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Abstract—Electrodynamic characteristics of a low-pressure (electron collision frequency much lower than
the field frequency) capacitive HF discharge maintained by an electromagnetic field with a frequency
between 13 and 900 MHz are studied analytically and numerically. It is demonstrated that the field of both
the fundamental mode (the field in the metal–space-charge sheath–plasma–space-charge sheath–metal
structure) and the field of the higher-order evanescent modes must be taken into account for correct calcu-
lation of discharge characteristics under such conditions in a wide range of electron densities. Expressions
governing the amplitudes of excited waves, along with expressions governing the discharge impedance in the
presence of these waves, are derived by using field expansion in eigenwaves of an empty waveguide and eigen-
modes of the three-layer structure. The case in which the size of plasma is smaller than the size of the elec-
trodes is analyzed in detail. In this case, excitation of higher-order types of waves in the plasma column is gen-
erated by axial plasma inhomogeneity and is not related to electrodynamic effects near the electrode bound-
aries. It is demonstrated that the positions of current and voltage resonances related to propagation of surface
waves along the three-layer structure becomes substantially modified due to excitation of higher-order field
modes of the same structure. In addition, resonances caused by excitation of standing surface waves near the
lateral surface (resonances of higher-order modes of the three-layer structure and an empty waveguide) can
take place. Variation of relative position of resonances caused by changes in the discharge chamber geometry
is investigated. Obtained results qualitatively agree with the results of numerical calculation of the discharge
impedance and field propagation in the discharge by COMSOL Multiphysics® software package.
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INTRODUCTION
High-frequency capacitive discharges sustained by

electromagnetic fields form the foundation for a large
class of technologies [1–4]. The necessity of increas-
ing electron density in the discharge required sustain-
ing discharges by fields of higher frequencies [5]. In
this case, the discharge is maintained by the surface
waves, propagating along the plasma–sheath–metal
interface [6, 7]. The first models of the discharge
describing its electrodynamic properties within the
framework of the theory of long lines that predicted
current and voltage resonances in the current-voltage
characteristics were introduced after 2002 [8–12].
Experimental studies of field distribution confirmed
that spatial inhomogeneities of the field and plasma

density, existing in the discharge [13–17], can be
explained within the framework of the model that
takes into account excitation of the said waves. Energy
in small-size discharges exhibiting a three-layer struc-
ture (metal–sheath–plasma–sheath–metal) was sup-
plied by means of the higher-order modes [18]. Meth-
ods addressing possible plasma inhomogeneities upon
excitation of a standing surface wave due to violation
of plasma symmetry and phase matching of the waves
propagating near different plasma boundaries were
proposed [10]. Since spatial inhomogeneity of plasma
in the discharge depends on radial structure of the
field in the discharge [19], while the dependence of the
discharge impedance on electron density determines
stability of the former [20–24], so far, processes in
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such discharges were analyzed by means of numerical
simulation. It was demonstrated [25–30] that nonlin-
earity of the sheath gives rise to harmonics of the elec-
tromagnetic field sustaining the discharge.

Despite an abundance of publications and obtained
results, a large number of questions regarding theoretical
and experimental investigation of the discharges remain
unanswered. In particular, it is not clear what role in dis-
charge excitation is played by the decaying and surface
waves, and how the amplitudes of these waves are inter-
related. In the first paper of this series [31], we demon-
strated that the well-known geometric resonance in the
plasma–space-charge sheath system [32, 33] does not
take place for either surface or decaying waves taken sep-
arately. On the contrary, analysis distinguishing the
decaying and surface waves in the driving electromag-
netic field shows that the geometric resonance rep-
resents compensation of capacitive impedance intro-
duced by the surface waves (for plasma of small size) and
inductive impedance of the decaying waves.

In the present work, we calculated the amplitudes of
various waves of the electromagnetic field and analyze
types of possible resonances. We derived approximate
expressions governing the discharge impedance taking
into account excitation of various electromagnetic
modes. The results of analysis are compared with
numerical calculations of the discharge impedance and
spatial distribution of the field by using the COMSOL
Multiphysics® software package (the license belongs to
Faculty of Physics of the Moscow State University).
Numerical calculations carried out using analytical
expressions and the results of numerical simulation are
presented for the frequency of 137 MHz at which the
discussed effects are most pronounced (we carried out
similar calculations in a wider frequency range).

1. FIELD REPRESENTATION IN THE FORM 
OF EIGENFUNCTIONS INSIDE

AND OUTSIDE OF PLASMA

It is well known that two types of resonances are
possible in plasma of small size: the voltage resonance,
called the geometric plasma—sheath resonance, men-
tioned earlier [32, 33], and the current resonance that
is observed when the real part of dielectric permittivity
becomes equal to zero. Calculations show that higher-
order modes do not influence the discharge imped-
ance as a whole much in a large area discharge in
which major part of energy is transferred to the surface
wave. Nevertheless, it was demonstrated in a phenom-
enological model proposed in [31] that both the sur-
face waves and the higher order modes are essential for
correct calculation of the impedance.

In this section, we will demonstrate calculation of
field distribution and discharge impedance in the case
of discharge confined in a finite space region r < R.
The discharge chamber geometry for which calcula-
tion was carried out is illustrated in Fig. 1. We will
demonstrate that the discharge impedance is deter-
mined by interaction of currents induced by three
types of fields: the field of the surface wave, the field of
evanescent modes in plasma, and the field of evanes-
cent modes that concentrates outside of plasma. In a
general case, the resonance occurs as a result of com-
pensation voltages and currents induced by all types of
fields. However, in some cases, individual types of the
field can have no effect at certain plasma parameters.
For example, geometric and current resonances anal-
ogous to those observed in a discharge of small size are
caused by interaction of the field of the surface wave
and the field of the higher-order modes of plasma col-
umn (the field of the first higher-order mode in the
first place). In reality, compensation of impedances of
the higher-order modes of plasma column and higher-
order waveguide modes represents the resonance of
the field of the surface wave propagating along the
exterior plasma boundary that is readily observed in
microwave plasma in a waveguide [34, 35]. Naturally,
the resonance frequencies shift due to the presence of
sheaths near the electrodes. The observed resonances
are certainly affected by parameters of the external cir-
cuit as well [36]. In the present work, we will limit
analysis to a discharge with identical sheaths. The case
in which the size of plasma is smaller than the size of
the electrodes will be analyzed. In this case, excitation
of waves of higher-order types is caused by axial inho-
mogeneity of plasma and is unrelated to electrody-
namic effects near the electrode boundaries.

