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Abstract—Experimental data on transverse momentum spectra of charged hadrons, strange particles, top
quark and jets produced in  and  collisions obtained at RHIC, Tevatron, and LHC are analyzed
in the framework of -scaling approach. The concept of the -scaling based on fundamental principles of
self-similarity, locality, and fractality of hadron interactions is verified over a wide range of collision energy
and transverse momentum for different particle species. General properties of the data -presentation are
reviewed. A microscopic scenario of constituent interactions developed within the -scaling scheme is used
to study the dependence of momentum fractions and recoil mass on the collision energy, transverse momen-
tum and mass of produced inclusive particle, and to estimate the constituent energy loss. Results of analysis
in the framework of -scaling of the negative particle spectra in  collisions obtained by the STAR
Collaboration in the first phase of the Beam Energy Scan program at RHIC are presented. New indication
on self-similarity of fractal structure of nuclei and fragmentation processes is found.
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1. INTRODUCTION

Search for fundamental symmetries is main goal of
all sciences and physics, in particular. Fundamental
symmetry principles dictate the basic laws of physics,
control the structure of matter, and define the funda-
mental forces in Nature [1]. Among them are princi-
ples of relativity (special, general, scale), gauge invari-
ance, locality, self-similarity, spontaneous symmetry
breaking and others.

The symmetries govern interactions of particles
characterized with the properties such as mass, spin,
charge and f lavor. The interactions are studied in pro-
cesses with leptons, hadrons and nuclei. The goal is to
understand a complete picture of particle structure
and their production mechanisms in terms of elemen-
tary constituent degrees of freedom. Flavor is one of
the mysterious characteristics of hadrons. Six f lavors
of quarks (up, down, strange, charm, beauty and top)
lead to a wide variety of mesons and baryons. Many
experimental data allow both the study of properties of
the particles and also their application as special
probes to investigate collective phenomena in nuclear
matter.

Different types of probes (high-  hadrons, direct
photons, jets, leptons, strange and heavy f lavor parti-
cles) play an important role to determine features of
the produced matter and provide information about its
transition into the observed particles. The hadron pro-
duction with high transverse momenta is of a special
interest. It has relevance to the particle substructure
and constituent interactions at small scales and thus to
discrete symmetries (C,P,T) of space-time and origin
of their violation. While hard processes with high
transverse momenta are used for testing the perturba-
tive Quantum Chromodynamics (QCD), the multiple
production of soft particles is suitable for verification
of non-perturbative QCD and investigation of the
phase transitions in non-Abelian theories. In the
framework of QCD, the non-linear Yang–Mills equa-
tions taking into account gauge invariance and
Lorentz covariance regulate dynamics of the constitu-
ent interactions both at hard and soft regimes. The
quark-gluon system produced in these interactions
undergoes a phase transition to the colorless hadrons.
A detailed understanding of the hadronization is still
an open problem and its description relies mostly on
phenomenology.
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It is well known that all physical systems should
reveal discontinuity in some characteristics describing
their behavior nearby a phase boundary or a critical
point. Therefore the concepts of “scaling” and “uni-
versality” have been developed and widely used to
explain the critical phenomena [2–5]. Scaling implies
that systems near critical points exhibit self-similarity
and are invariant with respect to scale transformations.
The universality of their behavior lies in the fact that
vastly different systems behave in a similar way near
respective critical point which is usually described by a
power dependence. The critical exponents in the
power laws are determined by the interaction symme-
try and space dimension only. The notions of scaling
and universality have also been applied for particle
production far from the boundary of a phase transition
or a critical point. In high energy collisions, the scaling
regularities were subject of intense investigations
[6‒23]. Such regularities reflect usually some symme-
try principles. Their violation can give experimental
indications on new physics phenomena and additional
insight into theory.

One of the fundamental principles governing had-
ron interactions at high energies is the self-similarity
principle. Its relation to the scale relativity and fractal
properties of the quantum space-time are discussed in
[24–26]. The scaling behavior related to the ideas of
self-similarity of hadron interactions at a constituent
level is manifested by the -scaling [27–31]. The scal-
ing was used for analysis of inclusive spectra obtained
at the accelerators U70, , SPS, ISR, Tevatron,
and RHIC [32–47].

The transverse momentum spectra reveal striking
similarity over a wide range of energies when expressed
by the variable . The scaling is treated as a manifesta-
tion of the self-similarity of the structure of the collid-
ing objects (hadrons or nuclei), the interaction mech-
anism of their constituents, and the process of frag-
mentation into real hadrons. Universality of the -
scaling is given by its f lavour independence. It means
that spectra of particles with different f lavour content
can be described by the same function  with val-
ues of  and  rescaled by a multiplicative factor .
The factor was found to be constant over a wide kine-
matic range. The -scaling was confirmed in the
region which is far from boundary of a phase transition
or the region where a critical point can be located. We
consider that the approach can be a suitable tool to
search for a phase transition or critical point in hadron
and nuclear matter at energies where the Beam Energy
Scan (BES) program is being currently performed at
RHIC [48–50].

2. z-SCALING: GENERAL APPROACH

In this paper we follow the -scaling version pre-
sented in [27]. Let us briefly remind the basic ideas of
this concept. At high energies, the collision of two
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hadrons or nuclei is considered as an ensemble of indi-
vidual interactions of their constituents. The constitu-
ents are formed from partons in the parton model or
consist of quarks and gluons in the QCD theory.
Structures of the colliding objects are characterized by
parameters  and . The interacting constituents
carry the fractions  and  of the momenta  and 
of the colliding hadrons (or nuclei), respectively. The
inclusive particle carries the momentum fraction  of
the scattered constituent with fragmentation charac-
terized by a parameter . A fragmentation of the recoil
constituent is described by  and the momentum
fraction . Multiple interactions are considered to be
similar. This property represents self-similarity of the
hadron interactions at the constituent level.

The constituent picture of hadron interactions at
high energies provides the basis for analyzing inclusive
spectra of particles produced in proton and nuclei col-
lisions in the framework of -scaling approach. The
self-similar properties of the interactions are mani-
fested by the observation that invariant differential
cross sections of particles of different types can be
described in terms of a scaling function  and the
scaling variable  over a wide kinematic range.

2.1. A Microscopic Scenario of Hadron Production

According to ideas of unified description of inclu-
sive cross sections at high energies [12], the gross fea-
tures of momentum distributions of an inclusive parti-
cle  produced in the collisions

(1)

of the extended objects like hadrons or nuclei with the
atomic numbers  and  can be expressed in terms of
the kinematic characteristics of a corresponding con-
stituent sub-process. We consider the sub-process to
be a binary collision of the constituents with masses

 and  which results in the scattered and
recoil objects in the final state with masses 
and , respectively. The constit-
uents of the incoming hadrons (or nuclei) with masses

 and momenta  carry their fractions .
The produced secondary objects transform into real
particles after the constituent collisions. The regis-
tered particle with mass  and the 4-momentum 
carries the fraction  of the 4-momentum of the scat-
tered constituent. Its hadron counterpart with mass

, moving in the opposite direction, carries the 
fraction of the produced recoil. The momentum con-
servation law in the constituent sub-process is con-
nected with the recoil mass  +

 as follows

(2)

δ1 δ2

1x 2x 1P 2P

ay

ea

eb

by

z

ψ( )z
z

h

+ → +1 2A A h X

1A 2A

1 1( )x M 2 2( )x M
( )a am y

+ +1 1 2 2( )b bx M x M m y

,1 2M M ,1 2P P ,1 2x x

am p
ay

bm by

= 1 1XM x M
+2 2 b bx M m y

+ − = .2 2
1 1 2 2( )a Xx P x P p y M
F PARTICLES AND NUCLEI  Vol. 51  No. 2  2020



VERIFICATION OF z-SCALING IN p + p,  AND Au + Au COLLISIONS+p p 143
The associate production of the particle with the
mass  ensures conservation of the additive quantum
numbers (the electric charge, baryon number,
strangeness, charm, beauty). Equation (2) is an
expression of the locality of the hadron interaction at
a constituent level. It poses a constraint on the
momentum fractions , , , and  which deter-
mine the constituent sub-process.

Structure of the colliding objects and fragmenta-
tion of the systems moving in the scattered and recoil
directions is characterized by the structural parame-
ters , and , respectively. We connect the
parameters with the corresponding momentum frac-
tions by the function

(3)

Physical meaning of  is given by its proportional-
ity to relative number of all such constituent configu-
rations in the reaction (1) which contain the configu-
ration defined by the fractions  and . The
function  plays the role of a relative volume which
occupy these configurations in space of the momen-
tum fractions. The structural parameters , , ,
and  are interpreted as fractal dimensions in the
respective parts of the considered space of momentum
fractions. The fractal structure of the colliding had-
rons (nuclei) is characterized by  and . The fractal
nature of the fragmentation processes in final state is
described by  and .

The value of  describes a resolu-
tion at which the sub-process defined by , and

 can be singled out of the inclusive reaction. For
given values of , , , and , the momentum frac-
tions , , , and  are determined in a way to max-
imize the function , simultaneously ful-
filling condition (2). The requirement of the minimal
resolution  singles out the corresponding underly-
ing interaction of constituents which satisfies the con-
dition (2). The maximal value of  is used in the defi-
nition (4) of the scaling variable .

The parameters  and  enable to take effectively
into account also prompt resonances out of which the
inclusive particle of a given type may be created. At
fixed masses  and , larger values of  and  cor-
respond to smaller  and , which in turn give larger
ratios  and . In our phenomenological
approach this means that production of the inclusive
particle with mass  and its counterpart with mass 
can be a result of fragmentation from larger masses
which mimic in a sense processes with prompt reso-
nances.
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2.2. Self-Similarity Variable z 
and Scaling Function 

The self-similarity of hadron interactions reflects a
property that hadron constituents and their interac-
tions are similar. The self-similarity variable  is
defined as follows

(4)

Here

(5)

and  is maximal value of (3) with the condition (2).
The variable  is proportional to the transverse kinetic
energy  of the constituent sub-process consumed
on the production of the inclusive particle ( ) and its
counterpart ( ). The quantity  is the corre-
sponding multiplicity density of charged particles pro-
duced in the central region of the reaction (1) at
pseudo-rapidity . The value of  is
raised to the power of  in (5). The multiplicity density
in the central interaction region is related to a state of
the produced medium. The parameter  characterizes
properties of this medium [27]. It is determined from
multiplicity dependence of inclusive spectra [45]. The
arbitrary mass constant  is fixed at the value of
nucleon mass. The variable  is a function of the
momentum fractions , multiplicity den-
sity, and depends on the parameters , , and .

