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Abstract—The paper presents a survey of the main numerical models used for simulation of interaction of
accelerated particle beams with target nuclei. These models form the core of the software for simulation of
various experiments and experimental facilities both for scientific and applied purposes. The beam and target
parameters considered in detail in this study (protons and deuterons with energies from 0.66 to 4 AGeV and
bulk U targets) cover the range of interest in development of new concepts of nuclear power production aided
by accelerated particle beams.

Keywords: cascade models, extended heavy target, neutron production and capture
DOI: 10.1134/S1063779622050021

INTRODUCTION
Numerical study of ADS systems, namely, interac-

tion of accelerated proton and light ion beams with
extended targets, encounters a well known problem of
description of neutron breeding in such systems. Vari-
ous approaches and numerical models differ in their
predictions of neutron yield and spectrum up to a fac-
tor of two. That is why the comparative examination of
the widely used models and codes for description of
interaction of accelerated ion beams with heavy bulk
targets with the idea of further experimental verifica-
tion is important.

The intranuclear cascade (INC) approach was
apparently first developed by Goldberger [1], who in
turn based his work on the ideas of Heisenberg and
Serber [2], who regarded intranuclear cascades as a
series of independent collisions using on-mass-shell
free particle-nucleon cross sections. The colliding
particles are treated as classical point-like objects
moving between collisions on well defined trajectories
in the target potential well.

Many intra-nuclear cascade models have been pro-
posed and developed in the past by several groups. In
many cases the motivation was to provide a satisfac-
tory level of description of final-state hadron spectra
in the problem of few MeV to few GeV reactions of
hadrons with nuclei. They find application in low-

energy calorimetry, studies of nucleon shielding,
accelerator based nuclear-waste degradation, neutrino
beams, or studies of design and application of spall-
ation neutron sources.

Let’s remind the main basic assumptions of the
INC. The main condition for the applicability of the
intranuclear cascade model is that the DeBroglie
wavelength λ of the particles participating in the inter-
action be sufficiently small: It is necessary that for
most of these particles λ be less than the average dis-
tance between the intranuclear nucleons Δ ∼ 10−13 cm.
Only in this case does the particle acquire quasi-clas-
sical features and can we speak approximately of par-
ticle trajectory and two-particle collisions inside the
nucleus. It is clear that for this to be the case the pri-
mary particle kinetic energy T must be greater than
several tens of MeV.

Another important condition for applicability of
the INC is the requirement that the time in which an
individual two-particle intranuclear collision occurs
on the average, τ ∼ 10–23 s, be less than the time inter-
val between two such consecutive interactions

where l is the mean range of the cascade particle before
the interaction, c is the speed of light, R  is the
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mean radius of the nucleus, and σ is the cross section
for interaction with an intranuclear nucleon. This per-
mits the interaction of the incident particle with the
nucleus to be reduced to a set of individual statistically
independent intranuclear collisions.

Since the energy of the particles participating in the
cascade is greater than the binding energy of the intra-
nuclear nucleons—the same characteristics can be
used for interaction of cascade particles inside the
nucleus as for the interaction of free particles. The
effect of other intranuclear nucleons is taken into
account by introduction of some average potential V,
and also by the action of the Pauli principle. The
nucleus is considered to be a degenerate Fermi gas of
nucleons enclosed in the nuclear volume. Both pro-
jectile and nucleus have to be initialized. Regarding
the projectile, type and energy are known, but its
impact parameter is taken randomly and coulomb
deviation considered. If the projectile is a composite
particle, its structure must be given in the same way as
for the target. The target nucleus is defined by its mass,
its charge, the potentials felt by the particles, the
momentum of each nucleon (most of the time a Fermi
gas distribution is used), and the spatial distribution of
the nucleons. Two ways exist to define this distribu-
tion. The distribution is either continuous, often sev-
eral concentric density regions, or discrete, i.e. posi-
tions are sampled in a Wood–Saxon distribution, for
example. According to the Pauli principle, the nucle-
ons, after an intranuclear collision, must have energy
above the Fermi energy; otherwise such an interaction
is forbidden. The effect of Pauli principle is very
important. The action of the Pauli principle leads to
an increase of the mean free path of fast particles
inside the nucleus. It is especially pronounced at
Einc < 40 MeV causing to rise even though the
nucleon-nucleon cross section is strongly increasing.
Understanding of the limitations of INC at low ener-
gies is important for evaluation of reliability of trans-
port calculations used in wide variety of applications.
In collisions of high energy particle with the Fermi
sea, the momentum transfer is small, and Pauli princi-
ple limits the interaction to small fraction of the Fermi
sea close to its surface, thus increasing the mean free
path. Most of the collisions are not central. Calcula-
tions show that in the energies of few tens to few hun-
dreds MeV about 60% of the collisions leading to
inelastic reactions occur at impact parameters at
which the nuclear density is less than a half of the cen-
tral density. The target periphery is modelled in all the
INC implementations, but each has a different way to
deal with the low energy participants chosen consider-
ing agreement with the experimental data rather than
from basic physical considerations. The incident par-
ticle and target constituents are moving on classical
trajectories in the potential well and scatter whenever
their relative distance is less than , σ(Ecm)( )σ πcmE
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being the free space cross section, and Ecm their center
of mass energy.

Two different methods are applied to move and fol-
low the particles participating to the cascade. With the
time-like transport all particles are followed at the
same time, while with the space-like transport the par-
ticles are followed one after another.

Three events exist during the intranuclear cascade:
collision, resonance decay and reflection/transmis-
sion at the nucleus surface. Collisions can be elastic or
inelastic. Most of the time experimental data (cross
sections) are used to define interaction probabilities
first and second what are the output products and
their characteristics (types, energies, momenta), each
selection being done randomly. When necessary, Pauli
blocking is taken into account. Cross-section parame-
terizations, number and type of collisions and of reso-
nances taken into account, and the way to apply Pauli
blocking different for different models.

When the particle reaches the surface; it can be
emitted or reflected. To be emitted the particle must
be energetic enough, i.e. be able to overcome nuclear
and Coulomb potential. However, the basics of INC
are clearly the treatment of the transport of nucleons
with their two-body interactions, i.e. without clusteri-
zation. So, up to now, the only way to produce com-
posite particles during the cascade is to add a coales-
cence model. Before leaving the nucleus, a nucleon
can drag and aggregate one or more nucleons, close
enough to it in space and momentum. This procedure
extends the INC applicability to a satisfactory level.

Finally, different criteria are used to stop the cas-
cade and to start the de-excitation phase of the rem-
nant nucleus. We can mention three of them: cutoff
energy, stopping time and deviation from an optical
absorptive potential.

Different scenarios for intranuclear cascade are
possible depending on the energy and the impact
parameter of the incident particle going from ejection
of a single nucleon, taking with it all of the incident
energy, to the capture of the projectile leaving the
nucleus in a state of strong excitation. Once excited,
the nucleus enters a second and slower phase, the de-
excitation. Here again, different scenarios compete
according to the mass, excitation energy and angular
momentum of the remnant nucleus. The first and
rapid phase is of about 10–22 s and the second in the
order of 10–18 s. In addition to these two phases some-
times included is a third one named pre-equilibrium.
This step is actually an intermediate step since it deals
with the transition between cascade and de-excitation
and more precisely how the cascade is stopped. The
need of this additional phase is then strongly con-
nected with the cascade modeling.

INC reproduces successfully a wide variety of
experimental data of hadron and pion induced reac-
tions, using a small number of adjustable parameters,
most with clear physical meaning.
5  2022
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1. LIEGE INTRANUCLEAR-CASCADE 
MODEL INCL4.6

The original Liege INC model for nucleon-
induced reactions is described in [3, 4]. The standard
INCL4.2 model is described in detail in [5, 6] and in
references cited therein. The INCL4 model is a time-
like intranuclear cascade model. In the initial state, all
nucleons are prepared in phase space. Target nucleons
are given position and momentum at random in agree-
ment with Saxon–Woods and Fermi sphere distribu-
tions, respectively. They are moving in a constant
potential well describing the nuclear mean field. The
incident particle (nucleon or pion) is given the appro-
priate energy and an impact parameter at random. In
this version, incident light particles (up to alphas) are
viewed as a collection of on-shell nucleons, with a
Fermi motion inside their reference frame, and with a
total energy equal to the nominal total incident energy.
The collision mechanism is assumed to proceed from
a succession of binary collisions (and decays) well sep-
arated in space and time. The fate of all particles is fol-
lowed as time evolves. The particles travel along a
straight-line trajectories until two of them reach their
minimum distance of approach, in which case they
can be scattered provided the value of this distance is
small enough, or until they hit the border of the poten-
tial well, supposed to describe the nuclear target mean
field. Initial positions of target nucleons are taken at
random in the spherical nuclear target volume with a
sharp surface, initial momenta are generated stochas-
tically in a Fermi sphere. Inelastic collisions, pion pro-
duction, and absorption are supposed to appear and
disappear through the  and 
reactions. For πN interaction, experimental cross sec-
tions are uses, including nonresonant scattering, but
the latter is treated as proceeding through the forma-
tion of a Δ with a very short lifetime; inelastic πN scat-
tering is neglected for convenience. In the NN → NΔ
process, the Δ particle is given the mass mΔ, taken at
random from the distribution