The field inside plasma can be represented in the form
of a sum of eigenwaves of the three-layer system (TLS)
metal–sheath–plasma–sheath–metal 
[8, 19, 37–39]. In expressions (1), (2), and henceforth,
only factors depending on z in the field representation
that can be found in appendices to [31, 40] are under-
stood in notations  and 

, ;
 is the wave resistance of vacuum; ;

ω is the circular frequency of the electromagnetic field;
с is the speed of light; r0, ϕ0, and z0 are the unit vectors
in the r, ϕ, and z directions, respectively. In plasma
(|z| < L and r < R), ;

 is the critical electron concentration; e
and m are the electron charge and mass, respectively;
ne and ν are the electron density and collision fre-
quency, respectively;  outside of plasma.
Using the above expressions, the z-component of
electric field Ez and azimuthal component of magnetic
field Hϕ at r < R can be expressed in the form
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Fig. 1. Typical experimental arrangement: 1, 2—electrodes, 3—plasma, 4—space charge sheaths between plasma and the wall
(electrodes), 5—discharge chamber, and 6—boundary of the area of calculation through which electromagnetic field is excited;
2L—distance between the electrodes; d1 and d2 thicknesses of the sheaths.
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where the first term corresponds to excitation of a
symmetric surface wave with radial propagation con-
stant , while the sum contains decaying modes
(attenuation constant ). At low electron con-
centrations (ne < 2nC), similar to [31, 40], the field of
the surface wave in (1) and henceforth is replaced by
the field of the quasi-TEM wave, and the latter is
excluded from the sum with respect to n. Outside of
plasma, standard eigenfunctions for the field confined
between two planes  are used [31]. In
the region R < r < R1, we can write

(2)

The first term in (2) describes a TEM wave arriving
from the peripheral region (R1 < r < R3) due to the field
generated by the source in the excitation region (R1 <
r < R2), while the second term describes a TEM wave
scattered by the three-layer structure and propagating
toward the peripheral region. For these waves,

. The sum in (2) represents the sum
of excited higher-order modes of the field for which

, . In
the process, we assumed that these waves decay in the
radial direction relatively fast, so that their reflections
from the electrode boundaries and the sidewall of the
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discharge chamber are negligibly small. So far, we did
not take into account higher-order modes of the field
in the plasma-free region that are excited at the elec-
trode boundary. Expressions governing currents and
voltages can be found in [31]. At r = R1, they yield

(3)

In the process, the discharge impedance at r = R1 is
given by

(4)

Here and henceforth, voltage U of the electrode is
assumed to be equal to the voltage between the elec-
trode and the vacuum chamber. Therefore, the poten-
tial difference between the electrodes equals 2U. Rela-
tions (3) allow calculating electric and magnetic fields
of the TEM waves at the plasma boundary (at point
r = R):
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(5)

Henceforth, it is convenient to use parameters 

and  instead of amplitudes  and of cylin-
drical waves. The requirement of tangential compo-
nent of the electromagnetic field at the plasma lateral
boundary being equal to each other leads to equation

(6)

When solving the latter, magnetic field amplitude
Hext(kR) of the TEM waves can be considered to be
given. The electric-field amplitude Eext(kR) can then
be found from (6). Relations (5) allow calculating
coefficients ATEM and Aext, while relations (3) and (4)
allow calculating the discharge impedance. Limiting
analysis to even waves, at r < R, we have

while, at r > R, we have
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The obtained values coincide with each other at the
plasma lateral boundary (r = R) due to (6). The fields
of the higher-order waves decay at large distance from
the boundary. Therefore, only the first term can be
retained in the latter equation. The current resonance
corresponds to denominator in the above expression
becoming equal to zero, while the voltage resonance
corresponds to the numerator in the above expression
becoming equal to zero.

The necessity of calculating the fields of the
higher-order modes is dictated by the fact that they
participate in the development of local electron den-
sity perturbations in the regions where the shape of
metallic elements of the setup drastically changes, e.g.,
at the electrode boundaries, in corners of the vacuum
chamber, etc. The amplitude of such density perturba-
tions can be comparable or even higher than the aver-
age electron density in the discharge. Therefore, the
fields in this region of the discharge must be described
as accurately as possible without limiting analysis to
only one spatial mode (e.g., the surface wave). Hence,
it is important to find expansion coefficients of the
field in plasma in eigenfunctions of the three-layer
waveguide. It should be noted that eigenfunctions in
both the plasma-filled region, , and in the
plasma-free region, , represent a complete sys-
tem of functions. Both can be used for field presenta-
tion at the plasma boundary. For the sake of generality
and convenience, let us introduce also the systems of
eigenfunctions  and  of an equation
conjugate with respect to the Maxwell’s operator [37].

The system of equations, governing coefficients An+

and , can be obtained it two ways: by using the
biorthogonality condition of either the system of
eigenfunctions  and  or the system of

eigenfunctions  and . Hence, Eq. (6) can
be reduced to an infinite system of matrix equations. It
can be solved after retaining a finite number of terms
in the expansion of the field (the number of retained
eigenfunctions inside and outside of plasma must be
equal). As a result, the number of equations will be
more than twice larger than the number of eigenfunc-
tions.

Upon choosing a large number of eigenmodes,
both methods should yield identical results. However,
the rounding errors in calculation of individual terms
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of the series, ill-conditioned obtained matrix, and
awkwardness of the obtained problem can play a role,
too.

