
ISSN 1063-7796, Physics of Particles and Nuclei, 2021, Vol. 52, No. 3, pp. 477–496. © Pleiades Publishing, Ltd., 2021.
Ellipsoid Space Charge Model
for Electron Beam Dynamics Simulations

Y. Eidelmana, S. V. Kutsaevb, *, and D. Bruhwilera

a RadiaSoft LLC, Boulder, CO, 80304 USA
b RadiaBeam Technologies LLC, Santa Monica, CA, 90403 USA

*e-mail: s_kutsaev@mail.ru
Received September 3, 2020; revised October 16, 2020; accepted October 19, 2020

Abstract—The pulsed beam current in linear accelerators can approach significant values up to tens of
Amperes. Such high currents cause many specific adverse effects in the accelerators. One of such effects is the
repelling forces of the space charge as they become comparable to the forces of the electromagnetic acceler-
ating fields, and can influence the stability of phase and radial particle motion. In the numerical analysis of
the beam dynamics in linear accelerators, it is necessary to choose one of the different space charge models
depending on the desired accuracy, complexity, speed and computer resources availability. The most accurate
results are achieved by the numerical solution of the Poisson equation. However, this method may require sig-
nificant resources and time and may not be suitable when fast analysis is required in the linac design stages.
Analytical methods, on the other hands, base on the analytical solution of Poisson equations for the pre-
defined shape of the particles distribution inside the beam. One of the most popular analytical space charge
models is the ellipsoidal beam approximations. Despite being a well-developed model, many published
approaches lack some important features as fully three-dimensional ellipsoid asymmetry and multi-bunch
model. In this paper, we will derive the equations of the space charge field for the full-3D non-relativistic
ellipsoid bunch step by step, starting from the Poisson equation, and compare this model with the other
known models.
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1. INTRODUCTION
The problem of space charge forces inside the

accelerated beam and their influence on the particle
motion is in practice identical to the problem of the
gravitating mass distribution. In other words, it is
related to the theory of Newtonian potential. The clas-
sics of astronomy and mathematics addressed this
problem more than two centuries ago, and achieved
the significant progress of its solution in case when the
gravitating mass can be represented by a three-dimen-
sional ellipsoid. The obtained results were published
in the works [1–4] with the different level of details.
However, these results haven’t become well-known in
accelerator physics, which was studying the space
charge problems for a long time. In this case, it is
worth to mention the works [5, 6]. Unfortunately, in
these papers the beam is represented as a charge ellip-
soid of rotation, or in the other word is practically suit-
able only for 2D case. Likewise, the potential (and the
field) of the beam, provided in the work [5] is only
applicable for the particles located inside the ellipsoid
(or the beam core). On the other hand, the expressions
from the work [6] for the fields outside the ellipsoid
were found only in the multipole approximation.

In the following sections, we will derive the derive
the equations of the space charge fields for the full-3D
relativistic ellipsoid bunch inside and outside the
beam core. We will start from the Poisson equation
and continue to solve it for different particle distribu-
tions. Appendixes present the solutions of some math-
ematical problems used in the text of this paper and are
presented for the self-consistency of the provided
solution.

2. POTENTIAL OF A UNIFORMLY 
CHARGED 3D ELLIPSOID

We will start from the potential of the charged
3D ellipsoid based on the Dirichlet’s approach [7].
Thus, the potential of a uniformly charged 3D ellip-
soid with the density ρ and semi-axes (ax, ay, az) in a
random point of space (x, y, z), as shown in Fig. 1, is:
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Fig. 1. Ellipsoid beam geometrical representation and
dimensions.
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Fig. 2. Dirichlet discontinuous factor as a function of
argument.
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where the integration is expanded to the volume of the
ellipsoid:

(2)

To overcome the problems related to the variability
of the integration boundaries, Dirichlet proposed to
use the special form-factor (so called “discontinuous
factor”):

(3)

Figure 2 demonstrates the distribution of Dirichlet
discontinuous factor for the argument values from 0 to
0.95 (top) and 0.95 to 1.0 (bottom). It is clearly seen
that the behivour of the form-factor is in the good
accordance with the expression (3).