(1)

(2)

with mΔ lying in the interval ,

being the center of mass (c.m.) energy of the colli-
sion, and consistent with energy-momentum conser-
vation. The quantity FN in Eq. (1) is the normalization

constant. The parameters are q0 = 0.18 GeV,  =
1.215 GeV, and  = 0.13 GeV. The introduction of the
q-dependent factor is required by the fit of

 data and can be justified as follows: a Δ

Δ�NN N Δ π�  N

( )Δ

Δ Δ

=
+  −+  

 

3

3 3 20
0

0

1 ,

1 4
Γ

N
qf m F

q q m m

( )( ) ( )( )π π− − − +
=

2 22 2
Δ Δ2

2
Δ

,
4

N Nm m m m m m
q

m

π + − , N Nm m s m

s

Δ
0m

0Γ

Δ�NN N
PHYSICS O
resonance is a correlated pion-nucleon system and the
phase space of the latter system is considerably
reduced when its c.m. energy is low. The average
intrinsic lifetime τΔ was taken as follows:

(3)

where proper time . This is justified as follows:

if the Δ resonance is going to decay into a πN pair with
low energy (which is the case for small mΔ in our clas-
sical picture), the decay width is considerably dimin-
ished due the reduction of phase space. The stopping
time of the cascade is determined self-consistently by
the model itself. It can simply be parameterized
(in fm/c) by

(4)

for incident nucleons (ZT and AT are the charge and
mass numbers of the target, respectively). At the
beginning of the cascade process, the incident nucleon
or pion is located with its own impact parameter on
the surface of the working sphere, which is centered on
the target with the radius

(5)
where R0 and a are respectively the radius and the dif-
fuseness of the target nucleus density. Particles are
moving along straight-line trajectories between colli-
sions inside the working sphere. They are divided into
participants and spectators in the usual sense. When
participants leave the working sphere, they are consid-
ered as ejectiles and do not interact anymore. The
potential radius for particles with energy larger than
the Fermi energy is also taken to be equal to Rmax.
Pions do not experience any potential. The depth of
the potential well felt by the nucleons is dependent on
the energy of the nucleons and is not the same for pro-
tons and neutrons. The energy dependence is taken
from the phenomenology of the real part of the opti-
cal-model potential.

(6)

The values of R0 and a are taken from electron scat-
tering measurements and parameterized, for conve-
nience, from Al to U, as follows: R0 = (2.745 × 10–4AT +
1.063)(AT)1/3 fm,  = 0.510 + 1.63 × 10−4AT fm (in the
numerical code, other values, as well as another shape
for ρ(r), can optionally be introduced). The quantity
ρ0 is such that the distribution is normalized to AT, the
target mass number. The momentum distribution is
kept as a uniform Fermi sphere with Fermi momen-
tum pF. Nucleons with high momentum in the central

=
τ τ+

3

3 3
00

1 1 ,
Δ

q
q q

τ = �
0

0Γ

= 0.16
stop 29.8 ,Tt A

= +max 0 8 ,R R a

( ) ( )
ρ <

 −  +ρ =  
 

>

0
max

0

max

,  for  
1 exp .

0,  for  

r R
r R

r
a

r R

a

F PARTICLES AND NUCLEI  Vol. 53  No. 5  2022



CASCADE MODELS IN SIMULATION OF EXTENDED HEAVY TARGETS 1003
part of the nucleus are expected to travel farther out
than those with low momentum.

Therefore it is considered that a nucleon with the
momentum p is to reach the maximum radial distance
R(p). Because of these r-p correlations, a nucleon with
the momentum between p and p + dp should be
located, with a constant uniform probability, in a
sphere of the radius R(p). This radius can be deduced
by assuming that the number of nucleons populating
the layer of density profile ρ(R(p)) and ρ(R(p + dp)) is
the same as the number of nucleons with the momen-
tum between p and p + dp:

(7)

The limiting conditions are naturally set to R(0) =
0 and R(pF) = Rmax, and the integration of Eq. (7)
yields

(8)

from which R(p) can be deduced. The initial position
and momentum of any target nucleon are generated as
follows:  is taken at random in a sphere with the
radius pF, R(p) is calculated using Eq. (8), and  is
chosen at random in a sphere with the radius R(p).
This is equivalent to taking ,  at random according
to the joint probability distribution

(9)

where θ(x) is the Heaviside function. In practice, the
value of p can be generated from the uniform Fermi
sphere distribution and the position is generated uni-
formly in a sphere with the radius R(p). After integra-
tion over the relevant variables, the joint distribution
in Eq. (9) corresponds to the spatial density ρ( ) and
to the sharp Fermi sphere momentum distribution:

(10)

(11)

The procedure outlined above is at variance with
the one used in many transport models, where nucle-
ons are placed in a potential with a Saxon–Woods or
similar shape. The dynamical Pauli blocking in
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ties fi are evaluated by counting nearby nucleons in a
small phase-space volume,

(12)

where the sum is limited to particles k with the same
isospin component as particle i (or j). The factor ½ is
introduced because spin components are ignored. The
parameters rPB and pPB were taken to have the follow-
ing values: rPB = 3.18 fm and pPB = 200 MeV/c. The
collision between i and j is allowed or forbidden fol-
lowing the comparison of a random number with the
product (1 − fi)(1 − fj). Pauli blocking is not applied to
Δ particles because their density is always very small.
On the other hand, it is enforced for nucleons resulting
from Δ decays. At the end of the cascade, surviving Δ
resonances from inelastic collisions are forced to
decay and the conservation of baryon number, charge,
energy, momentum and angular momentum is veri-
fied,

(13)

(14)

(15)

(16)

(17)

for baryon number, charge, energy, momentum, and
angular momentum, respectively. The projectile P
colliding with the target T and generating (baryonic)
ejectiles, pions, and a remnant (which is the remaining
part of the target up to the end of the cascade stage) are
considered. In Eq. (15), Kej is the kinetic energy of the
ejectiles, Wp is the total energy of the pions, Erec is the
recoil energy of the remnant, E∗ is the remnant exci-
tation energy, and S is the separation energy, i.e., the
minimum energy needed to remove all ejectiles and
pions from the target nucleus ground state. In the
other equations, the indices have the similar meaning.
In Eq. (17),  is the angular momentum of the incident
particle,  is the angular momentum corresponding
to the c.m. motion of the remnant, and  is the intrin-
sic angular momentum of the remnant. The INCL4.2
version was tested successfully, in the 200 MeV–2 GeV
range, against a large data base, but some phenomeno-
logical aspects of nuclear physics were neglected. The
model cannot describe production of clusters in the
cascade, i.e. with a kinetic energy definitely larger than
the typical evaporation energies, as it can be seen
experimentally. Concerning the predictive power of
the model, several deficiencies can be noted. Pion
production is generally overestimated. Quasi-elastic
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peaks in (p, n) reactions are generally too narrow and
sometimes underestimated. Finally, the reaction cross
sections are severely underestimated below ~100 MeV.
Residue production cross sections are sometimes
unsatisfactorily reproduced, especially for residues
close to the target.

In 2009, an upgraded version (INCL4.5) was
released [6] where the following model improvements
were implemented.

An average isospin-dependent potential well, of the
Lane type, is introduced for pions, as well as ref lection
and/or transmission at the border of this potential.
The depth of the potential was taken as far as possible
from the phenomenology of the real part of the pion-
nucleus optical potential (dispersive effects due to the
strong imaginary part have to be removed). This depth
amounts to 22 MeV for π+ and 38 MeV for π– on the
Pb target. The radius of the potential is taken as R0 +
4 , in rough accordance with phenomenology. This
modification reduces the pion production cross sec-
tion, thus compensating the overestimation by
INCL4.2.

An improvement of the INCL4.2 model is that
outgoing nucleon crossing the nuclear periphery is
supposed to be able to carry along other nucleons to
form a cluster, provided the involved nucleons are
lying sufficiently near each other in phase space. To
limitations in computing time, clusters up to 
are considered. The emitted cluster should have suffi-
cient energy to escape, i.e. ,
where the Ti are the kinetic energies of the nucleons
and Vi are the depths of their potential wells and the
cluster has also to succeed the test for penetration
through the Coulomb barrier. At the end of the cas-
cade process, short-lived clusters with a lifetime of less
than 1 ms (e.g. 5Li) are forced to decay, isotropically in
their c.m. frame. Clusters with a lifetime larger than
1 ms are considered detectable, prior to decay.