2. EXPANSION OF THE FIELD AT INTERFACE 
IN NATURAL WAVES OF AN EMPTY 

WAVEGUIDE

Let us choose functions from the  family.
Note that axial dependences for these functions coin-
cide completely. Let us multiply each of the equations
governing electric field by , multiply each of the

equations governing magnetic field by , and
integrate the results from 0 to L. The resulting system
of equations has the form

(7)

In the case under consideration, εP is the dielectric
permittivity in the center of plasma column (z = 0).
Equations (7) are written in such a way that the third
and subsequent equations transform into equations
describing a surface wave propagating along the lateral
surface at d → 0. Due to their awkwardness, expres-
sions for coefficients  and  taking into
account analytical formulas for the fields [40] are pre-
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sented in Appendix A. Second powers of the norms of
the waves in an empty waveguide are calculated in a
standard way: , . Sometimes, we
will also need the norm of the eigenfunction of the
electric field: , . Note
that coefficients , , , and  are
defined by different expressions. The first two equa-
tions in system (7) stand out since they allow calculat-
ing the amplitude of the surface wave and electric field
of the TEM wave at the interface as a function of mag-
netic field. The rest of the equations allow finding the
amplitudes of the higher-order waves as a function of
the surface-wave amplitude. The discussed equations
yield the following general relations:

where matrix S is determined by expression ,

. Substituting the values of coefficients

into the first two equations in (7), we have:

The latter expression shows that the presence of
higher-order modes can substantially influence posi-
tion of resonances. Averaged over height electric field
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charge chamber can be used to find the discharge
impedance:

(8)

Hence, in agreement with general relations, excitation
of higher-order field modes changes position of both
the current resonances (points at which the denomi-
nator becomes equal to zero) and the voltage reso-
nances (point in which the numerator equals zero).
According to general expressions (2), we see that the
amplitudes of higher-order waves depend both on the
fundamental mode’s voltage (the term containing

) and its current ( ). At first sight, it
follows from (8) that the impedance of the line when
its characteristics are varied will be equal to zero, on
average, i.e., segments exhibiting capacitive and
inductive impedance along the electron-density axis
will occupy approximately equal areas, because all
terms depend on Bessel functions, one way or another.
Therefore, it is of interest to recast expression (8) sep-
arating components that depend on the relation
between the wavelength of the radial surface wave and
plasma radius (i.e., ultimately, on the electron density)
relatively weakly and those that depend on it strongly:

(9)
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An expression governing discharge conductivity can
be obtained analogously:

(10)

It follows from (10) that two terms can be distin-
guished in the expression for impedance upon exci-
tation of a surface wave. At fixed phase of the current,
the first term describes impedance introduced by the
radial surface waves and higher-order modes of the
field excitation of which is related to voltage across the
line, i.e., their phase changes according to the phase of
voltage. The second term describes excitation of
higher-order waves by current f lowing in the line; their
phase is related to the phase of current, and this term
introduces an inductive impedance. Similar analysis
can be conducted for conductivity (10), the only dif-
ference being that it is more convenient to have the
phase matched to that of voltage.

3. EXPANSION OF THE FIELD AT INTERFACE 
IN NATURAL WAVES OF THE THREE-LAYER 

PLASMA STRUCTURE

Let us choose functions from the  and

 families. The orthogonality conditions for

these functions were analyzed and norms squared 
for all waves were calculated in [40]. An analog of
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Expressions for coefficients  and  can be found
in Appendix A. Comparison of matrices of equa-
tions (7) and (11) shows that their elements for electric
and magnetic fields interchange. General formulas
governing the amplitudes of the corresponding modes
and impedances can be obtained by repeating the steps
described in the previous section. The discharge
impedance and amplitudes of different modes are
determined by expressions

(12)

where 

. Amplitudes of higher-order

modes of the field outside of plasma can be calculated
by using expression
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The amplitude of the surface wave driven in plasma
is given by 

. Note that both expressions
yield the same result for the impedance when only one
mode is taken into account. As we mentioned above,
the system of equations contains an infinite number of
equations, in a general case. Taking into consideration
possible errors in calculation of coefficients, numeri-
cal solution of this system of equations can be more
time consuming than straightforward solution of Max-
well’s equations by means of the finite element or
finite difference methods. Nevertheless, the discussed
system turns out to be very convenient for classifica-
tion of resonance states, because the number of coef-
ficients can be considerably reduced near the reso-
nance when conducting a qualitative analysis. Let us
discuss classification of possible resonances.

4. A SIMPLIFIED EQUATION GOVERNING 
THE DISCHARGE IMPEDANCE

Formula (8) (or (12)) represents the general expres-
sion governing the discharge impedance. However, it
should be simplified for understanding the results.
Suppose that the influence of sheaths in the equations
governing higher-order modes in equations (7) is
small. Therefore, the axial propagation constants of
the higher-order waves in plasma and outside of
plasma are close to each other. In this case, only one
diagonal term can be retained in (8) and (12). Matrices
Sij and Pij become diagonal, and solutions obtained in
the previous section become greatly simplified. Equa-
tions (7) yield the following expressions for the matrix
elements:

It should be noted that the validity of this approxima-
tion needs additional investigation. However, analysis
turn out to be cumbersome and can be the subject of a
separate publication. The fact that contributions of
perturbations with a smaller wavenumber and those
with a large wavenumber will have opposite signs and
partially compensate each other works in favor of this
approximation. Nevertheless, a transition from gen-
eral expressions of Section 3 to those obtained in the
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present section means a transition from quantitative
analysis to a qualitative one. Using expressions for var-

ious field components [31, 40], we can obtain the fol-
lowing expression governing the discharge impedance:

(13)

Analogous expression in the case of low densities corresponding to the absence of a surface wave has the form

where index 0 denotes a quasi-TEM mode that trans-
forms into the first evanescent mode at Re ε < 0 rather
than the surface wave. Coefficients in the equation are
calculated using the same formulas provided in
Appendix A as in the case of propagation of surface
waves. Analogous expressions can also be obtained by
using system of equations (12). Assuming that we arrive to the following result:

(14)

Let us analyze various types of resonances that can be observed in the discharge.
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4.1. Resonance of Surface Waves
Near the Lateral Surface

Let us analyze resonances related to excitation of
standing surface waves along the lateral surface first.
Impedance introduced by surface waves is separated
out in formula (13) (the first term) (as well as in (14)),
along with impedance introduced by the higher-order
evanescent modes. In the process, the amplitudes of
the higher-order modes can experience resonance
enhancement upon fulfillment of the resonance con-
dition that corresponds to excitation of surface waves
propagating along the lateral surface and takes into
account cylindric symmetry of the system (Bessel
functions of imaginary argument and Macdonald
functions), along with the influence of the sheaths
(coefficients  and  in (13) or  and  in (14)):

The latter expression represents a simplified dis-
persion relation for the surface waves. The influence of
these modes is substantial in both the numerator (the
influence on the resonance in voltages) and in the
denominator (the influence on the resonance in cur-
rents). The discussed resonance can be clearly seen in
the curve representing the dependence of impedance
on electron density, provided that not only the mode
under consideration but also at least one of the other
waves is taken into consideration in the numerator or
the denominator. It is in this case that the resonances
in currents shift relative to the resonances in voltages,
and we see the corresponding spikes in the current-
voltage characteristic in the discharge impedance
dependence on electron density. The amplitude of the
surface wave is relatively high. Therefore, the phase of
voltage or the phase of current of the surface wave in a
certain region changes within the (0, π) interval. Cor-
respondingly, the amplitude of voltage or the ampli-
tude of current exceeds the amplitude of the funda-
mental mode. This specificity reveals itself as the res-
onance in current or the resonance in voltage in the
dependence of impedance on electron density.