For this problem, we chose the discontinuous fac-
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(6)

Here, we will use the following expression:
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Since

(10)

And by introducing the integrals
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Now, let’s substitute the variable ζ for ξ = t/ζ. Then

dζ/ζ2 = –dξ/t, so that

(18)

where

(19)

And

(20)

To calculate the integral with respect to the variable
t, we will first find it’s derivate with respect to u = x, y,
or z:
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Now, to calculate the integral I(S), we must use the
definition of the Dirichlet form-factor
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Fig. 3. The roots of the characteristic equation.
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the transition through the surface of the ellipsoid, the
integration constants must be equal (Cin = Cout = C).
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infinitely distant point from the ellipsoid, the potential
equals to zero and λ → ∞. In this case, the sum with
respect to u = x, y, z can be neglected, so we automat-
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Thus, the final expressions for the potential will be:

(32)

for the points inside the ellipsoid, λ = 0, and for the out-
side points, λ is a root of a characteristic equation (25).

The integrals in the expression (32) can be
expresses using the reduced elliptical integrals (as
shown, for example, in § 6.2 of [3]), but they seem to
be impractical in the numerical analysis.
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roots can be analytically described with the Cardan’s
formulas:

(34)

Which uses the following sequence of the expres-
sions:

(35)

and

(36)

This qualitative analysis of the function w(λ)
demonstrates that for any values of the parameters of
the characteristic equation (25), it will always be that
p ≤ 0 and

(37)

  τ ϕ
  

λ = τ ϕ + π −  
  τ ϕ + π  

3

2 3

3

2 cos( )

2 cos( 2 3) .
3

2 cos( 4 3)

x
Ba
A

( ) ( )

=

 = + + − + + 

+
= +

+ + + + +
−

 
= − + +  

 

4

2 2

2
2 2 2 2 2 2

2 2

2 2 2

2 2

2 2 2 2 2 2 2 2 2

2 2

22 2

2 2 2

,

,

( )
1

( ) ( ) ( )
,

1 ;

x

y z

x
x y z

y z

x y z

y z

y z x z x y

y z

x y z

aA
a a

aB a a a x y z
a a

a a a
C

a a

x a a y a a z a a

a a

yx zD
a a a

( )
= − = − +

τ = − ϕ = −
τ

2 3

2 3 2

3

2
,  ;

3 27 3

, arccos .
27 2

C B B BC Dp q
A AA A A

p q

τ ϕ >3
2 cos( ) (3 )B A
3  2021



482 EIDELMAN et al.

Fig. 4. Value maps for of characteristic equation root for rotational ellipsoid (left, for a case of stretched ellipsoid; right, for a case
of compressed ellipsoid).
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by closer investigation of the possible values of the
characteristic equation root for a rotational ellipsoid,
we found that λ does not exceed values of a few hun-
dreds for stretched ellipsoid and several tens for com-
pressed ellipsoid, for reasonable range of beam shape
parameters ratios, as shown in Fig. 4.

4. POTENTIAL 
OF A ROTATIONAL ELLIPSOID

In order to find the potential of the uniformly
charged rotational ellipsoid, it is the most convenient
to use the expression (32) for the potential outside the
3D ellipsoid. By using λ = 0 in the found expression,
we will acquire the formulas for the points inside the
ellipsoid.

Now, we will consider the rotation ellipsoid that
can be described with the equation
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(42)
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And for the stretched ellipsoid:

(46)

Or

(47)

The formulas (41), and (43)–(47) can be found in
[4]. The expressions (45) and (47) for the potential of
the rotational ellipsoid were described in [5] (however,
with unfortunate typos), and published in [6]. The
same paper also provides the expressions for the
potential outside the ellipsoid, however only in multi-
pole approximation (analog to (41), (43)).

5. POTENTIAL OF A SPHERE

The potential of a uniform sphere both inside and
outside, can be easily found. Nevertheless, it is useful
to derive it from the expressions for the rotational
ellipsoid by using a limiting transition c = a, since the
expressions (41), and (43)–(47) don’t work in this
case. To do this, it is sufficient to modify only the for-
mula (41), and use λ = 0 for the case inside the sphere.
Thus, the potential outside the sphere based on the
expression for the “compressed” rotational ellipsoid
will be the following:
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(48)

Assume c = a – δ and δ/2a  1. Then, by using the
expressions for coefficients K1 – K3, described in the

Appendix C, we get

(49)

By using λ = 0, we can find the potential inside the
sphere

(50)

To obtain the final expression for the potential out-
side the sphere, we will take into account the fact that
the expression (25) can be simplified:

(51)

Which, therefore, simplifies the expression (49) to
its final form:

(52)

Obviously, this formula can be trivially found from
the Gauss theorem.