In this way, the following features are introduced.
First, the deflection of charged particles in the Cou-
lomb field was taken into account, both for incident
and outgoing particle at the nuclear periphery. Sec-
ond, light charged particles can be emitted by the cas-
cade owing to a dynamical coalescence model: nucle-
ons leaving the target may carry other nucleons pro-
vided they are sufficiently close by in phase space.
Third, the behavior of the model at low incident
energy is improved, mainly by a better account of soft
collisions, especially in the first instances of the reac-
tion process.

Finally, the last version of the model, INCL4.6,
was published in 2013. A detailed account can be
found in [7]. The main new development involves the
treatment of cluster-induced reactions.

Treatment of cluster-induced reactions is as fol-
lows. In INCL4.2, an incident cluster (up to an alpha
particle) is considered as a collection of independent

a

=max
cl 8A

( )=  − − >cl cl 0i iT T V B
PHYSICS O
nucleons with internal Fermi motion superimposed to
the motion of the incident cluster as a whole (see [5]),
adjusted in such a way that the sum of the total ener-
gies of the constituting nucleons is equal to the nomi-
nal energy of the physical cluster. In other words, the
cluster is replaced by independent on-shell nucleons
with the correct nominal total energy, but with an
incorrect (smaller than nominal) total momentum.
This approximation is justified at high energy, but it is
not really appropriate for reactions at low incident
energy.

Initialization of the incident cluster is as follows.
Nucleon momenta  and positions  i inside the
cluster are generated as before [5] (note, however, that
a special method is applied to ensure  and

). At the beginning of the event, the cluster
center of mass is positioned on the classical Coulomb
trajectory in such a way that one of the nucleons is
touching a sphere of radius RCoul. The latter represents
the Coulomb barrier. The value of RCoul is taken from
the phenomenology of the Coulomb barrier heights
and has been tabulated as function of the target mass
for p, d, t, 3He and 4He projectiles.

Collisions are, of course, governed by Pauli block-
ing, treated in a different way in the first and in the
subsequent collisions. The nucleons involved in the
first collision are subject to a strict blocking: after
the collision, both of them should lie outside the
Fermi sphere. In subsequent collisions, the blocking is
applied stochastically, with a probability given by the
product of final state blocking factors. A careful defi-
nition of the latter allows one to account for surface
effects and for the depletion of the Fermi sphere
during the evolution of the cascade.

An important novelty of recent versions of the code
is the introduction of a coalescence model based on
phase space, which permits the emission of light clus-
ters, with mass A ≤ 8, during the cascade stage, in
keeping with experimental evidence.

The INCL4.6 version uses modified value for Rmax

(18)

and the model separation energy Si is replaced by the

physical separation energy , taken from mass
tables, for the emission from the actual nucleus. The
modification of Rmax increased the maximum time of
the cascade, which now corresponds to the time of
passage of the incident particle through the “working
sphere” along a diameter, when this time exceeds the
usual stopping time, given by Eq. (4).

An important characteristic of the model is the
self-consistent determination of the stopping time of
the cascade, which can be simply parameterized as

 fm/s, where AT is the mass of the target
nucleus. At  many physical quantities, such as
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the excitation energy of the target nucleus and the
average kinetic energy of the ejectiles, switch from a
fast time evolution, dominated by intranuclear cas-
cade, to a much slower evolution, which is taken as a
signature of equilibration. Thanks to this choice of the
stopping time, it is not necessary to introduce a pre-
equilibrium model describing the intermediate stage
between the fast cascade and the evaporation-fission
decay.

Intranuclear-cascade models in general (and
INCL in particular) only describe the fast, dynamical
stage of a spallation reaction, leading to the formation
of excited nuclei which subsequently de-excite by
emitting particles and/or fissioning. It is therefore
necessary to follow the de-excitation of this cascade
remnant if one requires a complete description of the
nuclear reaction. Since the time scale for de-excitation
is much longer than for cascade, a different physical
description is usually employed. This may include an
optional pre-equilibrium stage, which then handles
the thermalization of the remnant; if pre-equilibrium
is used, the intranuclear-cascade stage is stopped ear-
lier. Either way, thermalization is attained and subse-
quent de-excitation of the remnant is described by sta-
tistical de-excitation models.

Such a pre-equilibrium model is sometimes used
between the cascade and the de-excitation phases.
Several versions exist, but almost all are based on the
exciton model developed by Griffin [8]. According to
the use or rejection of this intermediate phase, the
duration of the cascade is obviously different or,
maybe more correctly, mass, charge and excitation of
the remnant nucleus are larger, if this phase is called.
While some intranuclear cascade models need such
pre-equilibrium models to improve their capability,
this is not the case of some others.

Boudard, co-developer of INCL, initiated the
translation of the Fortran77 version of INCL in C++.
The work, started by P. Kaitaniemi [11], was contin-
ued and finalized by D. Mancusi [12]. This provided
the opportunity to re-consider the INCL code and
made its maintenance easier. The main transport code
implemented the INCL4.6 [7] version as the default
intranuclear cascade model.

For this purpose, the Liege intranuclear cascade
model (INCL) [12] is used; this model has been
recently extended towards high energies (≈15 GeV)
including multipion production [13, 14], strange par-
ticles, such as kaons and hyperons [15, 16], and the
production of η and ω mesons [17]. This new version
of the INCL allows us to predict the formation of
hyperremnants and their characterization in atomic
,mass, and strangeness numbers together with their
excitation energies and angular momenta. These
improvements in INCL also require de-excitation
models considering the emission of hyperons, in par-
ticular, the evaporation of particles. Currently, there
are a few numbers of de-excitation models that treat
PHYSICS OF PARTICLES AND NUCLEI  Vol. 53  No. 
the evaporation of hyperons and the formation of
hypernuclei, such as the evaporation model ABLA07
developed at GSI by Kelic and collaborators [18] and
recently extended to hypernuclei by us including the
evaporation of particles on the basis of Weisskopf’s
approach according to [19].

2. BINARY CASCADE
Binary Cascade is a hybrid between a classical

intranuclear cascade and a QMD [20] model, for the
simulation of inelastic scattering of pions, protons and
neutrons, and light ions of intermediate energies off
nuclei [21]. The nucleus is modeled by individual
nucleons bound in the nuclear potential. Binary colli-
sions of projectiles or projectile constituents and sec-
ondaries with single nucleons, resonance production,
and decay are simulated according to measured,
parameterized or calculated cross sections. The Pauli
exclusion principle, i.e. blocking of interactions due to
Fermi statistics, reduces the free cross section to an
effective intra-nuclear cross section. Secondary parti-
cles are allowed to further interact with remaining
nucleons. The Binary Cascade models interactions of
nucleons, pions, and light ions with nuclei for incident
particle energies in the energy range starting from few
MeV up to few GeV.

The Binary Cascade introduces a new approach to
cascade calculations. It is based on a detailed 3-dimen-
sional model of the nucleus, and exclusively based on
binary scattering between reaction participants and
nucleons within this nuclear model. This feature makes
it a hybrid between a classical cascade code, and a quan-
tum molecular dynamics model (QMD) [20]. In
Binary Cascade, like in QMD, each participating
nucleon is seen as a Gaussian wave package,

(19)

propagating in time and space, undergoing collisions
with nucleons in the nuclear medium in the process.
Here, x and t are space and time coordinates, and qi
and pi describe the nucleon position in the configura-
tion and momentum space. The total wave function is
assumed to be the direct product of the wave functions
of the participating nucleons and hadrons. Participat-
ing means that they are either primary particles, or
were generated or scattered in the process of the cas-
cade.

Binary Cascade is an intra-nuclear cascade propa-
gating primary nucleons and all secondary particles
within a nucleus. Interactions take place between a
primary or secondary particle and an individual
nucleon of the nucleus. The nucleus is modeled by
explicitly positioning nucleons in space, and assigning
momenta to these nucleons. This is done in a way con-
sistent with the nuclear density distributions, Pauli’s
exclusion principle, and the total nuclear mass.
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Propagating particles in the nuclear field is done by
numerically solving the equations of motion, using
time-independent fields derived from optical poten-
tials. The cascade begins with a projectile and the
nuclear description, and terminates when the average
energy of all participants within the nuclear boundar-
ies are below a given threshold. The remaining pre-
fragment will be treated by pre-equilibrium decay and
de-excitation models.

For the primary particle an impact parameter is
chosen randomly on a disk outside the nucleus, per-
pendicular to a vector passing through the center of the
nucleus. The initial direction of the primary is perpen-
dicular to this disk. Using straight-line transport, the
distance of closest approach  to each nucleon i in
the target nucleus, and the corresponding time-of-
flight  is calculated. The interaction cross-section σi
with target nucleons is calculated based on the
momenta of the nucleons in the nucleus, and the pro-
jectile momentum. The target nucleons for which the
distance of the closest approach  is smaller than

 i are candidate collision partners for the primary.