Alternatively, when both amplitudes (the ampli-
tudes of voltage and current) of the resonance mode
exceed the amplitude of the fundamental mode, the
impedance calculated by using expression (13) tempo-
rarily transforms to that determined by the discussed
mode which is very close to the impedance in the sin-
gle-mode regime [31]:

4.2. Resonances of Radial Surface Waves and Geometric 
Resonance in the Plasma–Space-Charge Sheath System

Two more types of resonances can take place in the
discharge in addition to resonances related to exci-
tation of surface waves near the lateral surface. All
these resonances are described by zeros of the numer-
ator (resonance in voltages) or denominator (reso-
nance in currents) in expressions (8), (12), (13),
or (14).

First, these are the resonances related to excitation
of radial surface waves that are mathematically
described by Bessel functions and are related to zeros
of the latter.

Second, physically, these are resonances related to
global distribution of currents and voltages in the dis-
charge among which we can identify a current reso-
nance that is observed upon fulfillment of condition

and a voltage resonance that was named the geometric
resonance in the plasma–sheath system [32, 33]. In
the latter case, an inductive impedance introduced by
the higher-order modes is compensated by the imped-
ance of a short open line, which has a capacitive char-
acter. This resonance is observed at high plasma den-
sities when plasma radius is smaller than the wave-
length of the surface wave. The resonance condition,
taking into account the inductive impedance intro-
duced by modes of higher types (at electron densities
exceeding the resonance density for the lateral surface
wave) is given by the following relation:

Using approximate expression (13), we find that

For small size discharge we have 

. The capacitive impedance is replaced by
an inductive one with decrease in electron density at
the point of the geometric resonance. Penetration
depth of the higher-order modes into plasma increases
with further decrease in electron density, and induc-
tive impedance introduced by the second term
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increases. Oscillations of the first term in the last
expression give rise to spikes in the amplitude of
absorption related to excitation of surface waves or to
the appearance of new current and voltage resonances
if absorption of surface waves is weak and the ampli-
tude of the wave reflected from the center of the dis-
charge is low. In the opposite case, if the reactive part
of the impedance introduced by the surface waves
exceeds inductive impedance of the fundamental
mode, not only additional spikes but also new current
and voltage resonances can appear.

The results obtained when using expression (13) to
calculate the impedance for plasma radii of 2, 5 10, 15,
and 20 cm with the length of the plasma column set
equal to 8 cm are presented in Fig. 2. The ratio of the
effective collision frequency to the field frequency was
assumed to be equal to 0.1, while the sheaths thickness
was set equal to 3 mm. Excitation of a surface wave and
two higher-order modes was taken into account in the
calculations. The results show that the discharge, in
general, is characterized by an inductive impedance in
the region of excitation of surface waves, because
impedance introduced by the latter is purely active
almost everywhere due to their strong absorption. The
presence of the surface wave reflected from the center
of the discharge reveals itself in spikes of absorption in
the curve depicting impedance only at high electron
densities. These spikes can be seen in Fig. 2 at dis-
charge radius equal to 5 cm and larger. They are
marked by thin vertical lines and a stars. The spikes
become more evident with increase in the electron
density, because this leads to a decrease in surface
wave attenuation and a decrease in the inductive
impedance of the higher-order modes that play the
role of a background for the spikes.

Resonances in currents at density equal to critical
and a geometric resonance that shifts toward higher
electron densities with increase in radius can be seen in
all diagrams, which is related to a decrease in the

 ratio.

5. THE INFLUENCE OF THE EXTERIOR PART 
OF THE DISCHARGE CHAMBER

ON DISCHARGE IMPEDANCE

Before comparing the results of analytical calcula-
tions with those, obtained by numerical solution of
Maxwell’s equations, let us investigate the influence of
the exterior part of the chamber on discharge imped-
ance as a whole. In the geometry under investigation,
the influence of the exterior part of the electrodes, the
region of excitation, the working chamber periphery,
and the line connecting the chamber with the source
of the field should be taken into consideration. Let us
analyze these processes step-by-step.

( ) ( )+ +0 0 1 0J h R J h R
5.1. The Influence of Capacitance of the Exterior Part
of the Electrodes

In the previous sections, we calculated discharge
impedance Z0 on cylindrical surface r = R limiting the
area, occupied by the discharge. Nevertheless, it was
assumed that the size of the electrodes did not coin-
cide with the size of plasma (Fig. 1). In the simplest
case, when the difference in radii is much smaller than
the wavelength of the TEM wave, impedance at point
R = R1 is given by (see Appendix D for more general
formulas)

(15)

Here,  and  are the capacitance (2–10 pF)
and inductance (less than 0.01 μH) introduced by the
peripheral region, respectively, while .
The influence of inductance can be neglected under
the conditions discussed in the present work.

5.2. The Influence of Impedance of the Exterior Part
of the Working Chamber and Higher-Order Modes

of the Field Driven Near the Point of Power Deposition
In the previous subsection, we analyzed the influ-

ence of an extra area of the electrodes adjacent to the
discharge. Let us now investigate the influence of the
exterior part of the chamber (Fig. 1). Impedance can
be calculated similar to the case of discharge chamber
completely filled with plasma [40], except eigenwaves
of the three-layer structure should be replaced with
eigenwaves of the external waveguide (Appendix E):

(16)