The scaling function  is expressed in terms of
the experimentally measured inclusive invariant cross
section  the multiplicity density  and
the total inelastic cross section  as follows [31]

(6)

where  is the Jacobian for the transformation from
 to . The Jacobian depends on kinematic

variables characterizing the inclusive process (1). The
multiplicity density  in the expression (6) con-
cerns particular hadrons species. It depends on the
center-of-mass energy, on various multiplicity selec-
tion criteria and also on the production angles at
which the inclusive spectra were measured. The func-
tion  is normalized to unity,

(7)

The relation allows us to interpret  as a proba-
bility density to produce an inclusive particle with the
corresponding value of the self-similar variable .
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Flavor independence of the -presentation of
inclusive spectra means that the shape of the scaling
function  is the same for hadrons with different
flavor content over a wide range of the variable  [28].
The scale transformation

(8)
is used for comparison of the shapes of the scaling
function for different hadron species. The scale
parameter  is a constant independent of kinematic
variables. Its values depend on type of the produced
particles. The transformation does not change the
shape of . It preserves the normalization condi-
tion (7) and does not destroy the energy, angular, and
multiplicity independence of the -presentation of
particle spectra.

3. -SCALING IN  COLLISIONS
Particle production in  collisions is interest-

ing both for itself and for comparison with  and
 collisions. In the first case the constituent inter-

actions are not influenced by the nuclear medium and
features of hadron substructure, interaction and frag-
mentation manifest themselves more clear. In the sec-
ond case the nuclear medium can essentially modify
the elementary sub-processes and signatures of phase
transitions are expected to occur.

Here we remind main features of the -scaling in
 interactions. For the unpolarized proton-proton

collisions we have . We assume that objects
produced in constituent sub-processes in the scattered
and recoil directions have equal fragmentation prop-
erties which can be described by the same parameter

. For identified particles, the fragmentation
dimension depends on type of the inclusive particle,

, which we denote by the subscript . The scal-
ing of inclusive hadrons was established [27, 28, 47]
from analyses of data measured at FNAL, CERN,
and BNL energies for constant values of  and .
The experimental data cover a wide range of the col-
lision energy and transverse momentum of produced
particles.

3.1. Hadrons
Figure 1a shows the energy independence of the

scaling function  for  hadron production in
 collisions over a wide range of collision energy

 11.5, 19.4, 27.4, 38.8, 62, 63, and 200 GeV in the
transverse momentum interval  0.2–13 GeV/c at

 [51–57]. The function  changes by
more than twelve orders of magnitudes.

The energy independence of the scaling function
gives strong constraints on the values of the parame-
ters ,  and . The -scaling is consistent with the con-
stant values of the parameters , , and
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 for  GeV. At the energy  GeV,
the scaling regularity indicates a decrease of  and .
The diminishing of the fractal dimensions is naturally
expected due to a smearing of the fractal character of
hadron interactions at low energies. As seen from
Fig. 1a, the behavior of  can be described by a
power law, , in the asymptotic high-  (high-

) region. A characteristic saturation of the scaling
function is observed at low z (low ). The results are
in agreement with similar observations for identified
particles presented in [27, 28, 47].

Figure 1b demonstrates the dependence of the
momentum fraction  on the transverse momentum

 of negative hadrons produced in  collisions at
 GeV and . The values of

 characterize energy of the constituent sub-pro-
cess which underlies production of the inclusive particle.
The momentum fraction  demonstrates monotonic
growth with . It decreases with the increasing collision
energy . For a given transverse momentum (e.g. 
4 GeV/c), the largest fraction ( ) corresponds to
the lowest energy  GeV. The kinematic limit of
the reaction is reached at .

Figure 1c shows the dependence of the fraction 
on the transverse momentum  of the produced par-
ticle. The relative energy loss of the scattered constitu-
ent with energy  is given by the relation

. As seen from Fig. 1c, all points
demonstrate non-linear monotonic growth of  with

. This means that the relative energy dissipation
associated with a high-  particle is smaller than for the
inclusive particle with lower transverse momentum. For
a given , the energy loss is larger at higher energy
because the corresponding fraction  decreases with

. For the collision energy  GeV, the energy
loss is estimated to be about 65 and 40% at  and
13 GeV/c, respectively. At  GeV/c, the energy
loss falls to around 5% at  GeV.

The recoil object in the corresponding sub-process
moves in the away side direction of the inclusive parti-
cle. The object is characterized by the recoil mass .
Figure 1d shows the dependence of  on the trans-
verse momentum  of negative hadrons produced in

 collisions in the same range of collision energy.
The single points demonstrate a growth at low  fol-
lowed by a successive f lattening. The values of 
reveal characteristic increase with . The recoil mass
is about  GeV at the energy  GeV and
momentum  GeV/c. At  GeV, the
recoil mass is about  2.1 GeV/c2 for the highest
measured  GeV/c.
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Fig. 1. Scaling function  (a), momentum fractions  (b),  (c), and recoil mass  (d) for negative hadrons produced in
 collisions at  GeV and . The symbols correspond to the experimental data [51–57] measured at

the CERN, FNAL, and BNL. The solid line shown in (a) is a reference curve.
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3.2. Identified  Particles

Figure 2a shows the -presentation of the spectra
of negative pions, kaons, antiprotons, and  produced
in  collisions over the range  GeV and

. The symbols represent data on differ-
ential cross sections measured in the central and frag-
mentation regions [51–57]. The analysis comprises
the inclusive spectra of particles measured up to very
small transverse momenta (  MeV/c for pions
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and  MeV/c for kaons or antiprotons). One
can see that the distributions of different hadrons are
sufficiently well described by a single curve over a wide
z-range ( ). The function  changes more
than twelve orders of magnitude. The solid lines rep-
resent the same curve shifted by multiplicative factors
for reasons of clarity. The same holds for the corre-
sponding data shown with the different symbols. The
indicated values of the parameter  (

  ) are consistent with the
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Fig. 2. Scaling function  (a) for , and  hadrons produced in  collisions at  GeV and 

(a). The dependence of the fractions  (b),  (c), and recoil mass  (d) on the transverse momentum  for , and 

produced in the  collisions at , and 200 GeV. The symbols correspond to the experimental data [51–57] mea-

sured at the CERN, FNAL, and BNL. The solid line shown in (a) is a reference curve.
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Figure 2b shows the dependence of the fraction x1

on the transverse momentum  of the negative pions,

kaons, and antiprotons produced in  collisions at

 = 19, 53, 200 GeV and . The fractions 

and  are equal each other in that case. They increase

nearly linearly with the transverse momentum . For

fixed , the fraction  decreases as the collision
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energy  increases. The  is larger for the production
of heavy particles as compared with light ones. The
kinematical limit of the reaction (1) corresponds to

 at any collision energy and for any type of
the inclusive particle. This can be seen in Fig. 2 for

 GeV where the fraction  approximates unity

at  GeV/c for all three particles.

The dependence of the momentum fractions 

and  on the kinematical variables ( )
describes features of the fragmentation process. The

fraction  characterizes dissipation of the energy and
momentum of the object produced by the underlying
constituent interaction into the near side of the inclusive
particle. This effectively includes energy losses of the
scattered secondary partons moving in the direction of
the registered particle as well as feed down processes from
prompt resonances out of which the inclusive particle

may be created. The fraction  governs the recoil mass in
the constituent sub-process. Its value characterizes the
dissipation of the energy and momentum in the away side
direction of the inclusive particle.

Figure 2c shows the dependence of  on the trans-

verse momentum  for the negative pions, kaons,
and antiprotons produced in  collisions at the

energy  = 19, 53, 200 GeV and . All
curves demonstrate a non-linear monotonic growth

with . It means that the energy dissipation associ-

ated with the production of a high-  particle is
smaller than for the inclusive processes with lower
transverse momenta. This feature is similar for all
inclusive reactions at all energies. The decrease of the

fractions  with the increasing collision energy is
another property of the considered mechanism. It corre-
sponds to more energy dissipation at higher energies.
This can be due to the larger energy losses and/or due to
the heavy prompt resonances. The third characteristic is

a slight decrease of  with the mass of the inclusive par-
ticle. It implies more energy dissipation for creation of
heavier hadrons as compared with hadrons with smaller

masses. The asymptotic value of  is reached at the
kinematical limit for all particle species.

The dependence of the momentum fraction  on

 reflects kinematic properties of the recoil system.

The values of  are larger for particles with higher

masses. It was found that  is nearly independent of

 in the studied region. It is smaller than  and

decreases with the increasing collision energy . The

small values of  mean that the momentum balance
in the production of an inclusive particle from a sub-
process is more likely compensated with many parti-
cles with smaller momenta than by a single particle
with a higher momentum moving in the opposite
direction.

s 1x

= =1 2 1x x

= 19s 1x
� 9Tp

ay

by , θ ,cmsTp s

ay

by

ay
Tp

+p p
s θ = °cms 90

Tp
Tp

ay

ay

= 1ay

by
Tp

by
by

Tp ay
s

ay
PHYSICS OF PARTICLES AND NUCLEI  Vol. 51  No. 
Figure 2d shows the dependence  the recoil mass

 on the transverse momenta of the negative pions,
kaons, and antiprotons produced in  collisions at

the energy , and 200 GeV in the central

rapidity region. For the sake of clarity, the values of

 are presented on a log-scale with the multiplica-

tion factors 10 and 100 for  and , respectively. All

curves demonstrate small growth at low  followed by
a successive f lattening. They reveal a characteristic
increase with the collision energy and mass of the
inclusive particle.

3.3. Strange Hadrons

The strange particles represent a special interest as
they contain strange quarks which are the lightest
quarks absent in the net amount in the initial state. At
the same time, the strange quarks created in the con-
stituent sub-processes are substantially heavier than
the valence quarks in the colliding protons. The self-
similarity of such interactions, expressed by the same
form of the scaling function, results in different prop-
erties of the constituent collisions and fragmentation
processes as compared to those which underlay the
production of the non-strange particles. Therefore,

the scaling behavior of  found in data analysis of
inclusive reactions with strange particles could give
more evidence in support of unique description of

 interactions at constituent level and can provide
good grounds for study of peculiarities of the strange-
ness production in nuclear collisions. For investiga-
tion of fractal properties of the strange quarks, it is
important to estimate the energy loss and also the scale
at which the constituent sub-processes are singled out
for a given inclusive reaction. These conditions are
controlled by the dependence of the variable z on the
multiplicity density, collision energy, transverse
momentum and also on the angle at which the inclu-
sive particle is detected.

Figure 3a shows z-presentation [47] of the trans-
verse momentum spectra of strange mesons and bary-

ons measured in  collisions at  GeV in
the central rapidity region at RHIC. The symbols rep-
resenting data on differential cross sections include
baryons which consist of one, two and three strange

valence quarks. The multiplicative factors  and

 are used to show the data -presentation sepa-

rately for mesons, single-strange ( ) and

multi-strange ( ) baryons, respectively.