All candidate collisions are ordered by increasing . If
no collision is found, a new impact parameter is cho-
sen. This way transparency effects at the nuclear
boundaries are taken into account. The primary parti-
cle is then transported in the nuclear field by the time
step given by the time to closest approach for the ear-
liest collision candidate. Outside the nucleus, particles
travel along straight-line trajectories. Particles enter-
ing the nucleus have their energy corrected for Cou-
lomb effects. Inside the nucleus particles are propa-
gated in the nuclear field. The equation of motion in
the field is solved for a given time step using a Runge–
Kutta integration method. At the end of each step, the
interaction of the collision partners is simulated using
the scattering term described below, resulting in a set
of candidate particles for further transport. The sec-
ondaries from a binary collision are accepted subject
to Pauli’s exclusion principle. If the momentum of any
of the particles is below the Fermi momentum, the
interaction is suppressed, and the original primary
continues to the time of its next collision. In case an
interaction is Pauli allowed, the tracking of the pri-
mary ends, and the secondaries are treated like the pri-
mary. All their possible binary collisions with the
residual nucleus are calculated, with the addition of
decay in case of strong resonances. For resonance
decay, the collision time is the time to the decay of the
particle, sampled from the resonance’s lifetime.
Herein the stochastic masses and decay widths are
taken into account. All secondaries are tracked until
they react, decay or leave the nucleus, or until the cas-
cade stops due to the cut-off condition described
above.

min
id

d
it

min
id

σ
π

1

d
it
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A 3-dimensional model of the nucleus is con-
structed from A nucleons and Z protons with coordi-
nates ri and momenta pi, with i = 1, 2, …, A. Nucleon
radii ri are selected randomly in the nucleus rest frame
according to the nuclear density ρ(ri). For nuclei with
A > 16, the Woods–Saxon form of the nucleon density
[22] is used,

(20)

where ρ0 is approximated as

(21)

Here  = 0.545 fm, and  fm with the cor-

rection  fm. For light nuclei, the
harmonic-oscillator shell model for the nuclear den-
sity [23] is used,

(22)

where fm2. To take into

account the repulsive core of the nucleon-nucleon
potential, a minimum inter-nucleon distance of 0.8 fm
is taken. The nucleus is assumed to be spherical and
isotropic, i.e. each nucleon is placed using a random
direction and the previously determined radius ri.

The momenta pi of the nucleons are chosen ran-

domly between 0 and the Fermi momentum .
The Fermi momentum, in the local Thomas–Fermi
approximation as a function of the nuclear density ρ, is

(23)

The total vector sum of the nucleon momenta has
to be zero, i.e. the nucleus must be constructed at rest.
To achieve this, one nucleon is chosen to compensate
the vector sum of the remaining nucleon momenta

. If this sum is larger than the maxi-

mum allowable momentum , the direction of
the momenta of the nucleons with the largest contri-
bution to the net nucleus momentum is iteratively
flipped, until the residual sum is an allowed momen-
tum value for a nucleon.

The effect of collective nuclear interaction upon
participants is approximated by a time-invariant scalar
optical potential, based on the properties of the target
nucleus. For protons and neutrons the potential used
is determined by the local Fermi momentum  as

(24)
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CASCADE MODELS IN SIMULATION OF EXTENDED HEAVY TARGETS 1007
where m is the mass of the neutron or the mass of the
proton, respectively. For pions the potential used is a
simple approximation given by the lowest-order opti-
cal potential as derived in [24]:

(25)

Here, A is the nuclear mass number, and mπ and M
are the pion and nucleon masses, respectively;  is

the reduced pion mass, , where  is

the mass of the nucleus; ρ(r) is the nucleon density
distribution. The parameter b0 is the effective s-wave
scattering length. The value used was obtained from
the analysis to pion atomic data and resulted in b0 to be
about –0.042 fm. It is assumed that the nucleus is in
its ground state and all states below Fermi energy are
occupied. Thus, collisions and decays for which any
secondary nucleon has a momentum pi below the local
Fermi momentum, i.e.

(26)
are suppressed.

The basis of the description of the reactive part of
the scattering amplitude are two-particle binary colli-
sions, also with associated or direct resonance produc-
tion, and decay. Based on the cross section described
later, collisions will occur when the transverse dis-
tance dt of any participant target pair becomes smaller
than the black-disk radius corresponding to the total
cross-section σt

(27)

Experimental data and parameterizations thereof
are used in the calculation of the total, inelastic and
elastic cross-section wherever available.

For the case of proton-proton (pp) and proton-
neutron (pn) collisions, as well as π+- and π−-nucleon
collisions, experimental data and parameterizations
are readily available as collected by the Particle Data
Group (PDG) [25] for both elastic and inelastic colli-
sions. The tabulation based on a sub-set of these data
for  below 3 GeV, and the PDG parameterization
at higher energies, are applied.

It also defines an upper limit of applicability of the
model. Below 10 GeV kinetic energy, the resonance
contributions considered are wholly sufficient to
describe the total cross-section.

Most of the cross-sections of individual channels
involving meson-nucleon scattering can be modeled
as resonance excitation in the s-channel.

The initial states included in the model at present
include all pion-nucleon scattering channels. The
product resonances taken into account are the Delta-
resonances with masses of 1232, 1600, 1620, 1700,
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1900, 1905, 1910, 1920, 1930, and 1950 MeV, and the
excited nucleons with masses of 1440, 1520, 1535,
1650, 1675, 1680, 1700, 1710, 1720, 1900, 1990, 2090,
2190, 2220, and 2250 MeV.

In the resonance production in the t-channel, sin-
gle and double resonance excitations in nucleon-
nucleon collisions are taken into account.

The resonance production cross-sections are as
much as possible based on parameterizations of exper-
imental data for proton-proton scattering. The for-
mula used for parameterizing the cross-sections is
motivated from the form of the exclusive production
cross-section of the Δ1232 in proton-proton collisions:

(28)

For all other channels, the parameterizations were
derived from these by adjusting the threshold behavior
accordingly. Cross-sections for the reminder of the
channels are derived from those described above, by
applying detailed balance. Isospin invariance is
assumed. The formalism used to apply detailed bal-
ance is

(29)

Angular distributions for elastic scattering of nucle-
ons are taken as closely as possible from experimental
data, i.e. from the result of a phase shift analysis. They
are derived from differential cross-sections obtained
from the SAID database, R. Arndt et al. [26].

Angular distributions for final states other than
nucleon-nucleon elastic scattering are calculated ana-
lytically, derived from the collision term of the in-
medium relativistic Boltzmann–Uehling–Uhlenbeck
equation [27] via scaling of the center-of-mass energy.
The modular structure of GEANT4 allows the gener-
ation of single events with a known incident particle
energy and any explicitly defined hadronic final-state
generator. The kinematics of secondaries produced in
the interaction are then analyzed and the resulting
angular, momentum, energy, and baryon number
spectra are stored in histograms. The energy-momen-
tum balance can be controlled as well. The histograms
are compared to published measurements of the dif-
ferential and double differential dσ/dE cross sections,
dσ/dE, dσ/dΩ, d2σ/dEdΩ, and the invariant cross-
sections, Ed3σ/d3p.

The range of Binary Cascade model applicability in
nucleon nuclear reactions stretches from <100 MeV to
about 10 GeV, allowing for a consistent calculation of
the secondary hadron spectra in the low and interme-
diate energy domains.
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3. BERTINI CASCADE

The INC model developed by Bertini [28–31]
solves on the average the Boltzmann equation of this
particle interaction problem. The Bertini nuclear
model consists of a three-region approximation to the
continuously changing density distribution of nuclear
matter within nuclei. Relativistic kinematics is applied
throughout the cascade and the cascade is stopped
when all the particles which can escape the nucleus,
have done so. The Pauli exclusion principle is taken
into account and conformity with the energy conser-
vation law is checked. Path lengths of nucleons in the
nucleus are sampled according to the local density and
free nucleon-nucleon cross-sections. Angles after col-
lisions are sampled from experimental differential
cross-sections. Intermediate energy nuclear reactions
up to 10 GeV energy are treated for proton, neutron,
pions, photon and nuclear isotopes.

The necessary condition of validity of the INC
model is , where  is the de Broglie
wavelength of the nucleons,  is the average relative
nucleon-nucleon velocity and Δt is the time interval
between collisions. The physical foundation becomes
approximate at energies less than about 200 MeV, and
there needs to be supplemented with a pre-equilibrium
model. Also, at energies higher than 5–10 GeV the
INC picture breaks down. The basic steps of the INC
model are summarized below.