Here,  is determined by expressions from subsec-
tion 5.1 or Appendix D, and . An equiv-
alent scheme of the discharge for the geometry under
consideration is illustrated in Fig. 3. In the scheme, Z0
is the impedance of plasma (calculated by using
expressions from Section 2, taking into account
higher-order modes), and Line 1 is the energy trans-
mission line from the plane of excitation to the dis-
charge boundary. The line is formed by the exterior
part of the electrodes. The size of this area is usually
small relative to the wavelength of the HF wave in vac-
uum. Therefore, this impedance represents capaci-
tance connected to the discharge in parallel. A closed
line (Line 3), formed by the empty exterior part of the
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Fig. 2. Discharge impedance (1—Re Z, 2—Im Z, Ω) (results of analytical calculation) for symmetric discharge under in-phase
excitation; plasma radius is R = 2 (a), 5 (b), 10 (c), 15 (d), and 20 (e) cm; field frequency is 135.6 MHz; sheaths’ thicknesses are
d1 = d2 = 3 mm. Collision frequency is assumed to be equal to 0.1 of the field frequency. The scale is decreased by a factor of 20
in the region where no surface waves are propagating (3—Re Z/20, 4—Im Z/20, Ω). Stars and black vertical lines denote the posi-
tions of resonances related to excitation of surface waves. 
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vacuum chamber, is connected with this line in series.
Concentrated elements representing contribution of
the fields of the higher-order waves of an empty wave-
guide, initiated in the excitation region, are connected
to this line in parallel. It should be noted that, in con-
trast to the case of a chamber completely filled with
plasma, excitation of higher-order modes in an empty
waveguide introduces an additional capacitive imped-
ance. In the process, impedances introduced by
higher-order modes at r < R and r > R are also con-
nected in series, in agreement with the expression
above. Other notations in the figure are as follows: ZS
PLASMA PHYSICS REPORTS  Vol. 47  No. 3  2021
is the internal resistance of the power source; US is its

electromotive force;  and  are impedances intro-
duced by the higher-order modes driven inside and
outside of plasma.

Two obvious conclusions follow from the derived
expressions:

(1) Excitation of higher-order modes of the field
gives rise to the appearance of additional currents that
shift position of the current resonances.

(2) The field of the TEM wave in the exterior part
of the chamber can also substantially influence exci-

j
eZ j

iZ
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Fig. 3. An equivalent circuit of the discharge. Line 1—open
long line describing a surface wave at r < R1; line 3—closed
line in the peripheral region describing propagation of the
TEM wave at r > R2; Zji and Zje are concentrated imped-
ances describing higher-order modes of the field in the
interior (r < R) and exterior (r > R) regions that are con-
nected in series. Line 2—the supply line delivering energy
from the source; ZS is the internal resistance of the source.
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tation of the field in the discharge. In the process, the
impedance of the exterior part of the chamber turns
out to be connected with the impedance of the interior
part in series (for each wave). This means that it will
not influence position of current resonances but can
substantially change the values of electron density at
which the voltage resonance takes place. For small
sizes, impedance introduced by this part of the cham-
ber will be inductive. If this impedance is large, the
geometric resonance in the plasma–sheath system can
disappear. On the other hand, compensation of reac-
tive part of the impedance of the central part can result
in sharp increase in the magnitude of the field in the
discharge center. The field amplitude in the plasma
region turns out to be very low if the impedance of the
exterior part at the point of energy deposition is very
large, so that  (a quarter-wave piston),
and the discharge becomes unsustainable under such
conditions.

The results of impedance calculation by using ana-
lytical formulas are presented in Fig. 4. The ratio of
capacitance connected to the discharge in parallel to
discharge capacitance at low currents decreases with
increase in the discharge radius. Therefore, the largest
shift in the position of the resonance in currents
toward higher values of electron concentration is
achieved for a discharge with a diameter of 2 cm and
monotonically decreases with increase in its radius.
Due to small value of inductance introduced by the
exterior parts, position of the geometric resonance
remains largely unchanged (see Figs. 2 and 4). There-

( ) →ext
0 3 0H R
fore, the values of electron density at which the reso-
nance in currents and the resonance in voltages are
observed are relatively close to each other in a dis-
charge of small size. The corresponding values of den-
sity differ by a factor of 3–10 in other cases.

Similar to the case of discharge chamber com-
pletely filled with plasma, the current resonance takes
place when inductive current through plasma and
capacitive current f lowing through the plasma-free
region compensate each other. The discharge has
inductive impedance, on average, at densities lower
than that, corresponding to the geometric resonance,
and higher than that, corresponding to the current res-
onance. Weak resonances related to surface-wave
reflection from the center of the discharge can be seen
on the background of a relatively slowly varying induc-
tive impedance. Small influence of these resonances is
explained by strong absorption of the surface wave.
These resonances become more pronounced than in
Fig. 2 when additional capacitance is taken into
account, because part of the inductive impedance
introduced by the higher-order modes is compensated
by capacitance of the exterior part of the chamber.

6. NUMERICAL SIMULATION
OF A SYMMETRICALLY DRIVEN 

DISCHARGE

Analytical results, obtained in the previous subsec-
tions, were compared with the results of numerical cal-
culations, carried out by using the COMSOL Multiph-
ysics® software package. Similar to [40], Maxwell equa-
tions were solved in the space region including the
central part of the chamber (0 < r < R3, –L < z < L) and
the space between the electrodes (R1 < r < R2, –L < |z| <
L + L2), see Fig. 1. Zero boundary conditions for tan-
gential component of the electric field were imposed at
the electrodes and the vacuum chamber wall. A sym-
metrically driven discharge for which current I, flowing
in through the lower electrode, was assumed to be equal
to current, flowing out through the upper electrode, was
analyzed. The azimuthal magnetic field at the exterior
boundary 6 (R1 < r < R2, –|z| = L + L2) was assumed
given: .

Impedance was calculated at several points. First,
at the discharge boundary (r = R). In this case,
according to general expressions obtained in [31],

It was assumed here that current is determined by
the magnetic field magnitude averaged over height
(different relations between electrode currents that
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Fig. 4. The influence of impedance introduced by the peripheral part of the working chamber on discharge impedance (1—Re Z,
2—Im Z, Ω) (results of analytical calculation) for a symmetric discharge under in-phase excitation. Plasma radius is equal to R =
2 (a), 5 (b), 10 (c), 15 (d), and 20 cm (e); field frequency is 135.6 MHz; thicknesses of sheaths are d1 = d2 = 3 mm. Collision
frequency is assumed to be equal to 0.1 of the field frequency. 
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were used for calculation of impedance and spatial
field distribution were discussed in [31]).

Second, in the case under consideration, expres-
sions governing impedance at boundary 6 of the area
of calculation coincide with those derived in [40]:

 Electron-density distribution in plasma was
assumed to be uniform, while dielectric permittivity
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was defined using the cold-plasma model. The dis-
charge region was limited by a dielectric (ε = 1) from
the exterior-wall side.