The open circles and diamonds correspond to the

respective spectra of  and  mesons measured by
the STAR Collaboration [57, 58]. The data on the

neutral short-lived  resonance obtained by
the STAR [59] and PHENIX [60] Collaborations are

of
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Fig. 3. Scaling function  (a), momentum fractions  (b),  (c), and recoil mass  (d) for strange ( , , ,

) hadrons produced in  collisions at  GeV and  [47]. Experimental data are taken from [58–

62]. The solid line in (a) is fit of  for  mesons [63]. The points in (b), (c), (d) are calculated for  and for the indicated

values of .
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respectively. The open squares correspond to the

PHENIX data on φ-meson production [61] detected

in the  and  decay channels. The -presen-

tation of spectra of strange baryons shown in the figure

is based on the data collected by the STAR Collabora-

tion [58]. The distributions of ,  and  baryons

are depicted by stars, black circles and black squares,
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respectively. The spectra of strange baryon resonances

 (full triangles up) and  (full triangles

down) were taken from [62]. The solid line represents

the scaling curve obtained from analysis of pion spec-

tra [57, 63] in  collisions ( ) over

a wide range of kinematic variables [28]. The line is

used as a reference ( ) for comparison with other

particles. The data on strange particle spectra [53, 54,
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64–72] obtained by the BS, CCRS, CDHW, AFS,
NA61/SHINE, NA49 and STAR Collaborations were
also used in the analysis. The data points for different

particles are shown for the values of the parameters 

and  indicated in Fig. 3a. They correspond to the

scaling behavior of . Note that the spectra for 

and  baryons were measured at  GeV only

and in a limited -region. Therefore, the data does

not allow unique determination of  and . More

measurements at different energies and in a wider -
range could contribute to unambiguous determination
of the parameters.

We estimate the errors of  and  for

, and  particles at the level 10%. The

errors of the parameters for  hyperons are up

to 20%, and for  are difficult to assess. They depend
on the fitting -range. A small number of data points
for multi-strange baryons allow us to find the corre-
sponding parameters in a narrow range of  only. As

seen from Fig. 3a, the data points for 
hyperons are reasonably well described by the solid

curve with the given values of  and . The curve is
consistent with the energy, angular and multiplicity
independence of the scaling function for different
hadrons. One can see that the corresponding fragmen-

tation dimension  for strange mesons is larger than
for pions, suggesting larger energy loss by production
of mesons with strangeness content. The fragmenta-
tion dimension for strange baryons grows with the
number of the strange valence quarks.

Figure 3b shows -dependence of the momentum

fraction  for production of different strange hadrons

and  mesons. For a given strangeness and , 
increases with the mass of the strange hadron. Due to
the larger energy loss and recoil mass by production of

hadrons with strange quark content relative to 

mesons, the values of  are higher for strange hadrons
as compared to those corresponding to pions.

The -dependence of the momentum fraction 

of strange hadrons and  mesons produced in 

collisions at  = 200 GeV is shown in Fig. 3c. The

fraction  increases with  for all particles. The rel-

ative energy loss  depends on value

of the fragmentation dimension . As one can see,

the energy loss decreases with increasing  for all

particles. For a given  GeV/c, the energy loss
is larger for strange baryons than for strange
mesons. The growth indicates increasing tendency with
larger number of strange valence quarks inside the

strange baryon  > 
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The pT-dependence of the recoil mass MX for vari-

ous strange hadrons is illustrated in Fig. 3d. The values

of  reveal characteristic growth with transverse

momentum for all particles. For a given , the recoil

mass  increases with meson masses

 >  .

One can see the similar tendency for ,  and 
baryons as well.

3.4. Top Quark

The -quark is the heaviest known elementary
particle. It was discovered at the Tevatron  col-
lider in 1995 by the CDF and DØ Collaborations
[73, 74] at a mass of around 170 GeV. The first mea-
surements of the differential cross section as a function
of the transverse momentum of the -quark were
presented by the DØ Collaboration in [75]. It is
expected that  physics is extremely important to
search for new and study of known symmetries in

high-  region. The first analysis of -quark spectra
[75] in the framework of the -scaling approach was
performed in [34]. Here we present results of analysis
of spectra of -quark production obtained at the
LHC and compare it with data at lower energy from
the Tevatron. The differential cross sections were
measured in dependence on the -quark transverse

momentum  at mid-rapidity.

Figure 4 shows the -presentation of the spectra of
-quark production obtained in  collisions at

the LHC energies  and 13 TeV in the central

rapidity region. The data were obtained by the CMS
[76–79] and ATLAS [80–83] Collaborations. The
measurements of the inclusive production cross sec-
tion were performed in the dilepton and jet channels.
The data include measurements over a wide range of

the transverse momentum  GeV. The

scaling function  for the -quark distributions

was calculated according to (6). Data on -meson
spectra shown by the solid line serves as a reference

data. The values of the fractal dimension  and

the parameter  are the same as used in our

previous analyses [27, 28]. We have set  in the

case of the -quark, as no or negligible energy loss is

assumed in the elementary  production process.

This choice corresponds to  in the whole

-range. The scale parameter  in the transforma-

tion (8) is found to be . No additional

parameters were used. The data [84] on the -quark
production in  collisions obtained by the DØ

Collaboration at the Tevatron energy  TeV
are shown for comparison with the data measured at
the LHC. The scaling function demonstrates energy
independence over a wide range of the self-similarity
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Fig. 4. The scaling function  of the -quark produc-

tion in  and  collisions at the LHC energies

 TeV and at the Tevatron energy  TeV.
The symbols denote the experimental data obtained by the
CMS [76–79], ATLAS [80–83] and DØ [84] Collabora-
tions. The solid line is a reference curve corresponding to

-meson production in  collisions.
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more than five orders of magnitude in this region.

As seen from Fig. 4, the -presentation of the -
quark transverse momentum distributions follows the

shape of the -scaling curve in  colli-

sions for other particles sufficiently well. Though the
 spectrum is in the limited kinematic region, we

would like to stress that it is compared with existing

analyses of -distributions of inclusive cross sections

 for other hadrons which reveal strong

dependence on the energy, angle, multiplicity, and
type of the produced particles. Based on the above
comparison we conclude that the new LHC and Teva-
tron data on inclusive spectra of the -quark pro-
duction support the flavor independence of the scaling

function  over the interval of . This

result gives us indication on self-similarity of -quark
production in  and  interactions up to the

-quark transverse momentum  GeV and

for a wide range of the collision energies .

3.5. Jets
Jets are traditionally considered as a best probe of

constituent interactions at high energies. They are of
interest both for study of jet properties itself and in
search for new particles identified by the jets. In had-
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ron collisions, jet is a direct evidence of hard interac-
tion of hadron constituents (quarks and gluons). The
inclusive jet cross section measures the probability of
observing a hadronic jet as a sign of a hard parton-par-
ton scattering. New data on inclusive cross sections of
jet production in  collisions at the LHC [85–88]
were analysed in the framework of z-scaling [29, 30].

We used the parameter values , , ,

and  for the analysis. The results are com-
pared with -presentation of jet spectra in  colli-
sions at the Tevatron [89–93, 96–102].

3.5.1. Angular independence. Figure 5 shows the
inclusive spectra [89] of jet production in  colli-

sions at the energy  GeV over the transverse

momentum  GeV/c and pseudorapidity

 ranges in  (a) and  (b) presentation. The
experimental data collected by the DØ Collaboration

correspond to the integrated luminosity of 0.7 fb–1. As
seen from Fig. 5a, the spectra measured for different
pseudorapidity intervals demonstrate strong angular
dependence. The difference in the behavior of the cross
sections is enhanced with the increasing transverse

momentum. The jet yields decrease with  in the mea-
sured momentum range more than ten orders of magni-
tude. Figure 5b demonstrates the angular independence

of  over a wide kinematic range. The scaling func-

tion is described by a power law, , with con-

stant value of the slope parameter .

The angular dependence of the transverse momen-
tum spectra of jet production in  collisions was
studied experimentally by the CDF Collaboration
[90–93]. The differential cross sections obtained at

 GeV are shown in Fig. 6a. The data cover

the pseudorapidity range . The highest mea-
sured transverse energy carried by one jet was about
600 GeV. As seen from Fig. 6a, the transverse momen-
tum spectra demonstrate strong dependence on the
pseudorapidity of the produced jet. The -presenta-
tion of the same data is shown in Fig. 6b. Points corre-
spond to the mean values of the transverse momentum

in the respective  bins. The data demonstrate angu-
lar independence and power behavior of the scaling

function  over the range . We

would like to emphasize that this result is a new con-
firmation of the properties of the -scaling (energy

and angular independence of ) found at lower
energy [29, 30]. The comparison concerns the inclu-
sive jet production measured by the STAR Collabora-

tion in p + p collisions at  = 200 GeV at RHIC, as well
as other data on jet cross sections from FNAL and ISR.

Based on the performed study we conclude that the
Tevatron data on jet production measured by the CDF
and DØ Collaborations in Run II confirm -scaling.
The obtained results mean that the interactions of the
constituents, their substructure and mechanism of jet

+p p

= 1c δ = 1 =e jet 0

= = 0a bm m
z +p p

+p p
= 1960s

= −50 600Tp
η < .2 4 Tp z

Tp

ψ( )z
−βψ ∼( )z z

β

+p p

= 1960s
η < .2 1

z

Tp

ψ( )z . − ×�

3
(0 15 10) 10z

z
ψ( )z

s

z

F PARTICLES AND NUCLEI  Vol. 51  No. 2  2020



VERIFICATION OF z-SCALING IN p + p,  AND Au + Au COLLISIONS+p p 151

Fig. 5. The inclusive spectra of jet production in  collisions measured at  GeV and different pseudorapidity inter-

vals presented in  (a) and  (b) presentation. Experimental data obtained by the DØ Collaboration are taken from [89, 100].
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formation reveal properties of self-similarity over a

wide scale range (down to  fm).

New data on inclusive production of jets at the
LHC allow us to verify the properties of -scaling in
the multi-TeV energy region. Here we report on study
of -presentation of the jet transverse momentum dis-
tributions measured by the CMS [87] and ATLAS [88]

Collaborations in  collisions at  TeV. The
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obtained results are compared with data on jet pro-

duction in  collisions at the Tevatron [89, 93].

Figure 7 demonstrates the  (a) and  (b) presenta-

tion of the jet spectra at  TeV obtained by the

CMS Collaboration in various pseudorapidity inter-

vals [87]. Figure 8 shows the  (a) and  (b) presen-

tation of the jet spectra at  TeV obtained by the

ATLAS Collaboration in various pseudorapidity inter-
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Fig. 7. The inclusive spectra of jet production in  collisions measured at  TeV and different pseudo-rapidity intervals

presented in  (a) and  (b) presentation. Experimental data obtained by the CMS Collaboration are taken from [87].
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vals [88]. One can see from Figs. 7b and 8b that the

LHC measurements support the angular indepen-

dence of the -scaling for jet production in the new

energy domain. The power behavior of the scaling

function  at high  is also confirmed.