The nucleons are assumed to have a Fermi gas
momentum distribution. The Fermi energy is calcu-
lated in a local density approximation i.e. it is made
radius dependent with the Fermi momentum

. The initialization phase fixes

the nucleus radius and momentum according to the
Fermi gas model.

If the target is Hydrogen (A = 1), a direct particle-
particle collision is performed, and no nuclear model-
ing is used.

If 1 < A < 4, a nuclei model consisting of one layer
with a radius of 8.0 fm is created.

For 4 < A < 11, a nuclei model is composed of three
concentric spheres i = {1, 2, 3} with the radii

where  = {0.01, 0.3, 0.7} and .
If A > 11, nuclei are modeled with three concentric

spheres as well. The sphere radii are then defined as:

where C2 = 1.7234.
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The potential energy for nucleon N is

where pF is the Fermi momentum and BE the binding
energy.

The momentum distribution in each region follows
the Fermi distribution with zero temperature.

(30)
where

(31)

Here np and nn are the numbers of protons and neu-
trons in the region and pF is momentum correspond-
ing the Fermi energy

(32)

which depends on the density n/  of particles, and
which is different for each particle and each region.
The path lengths of nucleons in the nucleus are sam-
pled according to the local density and free nucleon-
nucleon cross-sections. The angles after collisions are
sampled from experimental differential cross-sections.

Thus, the free particle-particle cross-sections and
region-dependent nucleon densities are used to select
the path length for the projectile particle. The tabu-
lated total reaction cross-sections are calculated by
Letaw’s formulation [32–34]. For nucleon-nucleon
cross-sections, parameterizations based on the exper-
imental energy and isospin dependent data are used.

For pions the INC cross-sections are provided to treat
elastic collisions, and inelastic channels: π−n → π0n,
π0p → π+n and π0n → π−p. Multiple particle produc-
tion is also implemented.

The S-wave pion absorption channels π+nn → pn,
π+pn → pp, π0nn → X, π0pn → pn, π0pp → pp, π−nn → X,
π−pn → nn, and π−pp → pn are implemented.

The Pauli exclusion principle forbids interactions
where the products would be in occupied states. Fol-
lowing the assumption of a completely degenerate
Fermi gas, the levels are filled from the lowest level.
The minimum energy allowed for a collision product
corresponds to the lowest unfilled level of system,
which is the Fermi energy in the region. So, in prac-
tice, the Pauli exclusion principle is taken into account
by accepting only secondary nucleons which have
EN > EF.

After INC, the residual excitation energy of the
resulting nucleus is used as input for a non-equilib-
rium model. The Geant4 cascade model implements
the exciton model proposed by Griffin [8]. In this
model nuclear states are characterized by the number
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of exited particles and holes (the exitons). INC colli-
sions give rise to a sequence of states characterized by
increasing exciton number, eventually leading to an
equilibrated nucleus. For practical implementation of
the exciton model we use level density parameters
from [35] and the matrix elements from [36]. In the
exciton model the possible selection rules for particle-
hole configurations in the course of the cascade are:
Δp = 0, ±1; Δh = 0, ±1; Δn = 0, ±2, where p is the
number of particles, h is number of holes, and n = p + h
is the number of exitons. The cascade pre-equilibrium
model uses target excitation data, and exciton config-
urations for neutrons and protons to produce the non-
equilibrium evaporation. The angular distribution is
isotropic in the frame of rest of the exciton system.
The parameterizations of the level density used are
tabulated both with their A and Z dependence and
including high temperature behavior. The smooth liq-
uid high energy formula is used for the nuclear binding
energy.

Fermi break-up is allowed only in some extreme
cases, i.e. for light nuclei (A < 12 and 3(A − Z) < Z < 6)
and if Eexcitation > 3Ebinding. A simple explosion model
decays the nucleus into neutrons and protons and
decreases exotic evaporation processes. The fission
model is a phenomenological model using potential
minimization. The binding energy parametrization is
used and some features of the fission statistical model
are incorporated as in [37].

The statistical theory for particle emission from
exited nuclei remaining after INC was originally
developed by Weisskopf [38]. This model assumes
complete energy equilibration before particle emission,
and re-equilibration of excitation energies between suc-
cessive evaporation emissions. As a result, the angular
distribution of emitted particles is isotropic.

The emission of particles is computed until the
excitation energy falls below the cutoff value. If a light
nucleus is highly exited, the Fermi break-up model is
executed. In addition, fission is performed when the
fission channel is open. The main chain of evapora-
tion is followed until Eexcitation falls below Ecutoff =
0.1 MeV. The evaporation model ends with a γ emis-
sion chain, which is followed until Eexcitation <  =
10–15 MeV.

Extensive benchmarking of the INC physics pro-
vided by Bertini cascade sub-models, exitons, pre-
equilibrium state, nucleus explosion, fission, and
evaporation has been made. The Geant4 evaporation
model for cascade implementation adapts the widely
used computational method developed by Dostrowski
[39, 40]. The model is validated up to 10 GeV incident
energy and users from various fields have been using it
successfully.

To validate Bertini isotope production physics per-
formance, extensive simulations on proton-induced
reactions in Pb and Au targets were performed with

γ
cutoffE
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Geant4 [41]. The Bertini cascade model in Geant4
simulates the hadronic interactions of protons, neu-
trons and pions with surrounding materials.

4. CEM AND LAQGSM MODELS
The Los Alamos National Laboratory (LANL)

Monte-Carlo N-particle transport code MCNP6 [42]
uses by default the latest version of the cascade-exci-
ton model (CEM), CEM03.03 [43–45], as its event
generator to simulate reactions induced by nucleons,
pions, and photons with energies up to 4.5 GeV and
the Los Alamos version of the quark-gluon string
model (LAQGSM), LAQGSM03.03 [45–47], to sim-
ulate such reactions at higher energies, as well as reac-
tions induced by other elementary particles and by
nuclei with energies up to ∼1 TeV/nucleon. Details,
examples of results, and useful references to different
versions of CEM and LAQGSM can be found in [45].

The cascade-exciton model (CEM) [44] of nuclear
reactions is based on the standard Dubna intranuclear
cascade model [48, 49] and the modified exciton
model (MEM) [50, 51]. The CEM code calculates
nuclear reactions induced only by nucleons, pions,
and photons. A detailed description of the initial ver-
sion of the CEM can be found in [44], therefore we
outline here only its basic assumptions. The CEM
assumes that reactions occur in three stages. The first
stage is the INC, in which primary particles can be re-
scattered and produce secondary particles several
times prior to absorption by, or escape from, the
nucleus. All the cascade calculations are carried out in
the three-dimensional geometry. The nuclear matter
density ρ(r) is described by the Fermi distribution with
two parameters taken from the analysis of electron-
nucleus scattering, namely

(33)

where c = 1.07A1/3 fm, A is the mass number of the tar-
get, and  = 0.545 fm. For simplicity, the target
nucleus is divided by concentric spheres into seven zones
in which the nuclear density is considered to be constant.
The energy spectrum of the target nucleons is estimated
in the perfect Fermi-gas approximation with the local

Fermi energy , where
mN is the nucleon mass. The influence of intranuclear
nucleons on the incoming projectile is taken into
account by adding to its laboratory kinetic energy the
effective real potential V, as well as by considering the
Pauli principle which forbids a number of intranuclear
collisions and effectively increases the mean free path
of cascade particles inside the target. For incident
nucleons V ≡ VN(r) = TF(r) + ϵ, where TF(r) is the cor-
responding Fermi energy and ϵ is the binding energy of
the nucleons. For pions, CEM03.01 uses a square-well
nuclear potential with the depth Vπ ≃ 25 MeV, inde-
pendently of the nucleus and pion energy, as was done
in the initial Dubna INC [48, 49].
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The Pauli exclusion principle at the cascade stage
of the reaction is handled by assuming that nucleons of
the target occupy all the energy levels up to the Fermi
energy. Each simulated elastic or inelastic interaction
of the projectile (or of a cascade particle) with a
nucleon of the target is considered forbidden if the
“secondary” nucleons have energies smaller than the
Fermi energy. If they do, the trajectory of the particle
is traced further from the forbidden point and a new
interaction point, a new partner and a new interaction
mode are simulated for the traced particle, etc., until
the Pauli principle is satisfied or the particle leaves the
nucleus.

If the residual nuclei after the INC have atomic
numbers with A ≤ AFermi = 12, CEM uses the Fermi
break-up model to calculate their further disintegra-
tion instead of using the pre-equilibrium and evapora-
tion models. Fermi break-up, which estimates the
probabilities of various final states by calculating the
approximate phase space available for each configura-
tion, is much faster to calculate and gives results very
similar to those from using the continuation of the
more detailed models for lighter nuclei.