6. FORM-FACTORS 
FOR ELECTRIC FIELD CALCULATIONS

The found expressions (32) for the potential of the
charged ellipsoid, as well as the formulas (41), and
(43)–(47) for the rotational ellipsoid, demonstrate
that in all cases the electric field grows linearly along
the corresponding coordinate, while the more com-
plex dependence on the parameters and coordinates is
accounted by the behavior of the form-factors Mr:

(53)

This expression shows that in the general case,

form-factors can be represented as single integrals.

But in case of rotational ellipsoid, they can be

expressed with the corresponding elementary func-

tions. Here, we present the obvious expressions for all

form-factors.

(A) Inside ellipsoid:

(54)

The dependences of form-factors inside ellipsoid

on different ratio of ax/az for different ratio ay/ax for

typical realistic beam dimensions are shown in Fig. 5.

(B) Outside ellipsoid:

(55)

where λ is the maximal positive root of a characteristic

equation.

(C) Inside the “compressed” rotational ellipsoid
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Fig. 5. Form-factors (x, y, and z) inside the ellipsoid as functions of ratios of ax/az and ay/ax.
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Fig. 6. Form-factors inside the rotational ellipsoid as func-
tion of longitudinal compression factor.
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(F) Outside the “stretched” rotational ellipsoid
(ax = ay = a, az = c > a):
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It is easy to see that the pairs of form-factors for the
rotational ellipsoid are connected with each other by
the simple relationships. Outside the ellipsoid, regard-
less of compression or stretching:

(60)

Inside the ellipsoid (λ = 0) this relationship is sim-
plified even further:

(61)
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The dimensional dependencies of form-factor val-
ues inside the ellipsoid, calculated by using the expres-
sions (56), (58), and (61), are shown in Fig. 6.

Correspondingly, the dimensional dependencies of
form-factor values outside the ellipsoid, calculated by
using the expressions (57) and (59) for different λ val-
ues, are shown in Figs. 6, 7.

7. MULTI-BUNCH REGIME

In case of a multi-bunch regime, each bunch can
be regarded as a uniformly charged ellipsoid, and
then this “reference” bunch will suffer from the fields
of all other bunches that will be external in respect to
it. The forces, thus, can be accounted by using the
expression (32). It is however, necessary to solve the
characteristic equation (25) for each external bunch.
Typically, the distance between the bunches (L) is
large comparing to its dimensions ax, ay, az. Also, in this

case, the transverse coordinates inside the reference
bunch are small relative to the distance L: x, y  L, while
the longitudinal coordinate z is comparable to L.

It is possible to demonstrate that in this case, the
maximal root of the characteristic equation will be at
the order of z. If so, then it is possible to omit the terms

with x2 and y2 in the characteristic equation (25), so
that it takes the form:

(62)

With az  λ ≈ L, it yields with λ ≈ z. For the more

strict solution, it is necessary to solve the characteristic
equation considering ax, ay, az, x, y  z ≈ L. In this

case, the coefficients (35) become:

(63)

Next, we need to calculating the coefficients (36)
using expressions (63) and obtain:

(64)

Then, the maximal root of the characteristic equa-
tion, according to (34) becomes:

(65)

Figure 8 demonstrates the dependence of a mximal
root of the characteristic equation on the distance
between leading and neighboring bunch for round and
flat beam.
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Fig. 7. Form-factors outside the rotational ellipsoid as function of longitudinal compression factor.
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Fig. 8. The roots of the characteristic equation in multi-
bunch regime as a function of normalized longitudinal
coordinate (red—round beam; blue—flat beam).
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Now, it is easy to estimate the asymptotic values of the
form-factor (55) for the neighbor bunches in respect to
the reference bunch (ax, ay, az,  z and ξ ≥ z):

(66)

This result means that all form-factors are indenti-
cal in this case. Thus, the fields from the bunches with
the charge Q, located at the distance ±L are equal to:

(67)
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Fig. 9. Absolute (left) and relative (right) values of the form factor Mz (red—round beam; blue—flat beam).
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The expression (67) shows that the asymptotic val-
ues of the form factors are identical. Figure 9 demon-
strates the values of the “vertical” form factor Mz, cal-

culated with this formula and compares it with the
absolute values calculated with the expression (55).

It can be seen, that the difference in the values of
the factor and its asymptotic value is of the order of
20% at a distance between the bunches z/zrms ≈ 2 and

does not exceed 10% for z/zrms ≥ 3.

