , since relaxation of the y component of the spin
proceeds more slowly.

The ratio of the heights of the zero peak and subse-
quent ones with the numbers satisfying the condition
2πN∆t/Trep � 1, according to (11), (13), is defined as

(16)

The corresponding dependence η(Tzz, Tyy) is shown in
Fig. 3. It is clearly seen from Fig. 3 that as the anisot-
ropy of spin relaxation increases, the amplitude of the
central peak decreases. Note that if the pulse repetition
interval is short, Trep � Tzz, Tyy, then η = /Tzz and is
independent of the pulse repetition interval. In the
opposite limiting case, Trep � Tzz, Tyy, η  exp[Trep(Tyy –
Tzz)/(2TyyTzz)], and the central peak is exponentially
suppressed, while the dependence of η on Tzz, Tyy is
especially sharp.

4. ROLE OF INHOMOGENEOUS BROADENING

We assumed above that the damping time of spin
beats is independent of the magnetic field. This condi-
tion is apparently violated in the pumping–probing
experiments, for example, in bulk GaAs [1] and in the
CdTe/(Cd,Mg)Te quantum wells [3], where the main
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Fig. 2. Signal of resonant spin amplification sz (ΩTrep).
(a) The case of isotropic spin relaxation (Tzz/Tyy = 1);
(b) Tzz/Tyy = 1/2, which corresponds to the axially symmet-
ric quantum well; and (c) Tzz/Tyy = 1/10. The curves are nor-
malized by the value sz(t = 0). Other calculation parameters:
Trep/Tzz = 2/3, –∆t/Trep = 1/250.
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mechanism of spin decoherence is the spread of g fac-
tors. As the magnetic field increases, the observed times
of spin relaxation shorten, while the peaks of resonant
spin amplification increase.

To describe this effect, let us average expression (9)
over the distribution of the Larmor frequencies f(Ω),
which is caused by the spread of the electronic g factor.
A simple analytical expression describing the peaks of
resonant spin amplification can be obtained using
approximation (14) for the peak shape in the absence of
inhomogeneous broadening and assuming that the
spread of the Larmor frequencies is also described by
the Lorentzian

where Ω0 = ,  is the average value of the
electronic g factor, and the frequency variance σ is
associated with the spread of the g factor by the relation

In this case, we have

(18)

As inhomogeneous broadening σ increases, the height
of peaks described by Eq. (18) decreases, while the
width increases.

In the experiments, as a rule, a Gaussian distribution
of the frequencies of the spin precession is realized,

f Ω( ) σ
π Ω Ω0–( )2 σ2+[ ]
--------------------------------------------,=

geµBB/� ge

σ
∆ge

ge

--------Ω0.=

sz 0 Ω̃T rep,( )〈 〉 s0
∆ σ+

∆
-------------=

× 1 e
T rep/T–

–

Ω̃T rep 2πN–( )2 ∆ σ+( )2+
----------------------------------------------------------------.

f Ω( ) 1

σ 2π
--------------

Ω Ω0–( )2

2σ2
------------------------– .exp=

We will further use this distribution for numerical cal-
culations of the signals of spin amplification.

Figure 4 represents the comparison of the theory
developed here with the experimental data on the reso-
nant spin amplification in bulk n-GaAs (see Fig. 18
from [10]). Points (1) show the experimental data on
the Kerr rotation, and curve 2 is calculated using the
following parameters: ∆ge/  = 0.35%, Trep = 12.5 ns,
Tzz = Tyy = 40 ns, and ∆t = –50 ps (values of ∆t and Trep
are taken from [10]). The values of the times of spin
relaxation and spread of values of the electron g factor
served as the adjustable parameters and were selected
from the best agreement with the experiment. Note that
the spread of g factors is very close to the value
obtained for bulk GaAs crystals in [1]. Some disagree-
ment of the minima of the signal could be eliminated by
correction of the selection of the signal zero, i.e., by the
total vertical shift of experimental points.