An important ingredient of the CEM is the crite-
rion for transition from the intranuclear cascade to the
pre-equilibrium model. The cascade model uses a dif-
ferent criterion to decide when a primary particle is
considered to have left the cascade (cutoff energy Tcut
or cutoff time tcut). In CEM the effective local optical
absorptive potential Wopt.mod.(r) is defined from the
local interaction cross section of the particle, includ-
ing Pauli blocking effects. This imaginary potential is
compared to the one defined by the phenomenologi-
cal global optical model Wopt.exp.(r). The degree of sim-
ilarity or difference of these imaginary potentials is
characterized by the parameter

When  increases above an empirically chosen
value, the particle leaves the cascade, and is then con-
sidered to be an exciton. CEM uses the fixed value

= 0.3.
When the cascade stage of a reaction is completed,

CEM uses the coalescence model to create high-
energy d, t, 3He, and 4He fragments by final-state
interactions among emitted cascade nucleons outside
of the target nucleus. The value of the momentum p of
each cascade nucleon is calculated relativistically from
its kinetic energy T. It is assumed that all the cascade
nucleons having differences in their momenta smaller
than pc and with the correct isotopic content form an
appropriate composite particle.

The coalescence model first checks all nucleons to
form 2-nucleon pairs, if their momenta permit it. It
then takes these 2-nucleon pairs and the single nucle-
ons left and forms 4He, 3He, and/or tritium, if their
momenta permit it. The extended coalescence model

( )= −opt.mod. opt.exp. opt.exp. .W W W3

3

3
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further takes these two-nucleon pairs, tritium, 3He,
and 4He to see if they can coalesce to form heavier
clusters: 6He, 6Li, 7Li or 7Be. All coalesced nucleons
are removed from the distributions of nucleons so that
atomic and mass numbers are conserved.

The results show significant improvement in the
production of heavy clusters in the whole energy
range. However, too many alpha particles were lost
(coalesced into heavy clusters); so pc(4He) was
increased to compensate it. The new values for pc for
the extended coalescence model are:

(34)

For 300 < T < 1000 MeV they are:

(35)

The emission of the cascade particles determines
the particle-hole configuration, Z, A, and the exci-
tation energy that is the starting point for the pre-equi-
librium stage of the reaction. The subsequent relax-
ation of the nuclear excitation is treated in terms of an
improved Modified Exciton Model (MEM) [50, 51] of
pre-equilibrium decay, followed by the equilibrium
evaporation/fission stage described using a modifica-
tion of the generalized evaporation model (GEM)
code GEM2 by Furihata [52]. The transition from the
pre-equilibrium stage of a reaction to the third (evap-
oration) stage occurs when the probability of nuclear
transitions changing the number of excitons n with
∆n = +2 becomes equal to the probability of transi-
tions in the opposite direction, with ∆n = –2, i.e.,
when the exciton model predicts that equilibration has
been established in the nucleus.

Generally, all three components can contribute to
experimentally measured particle spectra and other
distributions.

The Los Alamos version of the Quark–Gluon
String Model (LAQGSM) [46, 47] is a further devel-
opment of the Quark-Gluon String Model (QGSM)
by Amelin, Gudima, and Toneev (see [55] and refer-
ences therein) and is intended to describe both parti-
cle- and nucleus-induced reactions at energies up to
about 1 TeV/nucleon. The basis of QGSM is the time-
dependent version of the intranuclear-cascade model
developed at Dubna, often referred in literature simply
as the Dubna intranuclear Cascade Model (DCM)
(see [53] and references therein). LAQGSM also
describes nuclear reactions as three-stage processes:
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an INC, followed by pre-equilibrium emission of par-
ticles during the equilibration of the excited residual
nuclei formed after the INC, followed by evaporation
of particles from and/or fission of the compound
nuclei.

The DCM models interactions of fast cascade par-
ticles (“participants”) with nucleon spectators of both
the target and projectile nuclei and includes as well
interactions of two participants (cascade particles). It
uses experimental particle+particle cross sections at
energies below 4.5 GeV/nucleon, or those calculated
by the quark-gluon string model (QGSM) at higher
energies (see, e.g., [54] and references therein) to sim-
ulate angular and energy distributions of cascade par-
ticles, and also considers the Pauli exclusion principle.

When the cascade stage of a reaction is completed,
QGSM uses the coalescence model described in [53]
to “create” high-energy d, t, 3He, and 4He by final-
state interactions among emitted cascade nucleons
outside of the colliding nuclei. After calculating the
coalescence stage of a reaction, QGSM moves to the
description of the last slow stages of the interaction,
namely to pre-equilibrium decay and evaporation,
with a possible competition of fission using the stan-
dard version of CEM [44]. If the residual nuclei have
atomic numbers A ≤ 12, QGSM uses the Fermi break-
up model to calculate their further disintegration
instead of using the pre-equilibrium and evaporation
models. LAQGSM differs from QGSM by replacing
the pre-equilibrium and evaporation parts of QGSM
described according to the standard CEM [44] with
the new physics from CEM2k [56, 57] and has a num-
ber of improvements and refinements in the cascade
and Fermi break-up models. A detailed description of
LAQGSM and further references can be found in
[46, 47]. The coalescence model was extended to be
able to produce light fragments up to 7Be in CEM and
up to 12C in LAQGSM.

The pre-equilibrium interaction stage of nuclear
reactions is considered by the current CEM and
LAQGSM in the framework of the latest version of
MEM [50, 51]. At the pre-equilibrium stage of a reac-
tion, CEM03.03 and LAQGSM03.03 take into
account all possible nuclear transitions changing the
number of excitons n with ∆n = +2, –2, and 0, as well
as all possible multiple subsequent emissions of n, p, d,
t, 3He, and 4He. The corresponding system of master
equations describing the behavior of a nucleus at the
pre-equilibrium stage is solved by the Monte-Carlo
method [44]. In [58], the modified exciton model
MEM was extended to include the possibility of emit-
ting heavy clusters, with A > 4, up to 28Mg (66 types of
particles and LF). For incident energies below about
200 MeV, Kalbach has developed a phenomenological
systematics for pre-quilibrium particle angular distri-
butions by fitting available measured spectra of nucle-
ons and complex particles [59]. As the Kalbach sys-
tematics are based on measured spectra, they describe
PHYSICS OF PARTICLES AND NUCLEI  Vol. 53  No. 
very well the double-differential spectra of pre-equi-
librium particles and generally provide a better agree-
ment of calculated pre-equilibrium complex-particle
spectra with experimental data.

The inverse cross sections used by these models at
the pre-equilibrium stage (and at the evaporation/fis-
sion-stage) have a significant impact on the calculated
particle width, and affect greatly the final results and
the-accuracy of the MCNP6, MCNPX [60] and
MARS15 [61–63]-transport codes, which use these
models as their event-generators. This is why it is nec-
essary to use as good as possible approximations for
the inverse cross sections in the extended models.

The unmodified codes use the inverse cross sec-
tions σinv from Dostrovsky’s formulas [39, 40] for all
emitted nucleons and complex particles (d, t, 3He, and
4He) is not very suitable for emission of fragments
heavier than 4He. Better total-reaction-cross-section
models that can be used as an estimate for inverse cross
sections are available today, especially such as the
NASA model [64], the approximations by Barashen-
kov and Polanski [65], and those by Kalbach [66]. A
quite complete list of references on modern total-reac-
tion-cross-section models, as well as on recent publi-
cations where these models are compared with each
other and with available experimental data can be
found in [67].

An extensive comparison of the systematics for
total reaction (inverse) cross sections showed that the
NASA approach is better, in general, than the other
available models. This is why we implemented the
NASA inverse cross sections into the MEM to be used
at the pre-equilibrium stage of reactions.

The NASA approximation, as described by
Eq. (36), attempts to simulate several quantum-
mechanical effects, such as the optical potential for
neutrons (with the parameter Xm) and collective
effects like Pauli blocking (through the quantity δT).

(36)

where r0, AP, AT, δT, Rc, BT, Tcm, and Xm are, respec-
tively, the constant used to calculate the radii of nuclei,
the mass number of the projectile nucleus, the mass
number of the target nucleus, the energy-dependent
parameter, the system-dependent Coulomb multi-
plier, the energy-dependent Coulomb barrier, the col-
liding system center of-momentum energy, and the
optical model multiplier used for neutron-induced
reactions. The calculation of inverse cross sections at
the pre-equilibrium stage of reactions was improved
with a new hybrid NASA-Kalbach approach, instead
of the old Dostrovsky model used previously. This
extended version of the MEM is implemented into the
upgraded CEM, labeled CEM03.03F, as well as into
the new LAQGSM03.03F.