As follows from Figs. 5–8, the combined analysis

of the data on jet production from the DØ, CDF,

z

ψ( )z z
PHYSICS O
CMS, and ATLAS Collaborations manifests the angu-

lar independence of the scaling function .

3.5.2. Energy independence. We analyzed LHC
data on inclusive cross sections of jets produced in

 collisions at , 7, and 8 TeV in the z-scal-
ing scheme. The obtained results are compared with
the z-presentation of jet spectra obtained at the Teva-
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Fig. 9. The inclusive spectra of jet production in  and  collisions in  (a) and  (b) presentation measured at .

The symbols denote the ATLAS [85, 88, 95], CMS [87, 94], and ALICE [86] data obtained in  collisions at

 GeV, and the DØ [89, 96–100] and CDF [90–93, 101, 102] data obtained in  collisions at

 GeV, respectively.

1

102

104

106

10–2

10–4

10–6

10–10

10–8

10–14

10–12

104102 103

z

ψ
(z

)

s1/2, GeV

8000
7000
2760
1960
1800
630

CMS & ATLAS

ALICE

p(p) + p → jet + X

|η| < 0.5

DØ & CDF

1

10–1

10–2

10–3

10–5
10–4

10–6

10–7

10–10
10–9
10–8

10–11

10–12

10–13

10–14

10–15

10210 103

pT, GeV/c

E
d3

σ/
dp

3
, 

n
b

/
G

eV
–

2
 c3

s1/2, GeV

8000
7000
2760
1960
1800
630

CMS & ATLAS

ALICE

p(p) + p → jet + X

|η| < 0.5

DØ & CDF

104

103

102

10

(a) (b)

+p p +p p Tp z θ °� 90

+p p
= , ,2760 7000 8000s +p p
= , ,630 1800 1960s
tron in  collisions at the energies

 GeV.

Figure 9a shows -dependence of jet spectra mea-

sured in the central pseudorapidity window 
by the CMS [87, 94], ATLAS [85, 88, 95], and ALICE
[86] Collaborations at the LHC and the spectra
obtained in the mid-rapidity region by the DØ
[89, 96–100] and CDF [90–93, 101, 102] Collabora-
tions at the Tevatron. The data collected by the CMS
Collaboration correspond to the integrated luminosity

of 19.7 fb–1. The spectra were measured up to the

transverse momentum  GeV/c. The ATLAS

data cover the range  GeV/c. Both data
reveal angular independence of the z-scaling (see
Figs. 7, 8).

Figure 9b demonstrates z-presentation of the jet
spectra shown in Fig. 9a. The energy independence of

 for jet production and its power behavior over the

range  GeV at  are confirmed.

The scaling function changes more than twelve orders
of magnitude and can be described by a power law,

, over a wide -range. The dashed line in
Fig. 9b corresponds to the asymptotic behavior of

. The data obtained at the LHC confirm results of
the analysis [29, 30] of jet spectra measured by the DØ
and CDF Collaborations in  collisions at the

Tevatron with parameters  and .

The comparison of the LHC and Tevatron data on
jet production confirms energy and angular indepen-
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dence of the z-scaling and indicates on the universality
of the shape of the scaling function in  and 
collisions.

4. SCALING FEATURES 
IN NUCLEAR COLLISIONS AT RHIC

Experimental results from RHIC and LHC support
the hypothesis that a new state of nuclear matter is cre-
ated in the collisions of heavy ions at high energy. The
created matter with partonic degrees of freedom, the
Quark–Gluon Plasma, reveals features of a strongly-
coupled medium. Among the properties of the new
medium there is opacity characterized by the suppres-
sion of particle yields and viscosity which is found to
be such small that the matter looks like an ideal liquid
rather than a gas of free quarks and gluons. It is
assumed that the medium produced in heavy-ion col-
lisions is thermalized. Therefore the yields of most of the
produced particles get fixed at chemical freeze-out. The
statistical thermal models have successfully described
the chemical freeze-out stage with unique system

parameters such as chemical freeze-out temperature 

and baryon chemical potential  [103–107]. The
phase diagram of nuclear matter is usually presented in
the temperature-baryon chemical potential plane

. Both quantities can be varied by changing the
energy and centrality of the nuclear collisions and the
type and momentum of the produced particles. The
phase diagram should demonstrate a possible transi-
tion from a high energy density and high temperature

+p p +p p

chT
μB

{ }μ, BT
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phase in which quark and gluon degrees of freedom
dominate to a phase where the relevant degrees of free-
dom are hadronic [48, 108–112].

The idea of the BES programs at RHIC is to scan
the QCD phase diagram from the top RHIC energy to
the lowest possible energy achievable at this collider
[108]. The program is aimed to perform systematic
investigation and data analysis of particle production
in the heavy-ion interactions over a wide range of col-
lision energy and centrality. It includes spectra of
identified hadrons, multiplicity densities, average
transverse momenta, particle ratios and others. The
systematic measurements performed with heavy-ions
are of great interest to search for critical phenomena in
a broad range of kinematic variables.

In the collisions of heavy nuclei, the phase transi-
tions and other collective effects must show up in a
larger space volume than in proton-proton collisions.
It is expected that they may result in a change of prop-
erties of particles themselves and could influence the
interaction mechanisms of hadron constituents as well
as fragmentation processes by their production. The
modification of the latter is due to the specific proper-
ties of the nuclear medium (high energy density and
temperature of the medium).

In order to study changes and modifications in the
nuclear interactions at a constituent level, we extend
the applicability of the self-similarity principle to
description of hadron production in nucleus-nucleus
collisions. We expect that this important physical
principle should be valid in the high-density and high-
temperature phase in which quark and gluon degrees
of freedom dominate, and also in the phase where the
relevant degrees of freedom are hadronic. The self-
similarity concerns fractal structure of the colliding
objects, interaction of their constituents and fractal
character of fragmentation processes in the final state.
Based on the self-similarity arguments one can search
for changes of the z-scaling parameters in the nuclear
system relative to ones established in  interac-
tions. A discontinuity or abrupt change of the model
parameters—the fractal and fragmentation dimen-
sions and “specific heat”—may indicate to a signature
of a phase transition or a critical point in the matter
produced in nuclei collisions.

4.1. Modification of Model Parameters 
in  Collisions

The STAR heavy-ion results obtained in the RHIC
BES-I program were presented in [48, 109–112]. The

experimental data obtained from  interac-

tions at  = 7.7, 11.5, 19.6, 27, and 39 GeV contain
valuable information in the energy region which is
subject of intense study. The transverse momentum
spectra of hadrons produced in the high energy colli-
sions of heavy ions reflect features of constituent inter-
actions in nuclear medium. The medium modification

+p p

+A A

+Au Au

NNs
PHYSICS O
processes (recombination, coalescence, energy loss,
multiple scattering, …) affect the shape of the mea-

sured -distributions. Their influence on the spectra
was experimentally regulated by variation of the event
centrality and collision energy. The assumption of
self-similarity, manifested by the -scaling in proton-
proton interactions, is applied to the nucleus-nucleus
collisions as well. It was shown [33] that spectra of
charged particles for different centrality classes in

 collisions characterized by different multiplic-
ity densities exhibit similar scaling behavior as
observed in  collisions. It was also demonstrated
[39] that spectra of pions indicate similarity as a char-
acteristic feature of the mechanism of pion production

in  collisions at RHIC energies. These results
encourage us to use the z-scaling approach for analysis
of the spectra of negative hadrons measured by the
STAR Collaboration in the BES-I program at RHIC.

We found that z-presentation of the spectra of neg-

ative hadrons in peripheral  collisions and in
 interactions coincide with each other with good

accuracy when using  = 0.11. Moreover, this value

is consistent with energy independence of  in the

peripheral  collisions. It indicates that the
form of the spectra in peripheral collisions is in a sense
insensitive to modifications of the production mecha-
nism by nuclear medium when compared with 
data. The influence of nuclei is included with a drop-

off in the “specific heat” from its value  = 0.25 in

 collisions to the value of  = 0.11 for the

 interactions. The decrease of the specific
heat can be understood by a relative diminishing of the

average compactness of the  system relative to
the  one.

We observed that the same scaling behavior as for

 collisions can be obtained for  interac-
tions for all centralities. It can be achieved by the

parameter  allowing it to be a function of the mul-
tiplicity density. For that purpose we used the linear
parametrization

(9)

with a suitable choice of . The increase of  with
multiplicity density is connected with a decrease of the

momentum fractions  and . It results in larger
energy losses in final state for large centralities (multi-
plicities). The energy losses depend on the traversed
medium which converts them into the multiplicity of
the produced particles. This leads to the fact that the

more produced multiplicity  per unit of

(pseudo)rapidity, the larger energy loss of the second-
ary particles. The multiplicity density characterizes
the produced medium and is connected in this way to
the energy losses in the medium.
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4.2. Negative Hadron Production 
in  Collisions

The spectra of negatively charged hadrons mea-

sured by the STAR Collaboration in  colli-

sions at  7.7, 11.5, 19.6, 27, 39, 62.4, and

200 GeV at mid-rapidity  as a function of the

transverse momentum  for different centrality

classes of , , , , ,

 are presented in [46]. The distributions

were obtained over a wide momentum range

 GeV/c. It was found that the spectra
exhibit exponential and power behavior in dependence

on  at  and 200 GeV, respectively. The
spectra for the most central and peripheral collisions

reveal strong sensitivity on , especially in the

high-  region. The difference between the yields of

the negative hadrons at  and 200 GeV is

more than two orders of magnitudes at  GeV/c.

4.2.1. Centrality(multiplicity) dependence. The

fractal dimension  characterizing fragmentation of
objects produced directly in the constituent collisions
is suggested to be a function of multiplicity density in
the nuclear medium. The multiplicity density

 of negative particles in the central interac-

tion region  depends on the centrality selection
criteria of nuclear collisions. The value of the multi-
plicity density in the central collisions is about 6 times
larger than for the peripheral ones. The density

changes from 16 to 96 at  GeV and from

50 to about 250 at  GeV. The growth of

 with centrality results in a considerable

increase of  and thus in larger energy losses by pro-
duction of the inclusive particles. The effect becomes
more significant at higher energy as both the multi-

plicity density and the parameter  increase with

. The multiplicity density of negative particles in

 collisions is considered to regulate the
energy density of the produced medium. Due to the
high energy density and temperature of the produced
matter, the most central events are expected to be
preferable to search for signatures of a phase transi-
tion and a critical point. Let us illustrate centrality
dependence of some scaling features of hadron inter-
action at constituent level using the -presentation of
inclusive spectra of negative particles produced in

 collisions at two energies,  = 27 and

 GeV.