The results of impedance calculation at the dis-
charge boundary are illustrated in Fig. 5 (1, r = R).
Since the values of impedance substantially decrease
when electron density changes by three orders of mag-
nitude, the curves were plotted on two scales (dia-
grams on the left- and right-hand side), which allowed
demonstrating the behavior of impedance at low and
high plasma densities. Comparison with analytical
calculations (Fig. 2) shows that they agree with each
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Fig. 5. Discharge impedance (1—Re Z, 2—Im Z, Ω) (results of numerical simulations) for a symmetric discharge under in-phase
excitation. The diagram on the right-hand side represents the same curves as in figures above but on a larger scale. Parameters are
the same as in Fig. 4. Impedance was calculated at the exterior plasma boundary.
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Fig. 6. Same as in Fig. 5. The influence of the exterior part
of the discharge chamber was excluded because R3 = R2,
but the capacitance of the supply line was taken into
account.
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other qualitatively. At low densities (less than 5–6
times the critical density), the results agree also quan-
titatively. However, deviation of numerically calcu-
lated curve from that calculated analytically increases
with increase in electron density. Numerical calcula-
tions predict the occurrence of geometric resonance in
the plasma–sheath system at lower values of electron
density. This mismatch can be related to the approxi-
mations used in the analytical calculations, namely,
the diagonal approximation in the matrix and the fact
that only two higher-order modes were considered.
However, the presence of spikes in the impedance
(both in analytical and numerical calculations) indi-
cates substantial changes in the relation between the
field amplitudes of the surface wave and evanescent
modes.

Calculation of the impedance at the boundary of
the calculation region were carried out at distance
L2 = 1 cm (2, Fig. 6) and L2 = 10 cm (3, not shown in
the paper) from the discharge chamber boundary.
Estimates and numerical calculations conducted using
the COMSOL Multiphysics® software package
showed that the influence of peripheral part of the
working-chamber is not critical when the difference in
radii R3–R2 is smaller than 5 cm and at frequency of
135.6 MHz, because inductance introduced by the
exterior part of the chamber is smaller than 0.01 μH.
On the contrary, capacitance of the peripheral part of
the electrodes and the external supply line substan-
tially shift position of resonance in currents toward
higher electron densities, while position of geometric
resonances in the plasma–sheath system remains
largely unchanged (Fig. 6). Resonances related to
excitation of surface waves reveal themselves more
clearly when part of inductive impedance of the
higher-order modes is compensated by capacitance of
the supply line.

Since calculations showed that the influence of
resonances in the current-voltage curves related to
excitation of standing surface waves was weak, when
the ratio of the electron collision frequency to the field
frequency was set equal to ν/ω = 0.1, we carried out
calculations also for ν/ω = 0.01 (Fig. 7), although this
value of collision frequency is too low for typical HF
discharges. A jump in the impedance, related to the
appearance of traveling radial surface waves, can be
clearly seen in Fig. 7 (A). This jump is observed at
electron densities slightly lower than twice the critical
density, which can be caused by the influence of the
sheath. However, additional calculations are needed
for determining exact reason for this shift, including
direct calculation of dispersion of eigenwaves of the
three-layer system taking into account collisions but
without using the perturbation-theory approach. Fur-
ther increase in the electron density leads to the
appearance of spikes in absorption and oscillations in
the curve representing imaginary part of the imped-
ance which correspond to excitation of standing sur-
PLASMA PHYSICS REPORTS  Vol. 47  No. 3  2021



226 DVININ et al.

Fig. 7. Discharge impedance (1—Re Z, 2—Im Z, Ω) (results
of numerical simulation) for a symmetric discharge under in-
phase excitation. All calculations are the asme as in Fig. 5 but
collision frequency is set equal to 0.01 of the field frequency.
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face waves. The values of electron density at which
excitation of standing surface waves near the lateral
surface takes place do not change upon variation of
discharge radius (B). At the same time, resonances
related to excitation of radial standing surface waves
shift toward higher electron densities with increase in
plasma radius (C). Geometric resonance in the
plasma–sheath system is marked separately (D).

Note that variation of parameters of external circuit
strongly impacts position of the current resonances
that we referred to as the global resonances along the
electron-concentration axis, because compensation of
voltages and currents occurs in the discharge as a
whole, currents and voltages changing gradually upon
variation of plasma parameters. At the same time,
position (but not the amplitude) of the interior reso-
nances (excitation of surface waves) is determined by
internal properties of the system and weakly depends
on parameters of the external circuit. Their amplitude
can sharply increase if position of this resonance is
close to that of the global resonance.

It should be noted that, when calculating discharge
characteristics in the present work, we assumed that
the radius of electrodes exceeds the plasma radius, and
the surface waves, along with the higher-order types of
modes, were thus driven after the field of the source
transformed into a TEM wave rather than by the
source field directly. We will analyze the other case in
one of the forthcoming works, simultaneously with
analytical calculations.