( )  σ = π + + δ − 
 

22 1/3 1/3
NASA 0 1 ,T

P T T c m
cm

Br A A R X
T
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Table 1. Neutron production/loss in interaction of p beam with U-238 target with a radius of 15 cm and a length of 40 cm
obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini [28–31]), c—MCNP6 (CEM03
[43–45] and INCL [5–7]); d—MARS15 [61–63]

Ep,
GeV

Neutron production/part. Neutron leakage/part.

a b
c

d a b
c

d
CEM03 INCL CEM03 INCL

4 272 306 345 270 267 168 172 203 159 164

2 148 164 170 151 161 92 93 102 90 86

1 72 78 80 72 78 45 45 49 44 42

0.66 42 42 46 40 44 27 25 28 25 24
After the INC, LAQGSM uses the same pre-equi-
librium, coalescence, Fermi break-up, and evapora-
tion/fission models as described above for CEM.

The improved CEM, LAQGSM, was implemented
as event generator into MCNP6 and allow one to
describe particle- and nucleus-induced reactions and
provide a good agreement with available experimental
data. They have a good predictive power for various
reactions and can be used as reliable tools in scientific
and applied research.

Emission of energetic heavy clusters heavier than
4He from nuclear reactions play a critical role in sev-
eral applications, including electronics performance
in space, human radiation dosages in space or other
extreme radiation environments, proton and hadron
therapy in medical physics, accelerator and shielding
applications, and so on. The CEM and LAQGSM
event generators in MCNP6 describe quite well the
spectra of fragments with sizes up to 4He in a broad
range of target masses and incident energies (up to
~5 GeV for CEM and up to ~1 TeV/A for LAQGSM).

5. NUMERICAL SIMULATION 
OF EXTENDED HEAVY TARGETS 

IRRADIATED BY PROTON 
AND DEUTERON BEAMS. COMPARISON 

OF MODELS AND CODES
Thorough understanding of the mechanisms and

approaches used in different simulation models is
important for obtaining reliable numerical data on
irradiation of big heavy targets by accelerated proton
and ion beams. Such experiments performed at the
JINR accelerator facilities with Quinta and BURAN
targets contribute to the research aimed at advanced
schemes of nuclear power production with accelerated
particle beams. Of course, experimental studies of
such scale and complexity should be preceded by com-
prehensive numerical study.

Below we give the results of simulation of extended
heavy targets irradiated by proton and deuteron
beams. The focus of comparison of different applied
PHYSICS O
models is neutron production and absorption in the
target material depending on the target dimensions.

We consider targets from uranium-238 with the fol-
lowing dimensions: a radius of 15 cm, a length of
40 cm; a radius of 30 cm, a length of 80 cm; and a
radius of 60 cm, a length of 160 cm.

The following accelerated beams are considered:
protons with an energy of 0.66, 1, 2, 4 GeV, and deu-
terons with an energy of 0.66, 1, 2, 4 GeV/nucleon.

Among the most important parameters character-
izing beam interaction with fissionable materials is
neutron production rate per beam particle. Neutron
flux leaving the target is also important, as it provides
information on the energy accumulated in the target
due to ion-target interaction.

Tables 1–12 below summarize the results of calcu-
lations via several models for the beam and target
parameters given above.

It can be seen that the difference between the pre-
dictions by different codes and models is, on average,
within 30%, although, in certain cases it may be
almost twice as high. This demonstrates the difficul-
ties encountered in simulation of beam-matter inter-
action, especially in bulk targets and proves that in
order to obtain reliable numerical picture of interac-
tion, codes should be verified to experimental data for
particular experimental conditions.

An important and least studied part of the neutron
spectrum from large extended targets is that of fast
neutrons. Below we give the numerical results
obtained with different models on production and
escape of fast neutrons for the target parameters corre-
sponding to those of BURAN target: a radius of 60 cm
and a length of 160 cm.

It can be seen from Table 13 that, on average, the
agreement of the considered models is not bad. How-
ever, the discrepancy increases with increasing energy
of the incident beam. Already for a proton energy of
1 GeV the model predictions may differ by as much as
40%, this discrepancy increasing to 43% for a 2 GeV
proton beam and 50% for a 4 GeV proton beam. It
F PARTICLES AND NUCLEI  Vol. 53  No. 5  2022
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Table 2. Number of fissions and neutron captures per particle in interaction of p beam with U-238 target with a radius of
15 cm and a length of 40 cm obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini [28–
31]), c —MCNP6 (CEM03 [43–45] and INCL [5–7]); d—MARS15 [61–63]

Ep,
GeV

Number of fissions/part. Number of captures/part.

a b
c

d a b
c

d
CEM03 INCL CEM03 INCL

4 43.0 42.5 42 30 48 56 53.6 64 49 50.5
2 23.0 22.8 20 17 25 31 28.4 31 27 30
1 11.4 11.0 9 8 12 14.9 13.7 14 13 14.4
0.66 6.7 6.1 5 4 7 8.3 7.2 8 7 7.9

Table 3. Neutron production/loss in interaction of p beam with U-238 target with a radius of 30 cm and a length of 80 cm
obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini [28–31]), c—MCNP6 (CEM03
[43–45] and INCL [5–7]); d—MARS15 [61–63]

Ep,
GeV

Neutron production/part. Neutron leakage/part.

a b
c

d a b
c

d
CEM03 INCL CEM03 INCL

4 349 398 441 400 355 116 126 138 115 105

2 186 205 210 200 205 65 66 71 62 57

1 84 93 88 88 94 31 33 32 32 27

0.66 45 49 55 48 52 19 19 22 19 16
should be noted that considered beam energies are of
interest from the point of view of development of new
concepts of nuclear power production with the aid of
accelerated ion beams, which explains utmost impor-
tance of both theoretical and experimental study of
these processes. Of course, neutron production and
escape depends strongly on the target parameters:
material and dimensions. Below we illustrate the effect
of the target dimensions on these processes.
PHYSICS OF PARTICLES AND NUCLEI  Vol. 53  No. 

Table 4. Number of fissions and neutron captures per partic
30 cm and a length of 80 cm obtained using the followin
[28‒31]), c—MCNP6 (CEM03 [43–45] and INCL [5–7]); 

Ep,
GeV

Number of fissions/part.

a b
c

d
CEM03 INCL

4 59 58.4 54 46 6

2 31 30.1 26 23 3

1 14 13.7 10 10 1

0.66 7 7.2 6 5
6. EFFECT OF TARGET DIMENSIONS 
ON NEUTRON PRODUCTION AND CAPTURE 

IN A HEAVY BULK TARGET IRRADIATED 
BY ACCELERATED PROTON 

AND DEUTERON BEAMS

Irradiation of heavy extended targets by light ion
beams is of substantial interest for development of the
new concept of power production aided by an acceler-
5  2022

le in interaction of p beam with U-238 target with a radius of
g models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini
d—MARS15 [61–63]

Number of captures/part.

a b
c

d
CEM03 INCL

6 167 161.9 180 169 150.6

3 86 82.4 82 80 83.5

5 37 35.4 33 33 36.9

8 19 17.4 19 17 19.1
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Table 5. Neutron production/loss in interaction of p beam with U-238 target with a radius of 60 cm and a length of 160 cm
obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini [28–31]and INCL [5–7]), c—
MCNP6 (CEM03 [43–45] and INCL [5–7]); d—MARS15 [61–63]

Ep,
GeV

Neutron production/part. Neutron leakage/part.

a
b c

d a
b c d

BC-
Bertini INCL CEM03 INCL BC-

Bertini INCL CEM03 INCL

4 375 412 393 467 439 386 78 79 75 88 66 67
2 197 215 176 220 217 221 46 46 37 52 42 40
1 89 95 85 100 96 101 24 24 21.7 27 24 21
0.66 51 50 43 57 61 55 16 15 13 17 15 14

Table 6. Number of fissions and neutron captures per particle in interaction of p beam with U-238 target with a radius of
60 cm and a length of 160 cm obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini
[28‒31] and INCL [5–7]), c—MCNP6 (CEM03 [43–45] and INCL [5–7]); d—MARS15 [61–63]

Ep,
GeV

Number of fissions/part. Number of captures/part.

a

b c

d a

b c d

BC-
Bertini INCL CEM03 INCL BC-

Bertini INCL CEM03 INCL

4 64 61 54 55 49 69 226 217 181 234 231 200

2 33 32 29 26 24 35 114 110 90 104 107 109

1 15 14.2 13.3 11 10 15 49 46 40 45 64 48

0.66 9.6 7.4 6.8 7 5 8 26 22 19 24 21 24
ator [70, 71] and for research toward transmutation of
radioactive waste. Note that the neutron spectrum,
especially the hard part, is of extreme importance in
ADS nuclear power production. Although the fraction
of fast neutrons is rather small, they carry a substantial
part of the energy. Therefore, it is important that the
geometry of the target is such that the produced fast
neutrons do not leave its volume, carrying away a
PHYSICS O

Table 7. Neutron production/loss in interaction of d beam w
obtained using the following models: a—SHIELD [68, 69];
[43–45] and INCL [5–7]); d—MARS15 [61–63]

Ed,
GeV/part.