Figure 10a shows the dependence of the function

 on the variable  for the negative hadrons [46]

produced in  collisions at the energy  =
27 GeV for different centralities. One can see a “col-
lapse” of the -presentation of the data points onto a
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single curve. The solid line corresponds to the -scal-
ing of inclusive hadrons established in  colli-

sions. The centrality independence of  for the
Au + Au system reveals approximately the same scal-
ing behavior as shown by the proton–proton reference
curve. This together with the energy, angular and mul-
tiplicity independence of the scaling function gives
strong constraint on the values of the model parame-
ters. The parameter  interpreted as a “specific heat”
of the bulk of the produced matter is found to be con-
stant, independent on energy and centrality of colli-

sions. Its value  is consistent with the scal-
ing behavior for all analyzed centralities and energies
(see also Fig. 11). Note that the “specific heat” corre-
sponding to the -scaling in  interactions is

about . In accordance with the additive

property of fractal dimensions of nuclei observed in

 systems, we used  with the same value

of  as for  data. The fractal dimension 
of the colliding nuclei is found to be independent on
the collision centrality. For the RHIC energies

 GeV, the dimension  does not depend

on energy either. The fragmentation dimension  of
the fragmentation processes is assumed to be a func-
tion (9) of the multiplicity density and thus depends on
the centrality of nuclear collisions. We have found that

 is an increasing function of the collision central-

ity with  at  = 27 GeV. The value of

 is energy independent. It was found from the

-scaling in  interactions.

Figure 10b shows the dependence of the fraction

 on the transverse momentum of negative hadrons

produced in  collisions at  = 27 GeV for

different centralities. The momentum fractions 

and  determine the total energy of the constituent
sub-process which underlies production of the inclu-

sive particle with a given . In the considered case of
the symmetric kinematics of the produced particles
both fractions are equal each other. One can see from

Fig. 10b that the fraction  increases with transverse

momentum. For a fixed , the values of  become
larger for the collisions with larger centralities,

whereas  takes the smallest value for  interac-
tions. Let us estimate energy of the underlying constit-
uent sub-process in the  system and compare it
with the energies of the constituent sub-processes in

40–60% peripheral and 0–5% central 

events. At  GeV/c, the corresponding momen-

tum fractions  are approximately equal to
0.18, 0.22, and 0.31, which gives the following energies

 4.9, 5.9, and 8.4 GeV of the constituent colli-

sions. At higher momentum, say  GeV/c, the

corresponding values of  are about 0.53, 0.66, and

0.83, which results in  14, 18, and 22 GeV,
respectively. These estimates illustrate how the energy
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Fig. 10. Scaling function  (a), momentum fractions  (b),  (c), and recoil mass  (d) for negative hadrons produced in

 collisions at  = 27 GeV and different centralities as a function of transverse momentum . The symbols corre-

spond to the experimental data [46] measured by the STAR Collaboration at RHIC. The error bars shown are statistical only.
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consumption in the constituent interaction increases

with transverse momentum and how it becomes larger

when going from the  collisions to the 

collisions with different centralities. The inclusive

production of a negative hadron with the same trans-

verse momentum needs more energy in the constitu-

ent sub-process due to the created medium in the

nuclear system than in the proton-proton one. With

the increasing collision centrality, the created medium

becomes more dense and the energy of the constituent

+p p Au + Au
PHYSICS O
interaction must be even larger. The corresponding
enhanced energy consumption is a consequence of the
larger energy losses by fragmentation processes and
larger recoil mass in constituent sub-processes in the
central collisions of heavy nuclei that are considerably
larger than in the peripheral nuclear collisions and
also in the  interaction. This property is demon-
strated in the next.

The quantities which characterize the process with

energy loss in the -scaling scheme are the fractal

+p p
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Fig. 11. Scaling function  (a), momentum fractions  (b),  (c), and recoil mass  (d) for negative hadrons produced in

 collisions at  GeV and different centralities as a function of transverse momentum . The symbols corre-

spond to the experimental data [46] measured by the STAR Collaboration at RHIC. The error bars shown are statistical only.
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dimension  and the momentum fraction . The

relative energy loss of the scattered constituent with

energy  is given by the relation .

Its dependence on the transverse momentum of the

inclusive hadron gives information on the medium

created in the collisions of heavy nuclei and also on the

fragmentation properties of particles produced in the

constituent collisions. Figure 10c shows the depen-

dence of the fraction  on the transverse momentum

εAA ay

qE Δ = −(1 )q q aE E y

ay
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 of negative hadrons produced in  colli-

sions at  = 27 GeV for different centralities. The

values of  for  collisions at the same energy are

shown by the crosses. As seen from the figure, the frac-

tion  increases with hadron’s transverse momentum

and decreases with the collision centrality. To get a

quantitative idea, let us consider the energy loss in the

 system and compare it with the energy losses in

40–60% peripheral and 0–5% central 

Tp +Au Au
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ay
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events. At pT = 1 GeV/c, the corresponding momen-

tum fraction  is approximatively equal to 0.48, 0.40,
and 0.30. From the estimated 52, 60, and 70% relative
energy losses one obtains the absolute energy dissipa-

tions when using the relation 

with . The absolute energy losses are  =

1.1, 1.5, and 2.3 GeV, in , 40–60% 

peripheral, and 0–5% central  collisions at

this low , respectively. At higher  GeV/c, the

corresponding values of  are about 0.82, 0.69, and
0.55. The relative energy losses are 18, 31, and 45%,

while the absolute energy dissipations are  = 1.6,

2.7, and 4.9 GeV, respectively. These estimates illus-
trate how the energy released in the fragmentation
process depends on the transverse momentum of the
inclusive negative hadron. While the relative energy

loss decreases with the increasing , the absolute
energy dissipation behaves in the opposite way. The

values of  become larger for the higher transverse

momentum in all considered colliding systems. On the
other hand the energy loss, relative and absolute,
increases when going from the  interaction to the

peripheral and central  collisions at both con-

sidered . The inclusive production of a negative
hadron with the same transverse momentum is char-
acterized with more energy loss due to the created
medium in the nuclear system than in the proton–
proton one. With the increasing collision centrality,
the created medium becomes more dense and the
energy dissipation must be even larger. Let us note

however that at fixed centrality, the larger values 
correspond to smaller relative energy losses which give
better conditions to reveal a phase transition or vicinity
of a critical point.

Figure 10d shows the dependence of the recoil

mass  +  on transverse

momentum of negative hadrons produced at the

energy  = 27 GeV in  collisions for dif-
ferent centralities. The recoil mass increases with the

transverse momentum  of the inclusive hadron and

also with the collision centrality. The values of  for
 collisions at the same energy are shown by the

crosses. At  GeV/c, the recoil mass is equal to

 = 1.8, 2.3, and 3.3 GeV for the , 40–60%

peripheral and 0–5% central  collisions,
respectively. This difference increases with transverse

momentum and at  GeV/c the values of the

recoil mass are  = 2.6, 3.7, and 5.0 GeV, respec-

tively. The -dependence of the recoil mass is influ-

enced mainly by the momentum fraction  which is

much smaller than . Relatively small values of 
mean that the momentum balance in the production
of an inclusive particle is more likely compensated by
many particles with smaller momenta than by a single
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particle with higher momentum moving in the oppo-
site direction.

The properties of , , ,  and their

dependencies on the centrality of  collisions

at the energy  GeV are illustrated in
Fig. 11. Let us compare these properties with the sim-

ilar features found at the lower energy  = 27 GeV.
Figure 11a demonstrates independence of the scaling

function  on the collision centrality. A “collapse”
of the -presentation of data points on a single curve is
clearly seen. The solid line is a reference representing
the -scaling of inclusive hadrons in  interac-

tion. The centrality independence of  for the gold-
gold system was obtained under the following condi-

tions. The same value, , was assigned to
the parameter interpreted as a “specific heat” for all

centralities as used at the energy  = 27 GeV. For
the fractal dimension of nucleus with the atomic

number  we set , where  is the
nucleon fractal dimension found from  data.
The relation (9) was exploited to express the centrality

dependence of the fragmentation dimension 

with  at  GeV. The value of

 was fixed. We used the multiplicity density of

negative particles produced in  collisions at
different centralities in relation (6). In the formula (5)

we set . The parameters allow

us to describe the function  by the same curve in

 interaction and in  collisions at all cen-
tralities except few points at the end of the spectra at

 GeV. The discrepancy of  at this
energy needs further investigation. A verification of

the power law, , in the asymptotic region

( ) is of interest to search for new constituent
properties and mechanisms of their interaction in the
collisions of heavy nuclei.

Results presented in Fig. 11b demonstrate smooth

dependence of the fraction  on the transverse
momentum of negative hadrons produced at

 GeV and support the properties found at

the energy  = 27 GeV. The fraction  increases
with collision centrality and the transverse momen-

tum . As follows from Fig. 11b, the energies of the

constituent sub-processes are higher than at  =
27 GeV. In order to make a quantitative feeling we esti-
mate the energy of the underlying sub-process in the

 interaction, 40–60% peripheral and 0–5% cen-

tral  collisions at the same transverse

momentum  GeV/c as for the lower collision
energy. The corresponding momentum fractions

 are approximately equal to 0.14, 0.21, and

0.35, which gives the following energies  28, 42,
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and 70 GeV of the constituent collisions. At higher

momentum  GeV/c, the momentum fractions

are about 0.22, 0.32, and 0.52, giving  = 44, 64,
and 104 GeV, respectively. The difference between the

fractions in the  interaction and in the 

collisions increases with  and is significantly larger

than at the smaller energy  = 27 GeV. The corre-

sponding enhanced energy consumption is a conse-
quence of the larger energy losses by fragmentation
processes and the larger recoil mass in constituent

sub-processes at higher  and in the central collisions
of heavy nuclei, as demonstrated in the following.

Figure 11c shows the dependence of the momen-

tum fraction  on the transverse momentum  of

negative hadrons produced at  GeV for dif-

ferent centralities. The fraction  decreases with the
collision centrality and increases with the transverse
momentum of the inclusive particle. Let us estimate
the energy loss by production of negative hadrons at
this energy. We make a qualitative comparison of the
energy loss in  system with the energy losses in
40–60% peripheral and 0–5% central Au + Au colli-

sions. At  GeV/c, the corresponding momen-

tum fractions  are approximately equal to 0.43, 0.30,
and 0.18. From the estimated 57, 70, and 82% relative
energy losses one obtains the absolute energy dissipa-

tions when using the relation .

The absolute energy losses by production of a negative

hadron with  GeV/c are , 14, and

27 GeV, in , 40–60% peripheral, and 0–5% cen-

tral  collisions, respectively. At two times

higher  = 12 GeV/c, the corresponding values of 
are about 0.57, 0.39, and 0.23. At this high transverse
momentum, the relative energy losses are 43, 61, and
77%, while the absolute energy dissipations amount to

, 19, and 40 GeV, respectively.