Calculated spatial distributions of magnetic field in
plasma are illustrated in Figs. 8–10. Since impedance
dependences on electron density do not change much
qualitatively for all values of plasma radius (2, 5, 10,
15, and 20 cm), in contrast to the case of a discharge
chamber completely filled with plasma [40], here we
will compare distributions of the azimuthal magnetic
field in discharges of different radius that have plasma
densities corresponding to identical characteristic
points in the dependence of impedance on electron
density. Since the exterior part of the discharge cham-
ber had the same configuration in all cases, compari-
son of spatial distribution of the fields allows estimat-
ing the influence of changes in the size of plasma on
spatial distribution of the field. Field distributions for
a discharge of 2-cm radius are presented in Figs. 8a,
8b, 9a, 9b, 10a, and 10b; those for a discharge of 5-cm
radius are presented in Figs. 8c, 8d, 9c, 9d, 10c, and
10d; distributions for a discharge of 10-cm radius are
depicted in Figs. 8e, 8f, 9e, 9f, 10e, and 10f; distribu-
tions for a discharge of 15-cm radius are presented in
Figs. 8g, 8g, 9g, 9h, 10g, and 10h; distributions for a
discharge of 20-cm radius are illustrated in Figs. 8i, 8j,
9i, 9j, 10i, and 10j. Resonances related to excitation of
a standing surface wave at the dielectric sidewall of the
discharge chamber take place in a discharge of small
radius upon increase in electron density above twice
the critical density. Excitation of a surface wave prop-
PLASMA PHYSICS REPORTS  Vol. 47  No. 3  2021
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Fig. 8. Spatial distribution of magnetic field upon excitation of a surface wave near the lateral surface of the discharge for several
values of plasma and working-chamber radii. Conditions are the same as in Fig. 2. The real component of magnetic field is shown
on the left-hand side, while its imaginary component is shown on the right-hand side, A/m. Plasma radius is set equal to 2 (a, b),
5 (c, d), 10 (e, f), 15 (g, h), and 20 cm (i, j).
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agating along the electrode starts playing an important
role with increase in discharge radius. Since absorp-
tion coefficient of this wave is substantially larger than
that of the wave propagating along the lateral surface,
its presence leads to redistribution of current into this
wave, and the surface wave at the lateral surface
becomes less prominent.
PLASMA PHYSICS REPORTS  Vol. 47  No. 3  2021
Figure 9 corresponds to a resonance in currents. In
this case, the current in regions outside of plasma is
compensated by the current f lowing through the
plasma column. Density of current f lowing through
plasma should decrease with increase in plasma
radius. As a result, electron density corresponding to
resonance decreases. Due to low plasma density and
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Fig. 9. Magnetic field distribution in plasma at electron density corresponding to the resonance in discharge currents for several
values of plasma and working-chamber radii. Conditions are the same as in Fig. 4, while distribution of parameters corresponds
to Fig. 8.
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large penetration depth of the field of the higher-order
mode, current is mainly carried by the higher-order
modes of the field. Since discharge radius increases
simultaneously, condition for excitation of the radial
surface wave that can be seen in Figs. 9e, 9f improve.
However, the amplitude of this wave is much lower
than that of the field of the higher-order mode.
Finally, Fig. 10 illustrates the field distribution cor-
responding to a geometric resonance in the plasma–
sheath system. The energy transferred to the surface
wave and that transferred to higher-order modes of the
field are approximately equal to each other at the point
of resonance. The wavelength of the surface wave at
high electron densities turns out to be larger than the
PLASMA PHYSICS REPORTS  Vol. 47  No. 3  2021
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Fig. 10. Magnetic field distribution in plasma at electron density corresponding to the resonance in voltages for several values of
plasma and working-chamber radii. The conditions correspond to Fig. 3, while distribution of parameters corresponds to Fig. 8.
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size of the system. Therefore, its current is distributed
uniformly over the electrode area. At the same time,
the current of the higher-order modes concentrates
near the plasma boundary, i.e., f lows through a
smaller area. Therefore, the magnitude of magnetic
field induced by the higher-order modes turns out to
be larger than that induced by the surface wave,
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although by a small amount. Hence, analysis of spatial
structure of the high-frequency field by means of
numerical simulation corroborates the qualitative pic-
ture obtained by using analytical calculations.

Let us compare the curves representing impedance
that were obtained in the present work with those
obtained in the previous work of this series ([40],
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Fig. 2) for the same values of the plasma radius. First,
the global resonance in currents in the circuit under
consideration which is caused by the resonance in cur-
rent f lowing though plasma and current f lowing
though additional capacitance of the exterior region of
the chamber, along with capacitance of the supply
line, shifts toward higher electron densities. This dif-
ference agrees well with expression (15) and is related
to additional capacitance introduced by part of the
electrodes not covered by plasma.

Second, resonances related to excitation of surface
waves are less pronounced in the case under consider-
ation relative to analogous resonances in a chamber
completely filled with plasma. Apparently, this differ-
ence is related to field configuration of the source
maintaining plasma. In [40], this field was concen-
trated in the region near the electrode (a δ-shaped
source was used in the model). The field of the surface
wave attained maximum, while, on the contrary, the
field of the higher-order modes attained minimum in
that region. In the present work, both the surface
waves and higher-order types of waves are excited by a
TEM wave, which has uniform field distribution along
the axis. This fact should facilitate predominant exci-
tation of higher-order field modes that attain maxi-
mum in the center (z = 0).

Third, a resonance related to compensation of
higher-order fields modes currents outside and inside
plasma, which corresponds to resonance excitation of
the surface waves near the lateral surface, can occur in
the geometry considered in the present work.

Note that, in general, there is a possibility to influ-
ence the fields of the two components, the field of the
surface wave and the field of the higher order modes,
in the discussed geometry. At the same time, there are
three components in a completely filled chamber: the
surface wave in the central region, the surface wave in
the peripheral region, and the higher-order modes in
the vicinity of the excitation region, which offers
advantages from the point of view of controlling the
spatial distribution of electron density. However, this
fact can also create additional problems.

There are no propagating waves in the plasma-free
region in a discharge chamber with a design under
consideration under anti-phase discharge excitation,
at least, if the distance between the plates is smaller
than the wavelength in vacuum. Therefore, the current
to the sidewall under anti-phase excitation must f low
through a very small capacitance between plasma and
the wall. Hence, excitation of antisymmetric waves in
a symmetric discharge in the discussed geometry is
problematic. However, these waves can be generated
upon violation of symmetry (e.g., in the sheaths sizes
is different or electron density distribution is not sym-
metric), especially, taking into account that such sym-
metry violation can occur spontaneously [34, 35, 41].
Calculation of dispersion curves [31] shows that the
length of antisymmetric waves is much shorter than
that of symmetric ones in a wide range of electron
densities. Therefore, resonances related to excitation
of such waves are observed at higher electron densities.
This conclusion is confirmed by calculations for a dis-
charge chamber completely filled with plasma [40].
Asymmetry of the discharge in a partially filled vac-
uum discharge chamber can lead to excitation of anti-
symmetric waves and appearance of new resonances.
This problem needs additional investigation, which
will be the subject of future work.

7. MAIN RESULTS OF THE PRESENT WORK
The main results of this work can be summarized as

follows:
(i) Analytical calculations of the field in a capaci-

tive low pressure high frequency discharge revealed
that, with high degree of accuracy, the field in plasma
can be presented as a sum of surface waves and evanes-
cent eigenmodes of E-waves in a three-layer sheath–
plasma–sheath structure surrounded my metallic
electrodes. Both the surface waves and higher-order
evanescent field modes must be taken into account for
correct calculation of the discharge impedance.

(ii) The main current resonance observed in the
discharge that we refer to as the «global resonance» is
related to compensation of capacitive impedance of
the exterior part of the chamber and inductive imped-
ance of the discharge. Since this resonance in the
geometry under consideration is observed under the
same conditions as resonances associated with the
multiplicity of the plasma dimensions and the surface
wavelength, the latter are masked by the discussed res-
onance.

