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Abstract—We construct representations of the quantum algebras  and  which depend on
 deformation parameters  ( ) which is the maximal possible number in the case

of  The representations act on the space of formal power series of  non-commuting variables
which generate quantum flag manifolds of   For  we consider in detail the multiparam-
eter quantum Minkowski space-time.
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1. INTRODUCTION
About 30 years passed since the advent of quantum

groups at center-stage of modern mathematical phys-
ics. Yet the field is growing stronger every day, cf. a
recent review in [1]. In this paper we present briefly
representations of multiparameter quantum algebras

 and  on quantum flag manifolds
of quantum . We consider in detail the case

 when the quantum flag manifold contains mul-
tiparameter quantum Minkowski space-time.

2. PRELIMINARIES
2.1. Multiparametric Deformation of GL(n)

Here we use the quantum group deformation of
 introduced by Sudbery [2]. That deformation

depends on the maximal possible number of parame-
ters:  We denote these N parame-
ters by q and   and also for shortness by
the pair  The standard one-parameter deformation
is obtained by setting  

Explicitly, the matrix quantum group 
is generated by the generators  ( ) with the
following commutation relations [2]:

(1a)
(1b)
(1c)

(1d)

(1e)

The comultiplication, counit and antipode are
standard [2].

Following the approach of [3] we shall use repre-
sentations of the dual quantum algebra on suitable
quantum flag manifolds of  For this we first use the
triangular decomposition of  [4]:

(2)

 is the permutation group of n elements. Note that
 for    for  

  Then  may be
regarded as a quantum analogue of the f lag manifold

  may be regarded as a
quantum analogue of the f lag manifold 

We give the commutation relation between the gen-
erators  since we shall build our representations on

 The indices used below obey
 We also use the notation:

(3)
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1 The article is published in the original.
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We have:

(4a)

(4b)

(4c)

(4d)

2.2. Multiparameter Dual algebra

In [5] we have found the dual to  algebra
 We fix the standard decomposition
 where  is the central subalgebra of

The Drinfeld–Jimbo form of the dual commuta-
tion algebra  in terms of the  generators 
and the  generator K is given as follows:

(5a)

(5b)

(5c)

where   is the standard Cartan matrix of

Thus as a commutation algebra we have the splitting
 and dependence only on

the parameter q.

This splitting is preserved also by the co-unit and
the antipode:

(6a)

(6b)

and by the coproducts of 

(7)

However, for the coproducts of the Chevalley gen-
erators  we have:
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Thus, the coproduct structure is not split and
depends on all parameters. Yet for a special choice of

 of the parameters (e.g., )  can be split as a
direct product of two Hopf subalgebras:

 and  where  depends only on

 parameters [5].

2.3. Representations of the Dual Algebra

We shall work with representation spaces of 
parametrized by  numbers  which will be integers
initially. The elements of these spaces will be formal
power series:

(10)

where  denote the variables ,   

First we shall give the left representation action π of
 on  Besides the action of the ‘Chevalley’ genera-

tors  we shall give for the readers conve-
nience also the action of  though it follows from
that of  We have:
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where

(12)

The above is supplemented with the following
action on the unit element of 

(13)

In order to derive the action of  on arbitrary ele-
ments of the basis (10), we use the twisted derivation rule
consistent with the coproduct and the representation

structure, namely, we take: 

where  is the opposite coproduct (σ is the
permutation operator). Thus, we have:

(14a)
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(14c)
From now on we suppose that none of the defor-
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(17a)

(17b)

(17c)

(17d)

(17e)

The action of  on arbitrary elements   is found
by combining the formulae (15), (17) via (14).

3. MULTIPARAMETER QUANTUM 
MINKOWSKI SPACE-TIME

We consider now the case of  which has a f lag
manifold  =  where  are
the Borel subgroups of  respectively,
consisting of all upper diagonal matrices. Under a nat-
ural conjugation (cf. also below) this is also a f lag
manifold of the conformal group 

In this case there are six coordinates  of  In
[6] we have found the following correspondence with
variables that are standard in conformal invariant the-
ories:

(18)

(19)

(20)

where  ( ) are the standard coordinates of
4d Minkowski space-time, while  are the so-called
spin variables carrying the Lorenz representations.

As discussed Section 2.1 we start from the multipa-
rameter deformation  of  which depends

on  parameters   Thus,
the f lag manifold  depends on
the same number of parameters. For  the explicit
relations are [6]:
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(22)

Thus, in (21) we have a seven-parameter quantum
Minkowski space-time.

We note that when all deformation parameter are
phases, i.e.,   and in addition holds the
following relations:

(23)

then the commutation relations (21) and (11) are pre-
served by an anti-linear anti-involution ω acting as:
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 we have four parameters. Explicitly, we
achieve this by imposing that the parameters  are
expressed through the rest as:
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Thus, in this case we have a two-parameter defor-
mation and using the above relations (21) and (11)
simplify as follows:

(27)

(28)

where 

Another question is the quantum Minkowski
length. In the one-parameter case it is given by [6]:

(29)

It commutes with the q-Minkowski coordinates
and has the correct classical limit 
In the multiparameter case we try a similar Ansatz:

(30)

In the general seven-parameter case this quantum
Minkowski length commutes with the quantum Min-
kowski coordinates if the following conditions hold:
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Thus, it becomes five-parameter case.
In the split four-parameter case commutativity of

quantum Minkowski length (30) occurs when in addi-
tion to (25) hold also:
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Thus, it becomes a two-parameter case (up to a
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In the case all deformation parameter are phases,
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Finally, in the split and phase case commutativity
of quantum Minkowski length (30) occurs when in
addition to (26) hold also:

(34)

Thus, it becomes a one-parameter case (up to a
phase).

4. ACTION ON THE QUANTUM 
MINKOWSKI FLAG MANIFOLD

The action of  on the elements
 of the quantum Minkowski

flag manifold  is found by combining formulae (15)
and (11). For the lack of space we show only the action
of  

(35)

(36)

(37)

Note that unlike other deformations ours is non-
trivial as the last term of (37) contains the factor λ
which becomes zero for 

The action of the other generators will be given
elsewhere [7].
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