When comparing with the estimates at lower colli-
sion energy, we can make the following conclusions:
(1) While the relative energy loss decreases with the
increasing transverse momentum, the absolute energy

loss reveals an opposite trend in the considered 
range. (2) The inclusive production of a negative had-

ron with the same  is accompanied with more
energy loss due to the created medium in the nuclear
system than in the proton-proton one. With the
increasing collision centrality, the energy dissipation
becomes larger because the produced medium becomes
more dense. (3) The relative energy dissipation
increases when going from the  interaction to the
peripheral and central nuclear collisions. The relative

energy loss gets larger when the collision energy 

increases. (4) The ratio 

of the absolute energy losses at the two considered

energies and  = 6 GeV/c is about 5.0, 5.2, and 5.5 in
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the  interaction, 40–60%  peripheral,

and 0–5%  central collisions, respectively.
One can see that the largest increase of the absolute
energy losses with the collision energy is in the central
collisions of the gold nuclei. Note that the corre-

sponding increase of  is by the factor 7.4. Because
the relative energy loss decreases with the transverse
momentum and increases with the centrality and
energy of the collisions, it is preferable to search for
signatures of a phase transition in nuclear matter at

high , in a light nuclei system, and at middle colli-
sion energy.

Figure 11d shows the dependence of the recoil mass

 on the transverse momentum  of negative hadrons

produced in  collisions at  GeV for
different centralities. The cross symbols depict the
same quantity calculated at the same energy for the

 system. We observe a similar dependence of 
on the collision centrality and transverse momentum
of the inclusive hadrons as it was demonstrated at the

lower energy  GeV. All curves reveal a char-

acteristic growth with . For larger transverse

momenta in the  GeV gold system, the
growth of the recoil mass is followed by a successive

flattening. The values of  at  GeV/c are
about 5.5, 8.5, and 16 GeV for the , 40–60%

peripheral and 0–5% central  collisions,
respectively. The recoil mass increases with transverse

momentum and at  = 12 GeV/c its values are

approximately equal to  = 6.5, 10.2, and 18 GeV,
respectively. A comparison of Figs. 10d and 11d shows
that the sensitivity of the recoil mass to the centrality

of nuclear collisions increases with . From the
observed results we conclude that the momentum bal-
ance in the production of an inclusive negative hadron
is likely to be compensated by more particles at

 GeV than at lower energies. The number
of these particles moving in the direction opposite to
the inclusive hadron increases rapidly with the energy
and centrality of the gold collisions.

4.2.2. Peripheral collisions. Figure 12a shows the

dependence of the function  on the variable  for

negative hadrons [46] produced in the 

peripheral  collisions at different energies.
The solid line is a fitting curve corresponding to the

-scaling of inclusive particles in  interaction

over the range  = 19–200 GeV and .

One can see that the -presentation of the spectra of
negative hadrons produced in the peripheral gold col-
lisions (shown by the symbols) and in the  inter-
actions (presented by the solid line) coincide with each
other with good accuracy in the studied kinematic

region. The energy independence of  for the

 system was obtained by the same parameters
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Fig. 12. Scaling function  (a), momentum fractions  (b),  (c), and recoil mass  (d) for negative hadrons produced in

 collisions at  = 7.7, 11.5, 19.6, 27, 39, 62.4, and 200 GeV for peripheral  collisions as a function of trans-

verse momentum . The symbols correspond to the experimental data [46] measured by the STAR Collaboration at RHIC. The

error bars shown are statistical only.
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which give the multiplicity independence of the scal-

ing function for different collision centralities. These

properties, together with constancy of the fractal

dimensions of the colliding nuclei in the region

 GeV, demonstrate universality of the

-presentation of inclusive spectra in various systems.

For  GeV we found that the parameters

, , and  decrease with energy. This is a natural

observation because the fractality of the interacting

objects and fragmentation processes is expected to be

.* 19 6NNs
z

< .19 6NNs
δAu δp e pp
PHYSICS O
smeared out at lower energies. In the limit of struc-
tureless objects, these parameters should be zero. Fur-
ther observation is that the parameter  interpreted as
specific heat of the bulk of the produced matter is

found to be constant. The value of  is con-
sistent with the scaling behavior for all considered cen-
tralities and energies.

Figure 12b shows the fraction  in dependence

on the transverse momentum  for  hadrons pro-

duced in the  peripheral  collisions

c

= .0 11AuAuc

1Ax

Tp −h
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for different collision energies. The momentum frac-

tions  and  corresponding to the minimal resolu-

tion  of the fractal measure  determine the energy
of the underlying constituent sub-process. Both frac-

tions  and  are equal to each other for particles

detected at the angle  in the center-of-mass

system of  or  interactions. Using the prin-
ciple of the minimal resolution we determine the

energy  of the constituent sub-process
which underlies production of the inclusive particle

with the momentum . Let us estimate the energy

 in the  peripheral  collisions for

the transverse momentum  GeV/c at the colli-

sion energies  = 7.7, 27, and 200 GeV. As can be
seen from Fig. 12b, the corresponding momentum

fractions  are about 1.07, 0.40, and 0.15.

This results in the following energies  = 8.2,

, and  GeV of the underlying constit-

uent interactions in the  peripheral 

events at the considered energies, respectively. One
can see that the energy of the constituent sub-pro-
cesses increases when the collision energy becomes
higher. The rate of the increase reflects the increase of
the collision energy but also accounts for larger energy
losses in fragmentation processes and larger recoil

mass in the peripheral gold collisions at higher .

Figure 12c depicts the momentum fraction  in

dependence on the transverse momentum  of nega-

tive hadrons produced in the  peripheral

 collisions at different energies. All curves

demonstrate monotonic growth of  with . Such a
trend corresponds to ideas that the relative energy dis-

sipation associated with a high-  particle is smaller
when compared with the inclusive processes at lower
transverse momenta. As seen from Fig. 12c, the rela-

tive energy loss  increases as the col-

lision energy becomes higher. It is expressed by the

diminishing of the fraction  with  at constant
values of transverse momenta. Let us estimate this

effect at  GeV/c for the energies  = 7.7, 27,
and 200 GeV. The corresponding values of the

momentum fraction  are about 0.84, 0.58, and 0.22.
For the relative energy dissipations one obtains 16, 42,
and 78%, respectively. From the momentum fractions
we estimate the absolute energy losses

 in fragmentation processes by

production of the negative hadrons with the momen-

tum  GeV/c. Their values are about  0.6,

2.2, and 10.6 GeV at the energies  = 7.7, 27, and
200 GeV, respectively. One can see that both the rela-
tive and the absolute energy losses increase when the
collision energy becomes higher. This is true also at
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the higher transverse momentum pT = 6 GeV/c, where

the relative energy dissipations amount to 31 and 71%

resulting in  and  GeV at the ener-

gies  = 27 and 200 GeV, respectively. A compari-

son of the corresponding numbers at  and

 GeV/c gives another property. Namely, while the
relative energy losses decrease with the increasing trans-
verse momentum, the absolute energy dissipations show

the opposite trend in the considered region of . The

ratio  of the

absolute energy losses at the two considered values of
transverse momentum in the 40–60% peripheral

 collisions is about 1.2 and 1.3 at the energies

 and 200 GeV, respectively. One can see
that, in peripheral gold–gold collisions, the increase

of the absolute energy losses with  is only slightly

larger at  GeV than at the lower energy

 GeV.

Figure 12d shows the dependence of the recoil mass

 on the transverse momentum  of negative had-

rons produced in the  peripheral 

collisions for different energies. All curves demon-

strate an increase of the recoil mass with . The

growth of  with  and  reflects evolution of
the recoil sub-system in the medium created in
nuclear collisions as its entropy increases. The values
of the recoil mass correspond to the underlying con-
stituent sub-process which is selected according to the
principle of maximal entropy of the rest of the config-

urations at a constituent level. For a given , the
selection corresponds to the maximal entropy of the
recoiling sub-system moving opposite to the inclusive

particle. At  GeV/c, the value of  is about

2.9, 3.1, and 8 GeV, at the energy  = 7.7, 27, and
200 GeV, respectively. Let us note the relatively large

value of  at the lowest energy  GeV. This
anomaly corresponds to particle production in the
cumulative region and is discussed in Sec. 4.2.4.

4.2.3. Central collisions. Figure 13a shows the

dependence of  on the variable  for negative had-

rons [46] produced in the most central  

collisions for different energies . Important
ingredient of the scaling is the fractal dimension of the
fragmentation processes in the final state. For 

collisions, the fragmentation dimension  depends

on the f lavor content of the inclusive particles [47]. We

expect therefore, that  in nuclear collisions will be
different for different inclusive particles as well. For
negative hadrons produced in  collisions, the
average fragmentation dimension is found to be con-

stant  at  GeV. Based on the self-

similarity considerations for the Au + Au system we
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Fig. 13. Scaling function  (a), momentum fractions  (b),  (c), and recoil mass  (d) for negative hadrons produced in

 collisions at  = 7.7, 11.5, 19.6, 27, 39, 62.4, and 200 GeV for most central  collisions as a function of trans-

verse momentum . The symbols correspond to the experimental data [46] measured by the STAR Collaboration at RHIC. The

error bars shown are statistical only.
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found that the corresponding fragmentation dimen-

sion  is an increasing function of the collision

centrality (9). We expect such kind of dependence in

the asymptotic region ( ) as well. The available
data for non-identified hadrons allow us to perform
reliable test of this assumption only partially.

The scaling behavior of negative particle produc-

tion in  collisions was found in the environ-

ment with different multiplicity densities. The multi-

eAuAu

> 20z

+Au Au
PHYSICS O
plicity scan of particle yields in nucleus-nucleus colli-

sions at different energies gives complementary

information on the production mechanisms in nuclear

medium. The -scaling can be interpreted as a result

of a self-similar modification of elementary sub-pro-

cesses by the created medium. We found no irregular-

ities in the behavior of the scaling function  over a

wide range of . As seen from Fig. 13a, the

errors of determination of the function  at high 

z

ψ( )z
= . −0 1 20z

ψ( )z z
F PARTICLES AND NUCLEI  Vol. 51  No. 2  2020



VERIFICATION OF z-SCALING IN p + p,  AND Au + Au COLLISIONS+p p 163
are large. Nevertheless, indication on a power-law

behavior of  for both low- and high-  region is
clearly observed. We assume that verification of the

scaling behavior of  at even lower and higher  at
high multiplicities could give new restrictions on the
model parameters—the nuclear and fragmentation
fractal dimensions and specific heat. A change of the
parameters with the expected preservation of the slope

of  at high  could be considered as a signature of
a phase transition or indication of the vicinity of a crit-
ical point. Therefore quest for irregularities in the
behavior of the -scaling parameters is inspired by
searching of location of a phase boundary and a criti-
cal point, which is of great interest.