(iii) The main voltage resonance observed in the
system represents a geometric resonance in the
plasma–sheath system. In the range of parameters
typical for plasma reactors and field frequency consid-
ered in the problem, this resonance occurs in plasma
with radial size being smaller than 15 cm. In the case
of larger plasma dimensions, the line along which the
surface waves propagate is often characterized by an
inductive impedance or its capacitive impedance is
insufficient for compensation of the inductive imped-
ance introduced by the higher order modes.

(iv) The higher-order field modes have larger
amplitude and play a more important role in sustain-
ing the discharge than in the case of the discharge
completely filling the discharge chamber [36].

(v) The perturbation theory approach with respect
to parameter ν/ω is insufficient for correct analytical
description of properties of the discharge with density
in the range between critical and twice the critical
densities.

(vi) Capacitance of the circuit connecting plasma
with generator and inductance introduced by an
empty part of the chamber can substantially influence
discharge characteristics or even the possibility of sus-
PLASMA PHYSICS REPORTS  Vol. 47  No. 3  2021
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taining it. The role of these effects increases with
increase in frequency of the field sustaining the dis-
charge.

(vii) Comparison of the results of analytical calcu-
lations and numerical simulation of discharge proper-
ties by using the COMSOL Multiphysics® software
package showed their satisfactory qualitative agree-
ment.

Research reported in this series of works (including
[31, 40]) revealed that the higher-order evanescent
field modes and the surface waves propagating along
the plasma–sheath–metal interfaces play equally
important role, determining impedance of the high-
frequency low-pressure capacitive discharge as a
whole and spatial distribution of the field. Higher-
order modes are excited at all sharp inhomogeneities
of the working chamber, such as boundaries (and ribs)
of the electrodes, corners of vacuum chamber, and in
the region of energy deposition. In the process, the
relation between the amplitudes of different types of
the waves can vary substantially depending on plasma
density and the working-chamber geometry. There-
fore, the probability to obtain universal recommenda-
tions that would create conditions required for realiza-
tion of existing (and, possibly, new) technological pro-
cesses for all possible regimes of the discharge is low.
Nevertheless, calculations allow estimating the effi-
ciency of energy deposition into a given field mode,
finding under what conditions and what influence
does one or another type of the field has on the imped-
ance and spatial distribution of plasma density. Our
analysis clearly demonstrates the possibility of choos-
ing and investigating a wide range of setups not only
based on the results of experiments conducted in pre-
vious setups but also based on theoretical analysis of
electrodynamic properties of the system.

APPENDIX A

Calculation of Coefficients in Equations

Norms of eigenfunctions were calculated in [40].
Expressions governing coefficients in systems of equa-
tions (7) and (11) (the first index denotes the number
of the wave in the three-layer system, while the second
index denotes that in the empty space) have the form
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The following notations were used in the above

expressions: ; ;

; ; ; εP
and ε1 are the dielectric permittivities of plasma and
sheath, respectively. All coefficients (C, D) have the
dimension of length. Note also that, for convenience
of conducting numerical calculations,  enters in
expressions for different coefficients in different ways.

APPENDIX B

Calculation of Amplitudes of Different Types of Waves 
in the Diagonal Representation. 
Expansion in Waveguide Modes

Using the assumption of predominant role played
by the diagonal terms, we can write expressions gov-
erning different components of the electric field. The
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amplitudes of the fields of higher-order types of waves have the following form inside plasma (r < R)

(B.1)

and outside of plasma (r > R):

The term in the denominator in the previous two
expressions is the same, meaning that the fields of the
higher-order modes grow simultaneously both outside
and inside plasma, and plasma densities at which a
resonance is observed are also the same. This reso-

nance can be interpreted as the resonance related to
excitation of surface waves at the plasma-column lat-
eral surface. The amplitude of the surface wave propa-
gating along the sheath can be calculated by using
expression

APPENDIX C
Calculation of Amplitudes of Different Types of Waves in the Diagonal Approximation. 

Expansion in Modes of the Three-Layer Structure
Using general formulas, we find that the amplitude of the higher-order modes of the field in the diagonal

approximation can be calculated by using the following expression:

where . The amplitude
of the surface wave propagating along the sheath satis-
fies expression

while the field of the higher-order modes inside
plasma is given by

APPENDIX D
Calculation of Impedance Introduced
by the Exterior Part of the Electrodes

Let the discharge impedance calculated according
to any expression in (10)–(12) is equal to ZD. Distribu-
tion of potential and current in the R < r < R1 region
satisfies the telegraph equations [37–39]:
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(D.1)

where  and  are the capacitance and induc-
tance of the line per unit length, respectively;

; . Introducing resis-
tance of the line  and substituting volt-

age and current in the form of a sum of Bessel and
Neumann functions,

we find that the impedance at point r > R is given by

(D.2)

In the case of small difference of radii
( ), it is easier to find the correction to the
impedance directly from expression (D.1):

(D.3)

. Under the conditions of the present study,
the influence of inductance of the line can be
neglected in most cases.

APPENDIX E
Calculation of Impedance Introduced

by the Peripheral Region of the Working Chamber
The conditions of tangential components of the

electric field being equal to each other at the surface at
which external energy is deposited into the discharge
leads to relation (  is the voltage of the fundamental
mode, and  is the impedance of the interior trans-
mission line at the electrode boundary calculated in
the previous subsection)

(E.1)

Here, the first term in the left-hand side corresponds
to the field of the TEM wave in the interior region cal-
culated in Appendix D; two sums correspond to the
fields of the higher-order modes in the interior and
exterior regions, respectively (  and  are the wave
amplitudes); the last term represents the field of the
TEM wave with amplitude  in the interior region
representing a closed transmission line; the term in the

right-hand side represents the external source of the
field. Since the lateral surface of the chamber is made
of metal, . In the geometry under consid-
eration (Fig. 1), we can write:

Similar to [36], we will assume that the region of
energy deposition is small, so that . The
condition of currents at r = R1 and r = R2 being equal
to each other means that HS = 0. Voltage equal to U is
applied at the boundary points z = ±L: 

. Amplitudes of the fields can be calcu-
lated similar to [40] by replacing eigenwaves of the
three-layer structure by eigenwaves of an empty wave-
guide. In the discussed case, (E.1) yields

Knowing amplitudes of all waves, we can find the
source current (by using relation ):

and impedance at the point of excitation (16).
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