Neutron production/part.

a b
c

d
CEM03 INCL

4 542 569 590 537 67

382.42 311 300 315 313 36

1 163 163 180 167 19

0.66 111 110 123 110 13
noticeable fraction of energy. Below, we estimate the
appropriate target length and radius.

The numerical experiment on irradiation of bulk
heavy targets by proton and deuteron beams is illus-
trated in Figs. 1 and 2. Experimental studies in this
field are carried out at JINR. The comparison of cal-
culations and measured data will be the topic of
another paper.
F PARTICLES AND NUCLEI  Vol. 53  No. 5  2022

ith U-238 target with a radius of 15 cm and a length of 40 cm
 b—GEANT4 (BC-Bertini [28–31]); c—MCNP6 (CEM03

Neutron leakage/part.

a b
c

d
CEM03 INCL

1 334 320 346 316 382

7 191 168 186 184 148

4 100 92 106 99 111

3 68 62 74 66 77
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Fig. 1. Fissions and captures in the bulk 238U target depending on the target length.

1
0 20 40 60

Deuteron 4 AGeV
Deuteron 2 AGeV
Deuteron 1 AGeV
Deuteron 0.66 AGeV
Proton 0.66 GeV

Deuteron 4 AGeV
Deuteron 2 AGeV
Deuteron 1 AGeV
Deuteron 0.66 AGeV
Proton 0.66 GeV

80 100 120 140 160
z, cm

N
fis

, p
ar

tic
le

–
1

100

10

1
0 20 40 60 80 100 120 140 160

z, cm

N
ca

pt
, p

ar
tic

le
–

1

1000

100

10

Fig. 2. Fissions and captures in the long irradiated target depending on the target radius.
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The integrated number of fissions and captures per
projectile, for the targets with a radius of 60 cm and
different lengths is shown in Fig. 1, for 0.66 GeV pro-
ton, and 0.66, 1, 2 and 4 AGeV deuteron beams.

It can be seen from Fig. 1 that both the number of
fissions and the number of captures per one beam par-
ticle reach a plateau rather promptly, already for a tar-
get length of about 40 cm, for all considered beam
types and energies.

The integrated number of fissions and captures per
projectile, for the target with a length of 160 cm and
PHYSICS OF PARTICLES AND NUCLEI  Vol. 53  No. 
different radii is shown in Fig. 2, for 0.66 GeV proton,
and 0.66, 1, 2 and 4 AGeV deuteron beams.

It can be seen from Fig. 2 that, similar to the case
of the target length variation, the number of fissions
and neutron captures promptly reach a plateau with
increasing target radius. The radius equal to 30 cm is
roughly sufficient for it.

This testifies that a bulk target, being irradiated by
proton and deuteron beams in a wide energy range,
demonstrates a “saturation” mode when the number
of fissions and captures per beam particle reach a sta-
5  2022
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Table 8. Number of fissions and neutron captures per particle in interaction of d beam with U-238 target with a radius of
15 cm and a length of 40 cm obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini
[28‒31]); c—MCNP6 (CEM03 [43–45] and INCL [5–7]); d—MARS15 [61–63]

Ed,
GeV/part.

Number of fissions/part. Number of captures/part.

a b
c

d a b
c

CEM03 INCL CEM03 INCL

4 85 85.6 70 60 97.1 113 112.4 113 99
2 49 43.5 37 35 52.4 65 57.6 59 57
1 26 23.5 21 18 27.6 34 30.7 33 30
0.66 18 15.7 14 12 18.9 23 19.9 22 20

Table 9. Neutron production/loss in interaction of d beam with U-238 target with a radius of 30 cm and a length of 80 cm
obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini [28–31]); c—MCNP6 (CEM03
[43–45] and INCL [5–7]); d—MARS15 [61–63]

Ed,
GeV/part.

Neutron production/part. Neutron leakage/part.

a b
c

d a b
c

d
CEM03 INCL CEM03 INCL

4 736 799 825 818 830 233 235 232 230 274
2 396 392 429 426 438 131 116 129 130 150
1 206 204 231 216 231 70 64 72 71 82
0.66 129 134 155 138 153 45 44 52 48 55

Table 10. Number of fissions and neutron captures per particle in interaction of d beam with U-238 target with a radius of
30 cm and a length of 80 cm obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini [28–31]);
c—MCNP6 (CEM03 [43–45] and INCL [5–7]); d—MARS15 [61–63]

Ed,
GeV/part.

Number of fissions/part. Number of captures/part.

a b
c

d a b
c

CEM03 INCL CEM03 INCL

4 124 118 100 94 128.4 364 329 358 351
2 66 59 51 48 67 190 164 181 174
1 35 30 27 24 35 97 81 95 85
0.66 22 18 18 15 23 60 52 60 52

Table 11. Neutron production/loss in interaction of d beam with U-238 target with a radius of 60 cm and a length of 160 cm
obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini [28–31] and INCL [5–7]); c—
MCNP6 (CEM03 [43–45] and INCL [5–7]); d—MARS15 [61–63]

Ed,
GeV/part.

Neutron production/part. Neutron leakage/part.

a
b c

d a
b c

dBC-
Bertini INCL CEM03 INCL BC-

Bertini INCL CEM03 INCL

4 769 843 674 896 914 846 144 144 112 136 127 180
2 423 419 372 467 465 451 84 71 68 82 83 107
1 215 213 189 251 234 234 48 43 39 48 50 60
0.66 134 140 121 168 148 158 33 31 28 37 35 42
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Table 12. Number of fissions and neutron captures per particle in interaction of d beam with U-238 target with a radius of
60 cm and a length of 160 cm obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Bertini [28–31]
and INCL [5–7]); c—MCNP6 (CEM03 [43–45] and INCL [5–7]); d—MARS15 [61–63]

Ed,
GeV/part.

Number of fissions/part. Number of captures/part.

a
b c

d a
b c

BC-
Bertini INCL CEM03 INCL BC-

Bertini INCL CEM03 INCL

4 131 127 105 105 101 132 477 452 365 474 488
2 72 63 61 54 51 70 258 228 196 240 234
1 36 32 30 29 26 36 126 111 96 126 111
0.66 23 21 19 19 16 24 76 71 60 80 68

Table 13. Production and leakage of fast neutrons (En > 1 MeV) for U-238 target with a radius of 60 cm and a length of
160 cm irradiated by the proton beam obtained using the following models: a—SHIELD [68, 69]; b—GEANT4 (BC-Ber-
tini [28–31] and INCL [5–7]), c—MCNP6 (CEM03 [43–45] and INCL [5–7])

Ep,
GeV/part.

Neutron production
(En > 1 MeV)/part. Neutron leakage (En > 1 MeV)/part

Neutron leakage
(En > 1 MeV)/Neutron 

production
(En > 1 MeV) ( %)

a b
a

b c
a

b

BC INCL BC INCL CEM03 INCL BC INCL

4 272.6 300.4 286.1 16.3 16.9 16.1 18 12 6 5.6 5.6
2 143.2 157.2 131.7 10.2 10.1 8.4 12 9 7.1 6.4 6.4
1 65.1 69.6 63.7 5.6 5.4 5.2 7 5 8.6 7.8 8.2
0.66 37.1 36.4 32.1 3.8 3.6 3.3 4 4 10.2 10 10.3
tionary value and remain constant with further growth
of the target dimensions.

CONCLUSIONS

The paper presented the comparative analysis of
the basic cascade models of nuclear interactions
applied in software for simulation of beam-target col-
lisions: Liege intranuclear cascade, binary cascade,
Bertini cascade, cascade exciton model and quark-
gluon string model. The main physics approximations
underlying these models were discussed.

The simulation of bulk heavy targets irradiated by
accelerated proton and deuteron beams of energies
from 0.66 to 4 GeV/nucleon was performed using five
different software packages: SHIELD, GEANT4,
MCNP6 and MARS15. The neutron production and
escape from 238U targets of three sizes: a radius of
15 cm and a length of 40 cm, a radius of 30 cm and a
length of 80 cm, and a radius of 60 cm and a length of
160 cm were analyzed. The beam and target parame-
ters were chosen close to those studied experimentally
at the accelerator complex of the Joint Institute for
Nuclear Research.
PHYSICS OF PARTICLES AND NUCLEI  Vol. 53  No. 
It was shown that, on the whole, the agreement
between the models and codes is within 30% and bet-
ter, worsening in some cases to 50% discrepancy. The
highest discrepancy was observed for the high energy
part of the neutron spectrum, which is of importance
in design of novel accelerator-aided nuclear power
production facilities and nuclear waste transmutation
issues. This indicates the need in further theoretical
and experimental studies of inelastic interactions with
production of fast neutrons and interaction of these
neutrons with bulk heavy materials. The comparison
of calculations and experimental data obtained at
JINR will be considered elsewhere.
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