Figure 13b shows the momentum fraction  as a

function of the transverse momentum of  hadrons

produced in the most central   colli-

sions for different collision energies. The momentum

fractions  and  determine the energy of the constit-

uent sub-process, , which underlies production of

the inclusive particle with a given . Using the z-pre-
sentation of the inclusive spectra of negative hadrons,

we can estimate this quantity in the central 
collisions at a given transverse momentum, say

 GeV/c. For this purpose let us consider the col-

lision energies  = 7.7, 27, and 200 GeV. As can be
seen from Fig. 13b, the corresponding momentum

fractions  are approximately equal to 1.11,

0.55, and 0.25. This gives the following energies  =

8.5,  = 15, and  = 50 GeV of the underlying

constituent interactions in the central  events
at the considered energies, respectively. At higher
energies, the medium created in the collisions of heavy
nuclei becomes more hot and the energy of the under-
lying constituent interaction to produce a negative

hadron with the given  increases. The increase of
the energy consumption in the central collisions of
heavy nuclei is a consequence of the larger energy
losses in fragmentation processes and larger recoil

mass in constituent sub-processes at higher .

The momentum fraction  is a characteristic
which describes energy loss in final state by produc-
tion of an inclusive particle in the -scaling scheme.
The amount of energy loss and its dependence on the
collision energy and transverse momentum of the pro-
duced particle has relevance to the evolution of the
hadron matter created in nuclei collisions. The multi-
plicity dependence of the relative energy losses char-
acterizes medium created in the collisions of nuclei, as
well as fragmentation properties and structure of the
probe itself. Figure 13c shows the dependence of the

fraction  on the transverse momentum  for 

hadrons produced in the most central 

 collisions for different energies. A mono-
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tonic growth of ya with the momentum pT is found for

all energies. This means that the relative energy dissi-

pation associated with the production of a high-

particle is smaller than for the inclusive processes with

lower transverse momenta. At given , the values of

 decrease with the collision energy. In order to com-

pare the energy losses in the large interval of , let

us consider the production of a negative hadron at

 GeV/c. One can see from Fig. 13c that, at the

energies  = 7.7, 27, and 200 GeV, the correspond-

ing momentum fractions are  0.82, 0.44, and 0.13,

respectively. From these values one obtains the relative

energy dissipations 12, 56, and 87% when using the

relation . The absolute energy

losses,  are about , 3.8,

and 20 GeV at the energies  = 7.7, 27, and

200 GeV, respectively.

As follows from the scaling behavior in the -scal-

ing scheme, both the relative and the absolute energy

loss increases when the collision energy becomes

higher. This holds also at the higher transverse momen-

tum  6 GeV/c, where the relative energy dissipa-

tions amount to 45 and 83% resulting in the absolute

energy loss  and  GeV at the ener-

gies  = 27 and 200 GeV, respectively. A compari-

son of the corresponding numbers at  and

 GeV/c points to similar property as observed in

the peripheral collisions. Namely, while the relative

energy losses decrease with the increasing transverse

momentum, the absolute energy dissipations show the

opposite trend in the considered region of . The

ratio  =  of the

absolute energy losses at the two considered values of

transverse momentum is about 1.29 and 1.45 at the

energies  and 200 GeV, respectively. One

can see that, in the central Au + Au collisions, the

increase of the absolute energy losses with  is con-

siderably larger at  GeV than at the lower

energy  GeV. These two numbers need to be

compared with the ratios of the absolute energy losses

 =   and

1.3, which were estimated (see Sec. 4.2.2.) for the 40–

60% peripheral  collisions at  and

200 GeV, respectively. Based on such comparison we

can make the following conclusions concerning the

absolute energy dissipations: (1) The increase of the

absolute energy losses with  is larger in the central

collisions than in the peripheral ones. (2) The increase

of the absolute energy losses is getting even more big-

ger at higher  and grows significantly with the

increasing centrality of the gold collisions.
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The recoil mass in the underlying constituent colli-

sion, , is a function of the momentum fractions

. The quantity is connected with the 4-momen-
tum conservation law in the sub-process by the rela-
tion (2). The recoil mass has internal connection to
the structure of the colliding objects, constituent
interactions, and fragmentation processes which lead
to production of the individual hadrons. The part of

the recoil mass proportional to  is dominant for

small values of . Its -dependence is governed by

values of the fragmentation dimension . Figure 13d

shows the dependence of  on the transverse

momentum  for  hadrons produced in the most

central   collisions for different ener-

gies. As seen from the figure, the recoil mass increases

with  for all collision energies and all centralities. At

 GeV/c, the value of  is about 3.1, 4.2, and

13 GeV, at the energy  = 7.7, 27, and 200 GeV,
respectively.

4.2.4. Cumulative region. The high density nuclear
matter can be produced in cumulative processes. Pro-
duction of any inclusive particle with a momentum far
beyond the nucleon-nucleon kinematic region can be
accompanied by cumulation of a nucleus. It is
assumed that transition of the nuclear matter from the
hadron to quark and gluon degrees of freedom near the
critical point should reveal large f luctuations, correla-
tions and discontinuity of some experimental quanti-
ties characterizing the system. Therefore particle pro-
duction in the cumulative regions is of special interest
for search for signatures of phase transition and critical
point. High sensitivity of elementary constituent inter-
actions to properties of the compressed nuclear matter
is expected to be in this region [31, 32].

The cumulative processes have been extensively
studied mainly in JINR (Dubna), ITEP (Moscow),
IHEP (Protvino) (see [11–14, 114–116] and refer-
ences therein). The results of the experiment per-
formed in Dubna [117] on knock out deuterons from
nuclei by protons were considered as an important
argument in favour of the nuclear model proposed by
Brueckner and his colleagues [118–120]. This model is
based on the assumption that in nuclear matter strong
short-range interactions exist between pairs of nucle-
ons, in consequence of which the wave function of the
ground state of the nucleus contains an appreciable
admixture components corresponding to large
momenta of individual nucleons. It was assumed the
existence of an appreciable correlation in the locations
of the nucleons inside the nuclei or short-lived forma-
tions of two or more strongly-interacting nucleons.
Within the framework of the high-momentum model
of the nucleus, the ejection of deuterons from nuclei
by high-energy protons was considered either as the
result of transfer of high momentum to the tight two-
nucleon groups as a whole, or as the capture of a neu-
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tron from such a group with the formation of a deu-
teron emitted forward. In [121] the result obtained in
[117] was connected with the f luctuations of nuclear
matter. The ideas of short-range nucleon correlations
and fluctuations of nuclear matter were developed in
[122–129].

The first results on cumulative hadron production
in heavy-ion collisions at collider mode are the data
on transverse momnetum spectra obtained by the

STAR collaboration in  collisions in central

rapidity range at  and 11.5 GeV at the
RHIC [46]. A special interest represents the study of
particle production taking into account the depen-

dence of the momentum fraction  on the centrality
of nuclear collisions (see Figs. 12b and 13b). The frac-

tion  is named as order of cumulativity or the

cumulative number. The region  and/or

 corresponds to the cumulative processes,
indication of which is detection of a cumulative parti-
cle. The cumulative particles are particles produced in
the kinematic region forbidden for free nucleon-
nucleon interactions (see [11–15] and references
therein). The energy of the constituent interactions
with production of a cumulative particle is larger than
it can be reached in the interactions on free nucleons.
The cumulative particles originate from processes
characterized by the order of cumulativity larger than
unity. These particles are only produced in reactions
with participation of nuclei.

The cumulative effect has been traditionally stud-
ied in the fixed target mode at low transverse momen-
tum [113–116]. The soft-cumulative region typically
corresponds to particle production in the backward
hemisphere in laboratory frame of reference. Other
approach to the cumulative effect is the investigation
of hard-cumulative processes, i.e. processes with

cumulative particles at high  [15, 130]. Study of the
cumulative effect is of great interest to search for sig-
natures of phase transitions and a critical point in
highly compressed nuclear matter. Investigation of
cumulative phenomena is preferred at medium ener-

gies (  GeV) and with light nuclei. Such
events are rare enough and the corresponding particle
yields drop more the 8–10 orders of magnitude with
increasing transverse momentum. It is hardly to be
expected that large order of cumulativity can be exper-
imentally reached at high collision energy. This is seen
from Fig. 10b, where, except the last point in the most

central collisions, the values of  do not reach unity

over the analysed range of  and  at

 GeV. The measured region at this energy is
not forbidden for particle production on free nucleons.
At higher collision energies, the extracted cumulative
numbers are considerably less than unity (see
Fig. 11b). It is clear from Figs. 12b and 13b that the

cumulative region ( ) can be realistically attain-
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able at lower energy only. The registered particles at

 and 11.5 GeV with  are cumulative
ones. The cumulative production is seen both in the
central and peripheral collisions.

Let us consider the cumulative production of a
negative hadron with the transverse momentum

 GeV/c at the energy  GeV. For the

40–60% peripheral  collisions, the corre-
sponding characteristics of the underlying constituent
sub-process are estimated as follows (see Fig. 12): The

momentum fraction  gives the energy of the

constituent interaction  GeV. The momen-

tum fraction  results in the energy loss

 GeV. The recoil mass in the sub-process is

about  GeV. For the 0–5% central 
collisions, these characteristics change and take
approximately the following values (see Fig. 13). The

estimated value of the fraction  determines

the energy  GeV of the constituent interac-
tion which is a little bit higher. The energy loss

 GeV, calculated from the estimate

, increases as well. The recoil mass in the

underlying sub-process  GeV is also a bit
higher. When going from the peripheral to central col-
lisions, the increase in the cms energy of the sub-pro-
cess is shared between the increase of the energy loss
and the enlargement of the recoil mass. This change is

small at the energy  GeV.

Using the self-similarity assumption for the

 system, we can compare the above obtained
characteristics with ones corresponding to larger order
of cumulativity. In this region one can investigate the
structure of f luctons [121–123] (particle-like f luctua-
tions of the nuclear matter) and fragmentation of par-
ticles produced in their interactions. It is expected that
the transfer into the deeper cumulative region with
high multiplicity criteria may involve an added selec-
tion of events with denser (more compressed) nuclear
matter. Location of the interaction between nuclear
constituents in such region allows for a direct mea-

surement of the mass , which is essentially the
mass of a cumulative recoil “jet.” Note that the mass
of the non-registered system at low energy rises more
steeply with transverse momentum (or with the order
of cumulation) when compared with its increase at
higher energies (see Figs. 12d and 13d). This is a con-
sequence of the relatively large momentum fractions

 and  in the expression for recoil mass

 +  when going into the

cumulative region. For cumulative production, the

first terms contributing to  become important rela-
tive to the third one. It means that the cumulative parti-

cles with high  are produced on larger masses (multi-
nucleon clusters, multi-quark systems, etc.) and their
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transverse momentum is compensated by a relatively

compact recoil system with a larger value of .