The results of calculation of the signals of spin
amplification during anisotropic relaxation are repre-
sented in Fig. 5. Figure 5a corresponds to ∆ge/  =

0.05, while Fig. 5b corresponds to ∆ge/  = 0.1. Ampli-
tudes of all peaks excluding the central one decrease
monotonically as their number decreases, and the peaks
themselves are broadened since, according to (17), the
variance σ is proportional to the magnetic field B and,
consequently, the peak width increases linearly as |N|
increases. The ratio of the heights of the central peak
and the peaks with the numbers ±1 can be arbitrary. At
a sufficiently small spread of g factors, the central peak
is lower than the neighboring ones (see Fig. 5a), which
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Fig. 3. Ratio of the height of the central peak of the spin
amplification signal to the first one as a function of Tzz/Trep
and Tyy/Trep. The dependence at Tzz ≤ Tyy is shown in part.
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Fig. 4. Resonant spin-amplification signal as a function of
ΩTrep. (1) Angles of the Kerr rotation, the data of study [10]
for the sample of bulk GaAs at 6 K. (2) Fitting, calculation
using the following parameters: spread of the values of the
g factor ∆ge/  = 0.35%, pulse repetition period Trep =

12.5 ns, times of spin relaxation Tzz = Tyy = 40 ns, and delay
∆t = –50 ps.
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corresponds to the case where the dephasing rate due to
inhomogeneous broadening at ΩTrep = ±2π is small

compared with . As inhomogeneous broadening
increases, the peaks with the numbers ±1 become
increasingly lower, and, if dephasing caused by the
spread of g factors is dominant even at ΩTrep = ±2π, the
central peak is higher than the neighboring ones, simi-
lar to the case of isotropic spin relaxation (Fig. 5b).

Note that, in the course of pumping and probing in
the same direction z and applying the magnetic field at
a right angle to the initial spin of photocarriers, the

average spin 〈sz(0, )〉 is an even function of the
field, and the peaks with the numbers |N| and –|N| have
identical width and height.

The above-suggested method of making allowance
for inhomogeneous broadening of the Zeeman effect
implies that the electrons are localized at impurities or
inhomogeneities of the crystal lattice, the values of the
electron g factor are different, and the time of possible
jump of the electron from one localization center to

T

Ω̃T rep

another exceeds the pulse repetition period Trep. For
free three- or two-dimensional electrons, the g factor
depends on their kinetic energy: ge = ge(E). This depen-
dence also leads to dephasing of the resonant spin
amplification with the effective rate of spin relaxation

 ~ (∆Ω)2τε, where ∆Ω is the characteristic deviation
of the frequency of the spin precession from its average
value at the specified energy distribution of the electron
gas and τε is the electron energy relaxation time. The
given evaluation for Teff is in agreement with the results

[15], if we equate the time  introduced in that study
with τε. An important difference in the considered
mechanisms of inhomogeneous broadening is the
dependence of the effective dephasing time of the beats
on the magnetic field. If the electrons are localized,
then, it is not difficult to make sure from (17) and (18)

that  ∝ B. For free carriers, the effective rate of spin

relaxation  ∝ B2.

5. CONCLUSIONS

Therefore, we theoretically studied the resonant
spin amplification in semiconductor structures with the
anisotropic spin relaxation. The observed angle of rota-
tion of the polarization plane in the pumping–probing
experiments is proportional to spin polarization of
charge carriers. At a fixed delay between the test and
probe beams, the dependence of the Kerr rotation angle
of the probe pulse on the magnetic field consists of a
series of abrupt peaks. The peak corresponding to the
magnetic field is lower than the subsequent ones. The
ratio of the peak heights characterizes the degree of
anisotropy of the times of spin relaxation for the spin
components along the structure axis and in the structure
plane in the direction normal to the magnetic field.

The effect of inhomogeneous broadening associated
with the spread of the electronic g factor is studied. It is
shown that, depending on broadening and anisotropy of
spin relaxation, the peak can be lower or higher than the
neighboring ones, and the heights of the subsequent
peaks can decrease monotonically as the magnetic field
increases.
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