8. GAUSSIAN ELLIPSOID DISTRIBUTION

Finally, we will consider the case when the charge
distribution of the bunch is Gaussian in the whole
space and is characterized with the square deviation
parameters (σx, σy, σz), so that it has the following

form:

(68)

Here Q is the full charge of the bunch. The poten-
tial of the bunch in any point will be the following:
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Which yields to the expression

(71)

The integrals I(u, σu; t) can be found with a help of

a simple transformation:
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(73)

And therefore

(74)

From this equation it is easy to find the expression for the space charge field in any point of the space:

(75)

It is very convenient to make the following substi-

tution ξ = 1/t2, and get the final expression for the
field:

(76)

This expression for the Gaussian distribution of the
bunch charge is actively used for beam-beam effects
studies [8, 9]. It is convenient to introduce the form
factors Mu, similar to the ones introduced in the previ-

ous Sections, so that:

(77)

where

(78)

In the case of axially-symmetrical distribution

(σx = σy ≡ σr), the expressions for the form-factors are

simplified:
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Fig. 10. Form-factor values maps in z–r space for different values of beam compression factors.
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By introducing the dimensionless integration vari-

able ξ = , both form-factors are found to be

dependent on the parameters , which char-

acterizes the degree of beam compression, and can be
written as following:

(80)

The Fig. 10 demonstrate the typical behavior of
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PHYSICS O
parameter α. It is clearly seen that the largest values of
the form-factors are naturally located in the center of
the beam.

Finally, the Fig. 11 demonstrate the dependence of
form-factors in the beam center as a function of beam
compression parameter. It is clearly seen, that in case of
the Gaussian density distribution the expression (61) is
fulfilled for the whole space.

9. COMPARISON OF THE MODELS

In this paragraph we will compare the accuracy of
the computer simulations, performed using the well-
known Lapostolle method [6], and the method
described in this paper. The simulations were done in
the recently upgraded [10], and benchmarked in Hell-
weg code [11] that support both models. We have sim-
ulated the beam propagation of 10 A electron beams
with the energy of 100 keV in the 50 cm drift space and
compared the output emittance growth for two mod-
els. The input Twiss parameters for all cases are iden-
tical (αx = 0.0, βx = 3.0 cm/rad, εx = 15 μm, Δz =

2.5 cm). The following cases were simulated (see
Fig. 12):
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Fig. 11. Form-factor values in the beam center as a function of beam compression factor.
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Fig. 12. Initial distribution of the simulated beams ((a) Round KV, (b) Round waterbag, (с) Round gaussian, (d) Elliptic gaussian).
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Fig. 13. Transverse emittance growth during the propagation i
(red—round KV, blue—round waterbag, green—round Gauss
described Elliptic (solid) space charge models.
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the space charge effects due to the inaccurate field

treatment outside of the beam core.

APPENDIX A

INTEGRALS 
FOR THE “COMPRESSED” ELLIPSOID

The integral I0 can be calculated by the following way:

(A1)

After the variable substitution

(A2)

We get

(A3)

Next, the result depends on the fact whether the
ellipsoid is “compressed” (a > c) or “stretched” along
the rotation axis. In case of the “compressed ellipsoid,

the multiplier before y2 in the integral function is pos-
itive and thus:
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Then, we’ll find Ixy for the compressed ellipsoid by

applying the variables substation used for I0

(A6)

Let’s introduce the following parameters for the
compressed ellipsoid:

(A7)

And the integral I1:
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or

(A12)

For the integral Iz, we will repeat the similar steps:
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finally,
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APPENDIX B
INTEGRALS FOR THE “STRETCHED” ELLIPSOID

The integral I0 as show in in Appendix A (A3), is equal to:
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Then, by using the expression (A5), we find

(B5)

and for the stretched ellipsoid:
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or

(B12)

APPENDIX C

TRANSITION FROM A COMPRESSED ELLIPSOID TO SPHERE

Let’s calculate the free term K1 in the expression (48) for the potential outside the compressed ellipsoid in tran-

sition from ellipsoid to sphere and the coefficients K2 and K3 in the same equation. Assuming
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we can calculate K1 as
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or

(C6)

finally, by using all these results and methods:

(C7)

Or

(C8)
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SUMMARY

In this paper, we have provided the detailed analytical

solution for the space charge forces inside the non-symmet-

rical three-dimensional ellipsoid-shaped bunch of the

charged particles inside and outside of the bunch core. The

presented results generalize and include the commonly used

expressions for the space charge [5, 6] and can be readily

used in the beam dynamics simulation codes.
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