To be more specific, let us examine the cumula-
tive production of a negative hadron with the trans-

verse momentum  GeV/c at the energy

 GeV. For the  peripheral 

collisions, the corresponding momentum fractions

 and  give the energy of the con-

stituent interaction  GeV and the absolute

energy loss  GeV, respectively. The esti-

mated value of the recoil mass is about  GeV.

For the 0–5% central  collisions, the

momentum fractions  and  are
equivalent to the energy of the constituent sub-process

 GeV and to the absolute energy loss

 GeV, respectively. The corresponding value

of the recoil mass is approximately  GeV. A
comparison with the cumulative production at the same

energy  GeV and at the lower  GeV/c
shows that the absolute value of the energy loss in frag-
mentation processes remains the same, whereas the
recoil mass increases significantly by about 0.3 GeV.
These properties are independent on the centrality of

 collisions.

The largest cumulative number in the production

of negative hadrons from the  system was
reached in the 0–5% central collisions at the energy

 GeV. Its value  corresponds to

the transverse momentum  GeV/c. The corre-
sponding cumulative sub-process can be considered as
a hard collision of f luctons with subsequent fragmen-
tation of particles created in their interaction. The
energy of the constituent sub-process is about

 GeV, which is considerably higher than the

energy  GeV for free nucleon-nucleon
interaction. The energy of the f lucton-flucton colli-
sion is consumed partially on the energy loss by pro-
duction of the inclusive negative hadron and partially
on the recoil mass which transforms to particles mov-
ing in the opposite direction in the medium produced
in the central collisions of the gold nuclei. The abso-

lute energy loss  GeV is estimated from the

momentum fraction , which is depicted by
the last cross symbol in Fig. 13c. The recoil mass is

 GeV.

Based on the results of our analysis of the cumula-
tive region, we make some conclusions valid both for

40–60% peripheral and 0–5% central  colli-
sions. We observe that the absolute energy loss does
not depend (or depends weekly) on the transverse

momentum  by production of negative hadrons in
the analysed cumulative region. The cumulative pro-
duction is accompanied with considerable increase of

XM
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the recoil mass MX with pT. This behaviour is supplied

by the energy of the constituent interaction which
exceeds the corresponding energy for the free nucleon-
nucleon collision. The relatively large increase of the
recoil mass with the transverse momentum is due to the
cumulative production on larger masses (particle-like
fluctuations in colliding nuclei). The nearly constant

value of the absolute energy loss with  suggests a new
characteristic pattern in the fragmentation properties of
cumulative particles.

We expect that, when going to the cumulative

region, the fractal dimensions ,  and the “spe-
cific heat”  may be sensitive to the magnitude of the
cumulation. A variation in these quantities is proposed
as a signature of new effects and, in particular, of a
phase transition. Determining the dependence of frac-
tal dimensions on the process cumulativity order

( ), one may examine the structure of f luc-

tons themselves ( ) and the properties of fragmenta-

tion ( ) of particles produced in their collisions. An
account of the centrality dependence of the cumula-
tive particles yields may enhance the sensitivity of
these characteristics to the order of cumulativity. It is

assumed that the relation  may be violated (for

example,  ) in the cumulative region.
The fractal dimension is expected to grow with the
cumulativity order in this region: it should be greater
for f luctons (the local cumulations of the nuclear mat-
ter in the nucleus) than for the ordinary nucleons in
nuclei.

5. CONCLUSIONS

A review of the -scaling concept was given. The
concept is based on the fundamental symmetry prin-
ciples such as the self-similarity, locality, and fractality
of hadron interactions at high energies [35, 36]. In the
framework of this approach, the transverse momen-
tum spectra of inclusive particles are described in

terms of the scaling function  dependent on the
self-similarity parameter . Both are expressed via
measurable quantities (particle yields, multiplicity
densities, momenta and masses of the colliding and
produced particles) and some model parameters
which allow physical interpretation. The assumption
of the self-similarity of particle production transforms
to the requirement of simultaneous description of the

studied data sets by a dimensionless function .
This gives strong constraint on the values of the model
parameters and allows to determine them. We have
shown results of our analysis of experimental data on
transverse momentum distributions of negative had-

rons, strange  mesons and , , , ,

 baryons, top quark, and jets produced in high
energy  interactions. The -presentation of the

negative hadron spectra from  collisions

Tp
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measured within the STAR BES-I program at RHIC
was illustrated and discussed as well.

The presented results for  collisions support
the properties of the -scaling found in our previous
analyses of inclusive spectra of different hadrons
obtained at the accelerators U70, ISR, SPS, Tevatron,
and RHIC. These are the energy and flavour indepen-

dence of the scaling function  and universality of
its shape for production of different particles in 
collisions over a wide kinematic range. The scaling
function was found to be independent of the collision
energy, multiplicity density, and detection angle of the
produced particle. It was established that the shape of

 is independent of the f lavour content of inclusive
hadrons in the experimentally measured region. The
universality of the scaling function means that spectra
of particles with different f lavour content can be

described by the same function  with values of 

and  rescaled by a factor . The scale factor does
nod depend on kinematic variables. The multiplicative

scale transformation of  and  with the parameter 
allows us to reduce the scaling function for different

hadrons to a single curve corresponding to  for 

mesons. The function  reveals two separated
regimes—in the low-  and high-  range. A power

behaviour, , was established in the high-

(high- ) range. At low  (low- ), a saturation of

 was found [27, 28].

The energy, angular, and multiplicity indepen-
dence of the scaling function gives strong constraints

on the values of the model parameters , , and 
entering in the definition of the scaling variable . The
parameter  is interpreted as a “specific heat” of the
produced medium in the colliding system. The state of
the created medium is characterized by the multiplic-
ity density of (charged) particles in the central interac-
tion region. The parameter  controls the behaviour of

 at low . Its value  in proton-proton col-
lisions was established from the multiplicity indepen-
dence of the scaling function. It does not depend on
energy. The structure of the colliding protons at small

scales is characterized by the parameter  interpreted
as a fractal dimension. It was found that, at sufficiently

high energy  GeV, the -scaling is consis-

tent with  for all types of the analysed inclusive
hadrons. The fragmentation process by production of
the inclusive particles is described in terms of the frag-

mentation dimension . The parameter depends on
flavour content of the inclusive hadrons.

The presented results of analysis of negative hadron
spectra obtained by the STAR Collaboration in the

RHIC BES-I program for  collisions in the
framework of the -scaling approach support proper-
ties of data -presentation found in our previous anal-
yses of inclusive spectra of different particles produced
in  collisions. The scaling behaviour of the trans-
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verse momentum distributions in the -presentation
as a function of the collision energy and centrality was

verified. The model parameters ,  and  were

found to depend on system size (or atomic number )

for  collisions. The parameters  and  char-
acterize the fractal structure of the colliding nuclei and
fractal nature of the fragmentation processes in the

final state, respectively. The third parameter, , is
interpreted as a “specific heat” of the produced

medium in the  system. The -scaling is consis-

tent with  for the analysed spectra of neg-

ative hadrons obtained from the  collisions.

The values of  are found to be constant, ,

at sufficiently high energy  GeV. These
values do not depend on the collision centrality. The

fragmentation dimension  increases with the mul-
tiplicity density. Under these conditions, described in
more detail in text, the -presentation of the inclusive

spectra of negative hadrons produced in  sys-
tem is independent on energy and centrality of colli-

sions. The scaling function  reveals two regimes of
behaviour—the saturation in the low-  and a power
law in the high-  range. It coincides with good accu-
racy with the scaling function for  interaction.

A microscopic picture of particle production in the

 and  collisions was discussed. The sce-
nario reflects constituent structure of hadron interac-
tion in terms of the binary sub-processes with subse-
quent fragmentation as a prerequisite for a unified
description of particle spectra under different kine-
matic and dynamic conditions. This approach to had-
ron interactions at the constituent level is character-
ized in terms of the respective momentum fractions

 and  of the incoming and fragmenting

objects and the recoil mass  in the underlying con-
stituent collisions.

These characteristics are found from the principle
of minimal resolution (or equivalently maximal
entropy) used in the determination of the scaling vari-
able . The momentum fractions depend implicitly on

the fractal dimensions  and  which are found from
the requirement of unified description of the inclusive
spectra using the principle of self-similarity. In this
picture, the particle production with larger values of

 is connected with larger energy losses in the final

state. This implies an increase of the recoil mass 
and consequently, the growth of the momentum frac-

tions  and  in the initial state. The later deter-
mine energy of the constituent interaction which
underlies production of the inclusive particle with the

transverse momentum . A monotonic growth of

,  and  with  was found at different
collision energies for all analysed inclusive particles.
Performed analysis shows that the energy losses
increase with the centrality and center-of-mass energy
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of  collisions following specific dependencies on

the transverse momentum  of the inclusive particle.

For the top quark and jet production the energy losses

are considered as negligible. The self-similarity of pro-

ton structure and interaction of proton constituents

was verified up to  fm in the inclusive processes

with jets.

The energy loss as a function of the cms energy and

centrality of  collisions in dependence on the

transverse momentum of the inclusive negative had-

rons was estimated. The larger values of  in the cen-

tral collisions of heavy nuclei ref lect larger energy

losses relatively to the peripheral ones. A monotonic

growth of the momentum fractions ,  and the

recoil mass  with the transverse momentum  was

found at different collision energies and for all central-

ities. The microscopic scenario of hadron production

developed within the -scaling approach allows us to

interpret the obtained results as a formation of self-

similar fractal-like objects in the dense medium cre-

ated in the collisions of heavy nuclei.

The performed analysis extends applicability of the

self-similarity principle to the description of hadron

production in nucleus-nucleus collisions. The pre-

sented results indicate on self-similarity of fractal

structure of the colliding nuclei and support the

hypothesis of fractality in fragmentation processes

with production of inclusive particles in the 

system. A violation of such symmetry could be an indi-

cation on a change of fractal structure of hadron con-

stituents and their interactions due to unusual proper-

ties of the nuclear medium created in  collisions

at high transverse momentum and large multiplicity

density. A discontinuity of the model parameters – the

structural and fragmentation fractal dimensions and

“specific heat” is considered from the point of view of

searching for signatures of a phase transition and a

critical point in nuclear matter. Based on the obtained

results we conclude that new confirmation of the scal-

ing properties of hadron production in heavy ion col-

lisions was found.

In summary, we conclude that the -scaling

approach can be exploited as a tool to search for and

study of new physics phenomena in production of par-

ticles with different f lavour content in high energy

proton-proton and nucleus-nucleus collisions at the

U70 (IHEP), SPS (CERN), RHIC (BNL) and LHC

(CERN), and also on the future accelerators NICA

(JINR) and FAIR (GSI). It can serve as a benchmark

for more complex analysis of self-similar features and

fractal character of hadron constituents and their

interactions.
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