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Abstract—The results of a combined description of data on the differential and total scattering cross
sections and the ρ-parameter for p(p̄)p collisions in tuning the parameters of an analytic model constructed
in order to describe data over a broad region of kinematical variables for

√
s � 7 GeV and all currently

available experimental data on t are presented. The experimental data were taken from the COMPAS
group (IHEP) compilations and the CLM compilations and were supplemented with data from the FNAL-
COLLIDER-D0 and CERN-LHC-TOTEM experiments and with cosmic-ray data from the Pierre Auger
Observatory (PAO).
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INTRODUCTION

New data obtained by measuring the observables
dσ/dt, σtot, and ρ of the elastic scattering of an-
tiprotons and protons on protons at maximum en-
ergies in collider experiments and in cosmic rays
[1–7] revealed the need for tuning almost all of the
models intended for describing experimental data in
order to refine the predictions obtained on the basis
of these models for measurable quantities (see Fig. 4
in [1]). Here, we present the results of a combined
analytic description of all published experimental data
obtained for the aforementioned observables in col-
lider experiments2) for

√
s � 7 GeV and in the obser-

vations of cosmic-ray interactions with atmospheric
nuclei at high energies over the whole interval of ex-
perimental data for invariant momentum transfers t.

EXPERIMENTAL DATA

Experimental data on the differential cross sec-
tions [8] for elastic scattering of antiprotons and
protons on protons in terms of the variables (

√
s, t,

dσ/dt (s, t)) are distributed near some two-dimensional
surfaces for which analytic models intended for ob-
taining the best description of the data on the basis of
the least squares method are chosen. The projection

1)Institute for High Energy Physics, National Research Center
Kurchatov Institute, COMPAS Group, Protvino, Moscow
oblast, 142280 Russia.

*E-mail: belousov@ihep.ru
2)In fits for the total cross sections and for the ρ-parameter, we

employ the data in the region of
√
s � 5 GeV.

of these distributions onto the (t, dσ/dt) plane is
shown in Fig. 1, where general features of the surfaces
and their relative arrangement can be seen:

1. a coordinated behavior of the two surfaces for
|t| � 0.16 GeV2, which is similar to their inter-
section and subsequent coming closer together
(for |t| → 0) or the merger of the surfaces in the
region of Coulomb–nuclear interference within
the experimental errors (for a more detailed
picture, see Fig. 2);

2. a weak energy dependence of the “band” of
intersection and merger of the surfaces;3)

3. a manifestation of dips (shoulders) on the sur-
faces in the region of |t| � 0.16 GeV2 near the
region of Coulomb–nuclear interference from
the side of higher collision energies.4)

This data set was formed on the basis of the well-
known CLM compilation [9], whose data file was
checked by us on the basis of the Landolt–Börnstein
reference books [10–12] and the HEPDATA and
COMPAS databases. The CLM file was refined:
pieces of incorrect information that were noticed
by us were removed, the gaps were filled, and new
experimental data published after 2006 were added.

Text files with data on the cross sections and ρ-
parameter can be found on the Particle Data Group
Web site and in our network files [13–20].

3)Crossover effect.
4)dip/shoulder effect.
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Fig. 1. Differential cross sections for elastic (closed symbols) pp and (open symbols) p̄p collisions. For some points, we do not
indicate the lower error, since it goes to the region of negative values.

DESCRIPTION OF THE MODEL

In order to describe the total cross sections σtot,
the ρ-parameter, and the differential cross sections
dσ/dt, we use the expressions5)

σtot
± (s) =

Im T± (s, t = 0)√
s
(
s− 4m2

p

) ,

ρ± (s) =
Re T± (s, t = 0)

Im T± (s, t = 0)
,

dσ±
dt

(s, t) =

∣∣T± (s, t) + T c
± (s, t)

∣∣2
16π (�c)2 s

(
s− 4m2

p

) ,

5)Hereafter, the notation ± appearing in the quoted equations
stands for a plus sign in the case of proton scattering and for
a minus sign in the case of antiproton scattering.

where T± (s, t) and T c
± (s, t) are, respectively, the nu-

clear and Coulomb amplitudes (in mb GeV2 units);
mp is the proton mass; and (�c)2 = 0.389379 . . . (in
mb GeV2 units).

Introducing the notation6)

ŝ (s, t) ≡ ŝ =
−t+ 2s − 4m2

p

2s0
, s0 = t0 = 1 [GeV2],

s̃ = ln ŝ− iπ

2
, τ̃ =

√
−t/t0 ln s̃,

we reduce the nuclear amplitude to a form of a lin-
ear combination of the c-even (F+) and c-odd (F−)
Regge amplitudes; that is,

T± (s, t) = F+ (ŝ, t)± F− (ŝ, t) .

6)Here, s0 and t0 are factors used to go over to a dimensionless
form and set to 1 GeV2.
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Fig. 2. Partition of a data sample and theoretical curves obtained within our model for the differential cross sections at various
values of

√
s (the closed and open symbols represent data for, respectively, pp and p̄p scattering). The dashed curves correspond

to the theoretical results for p̄p scattering.

In turn, the even–odd Regge amplitudes for
F± (ŝ, t) are represented in the form

F+ (ŝ, t) = FH
+ (ŝ, t) + FP

+ (ŝ, t) + FPP
+ (ŝ, t)

+ FR
+ (ŝ, t) + FRP

+ (ŝ, t) +N+ (s, t) ,

F− (ŝ, t) = FMO
− (ŝ, t) + FO

− (ŝ, t) + FOP
− (ŝ, t)

+ FR
− (ŝ, t) + FRP

− (ŝ, t) +N− (s, t) ,

where FH
+ (ŝ, t) is the Heisenberg–Froissart con-

tribution [21] (triple-Regge pole), FMO
− (ŝ, t) is the

triple-Regge pole for the maximal odderon, FP
+ (ŝ, t) is

the simple Regge pole for the Pomeron, FO
− (ŝ, t) is

the simple Regge pole for the odderon, FPP
+ (ŝ, t) de-

scribes the Pomeron–Pomeron exchange, FOP
− (ŝ, t)

describes the Pomeron–odderon exchange, FR
± (ŝ, t)

stands for the contributions of secondary c-even and
c-odd Reggeons, FRP

± (ŝ, t) is the contribution of c-

even and c-odd Reggeon–Pomeron branch points,
and N± (s, t) stands for correction terms (see below)
associated with the asymptotic QCD contributions to
the amplitudes. With allowance for the fitting param-
eters determined below, all of these contributions are

represented in the form7)

FH
+ (ŝ, t)

iŝ

=

⎛
⎜⎜⎜⎜⎝

H1
2J1 (K+τ̃)

K+τ̃
eb+1t ln2 s̃

+H2J0 (K+τ̃) e
b+2t ln s̃

+H3 [J0 (K+τ̃)−K+τ̃J1 (K+τ̃)] e
b+3t

⎞
⎟⎟⎟⎟⎠

,

7)Here, J0 and J1 are Bessel functions of order zero and one,
respectively.
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FMO
− (ŝ, t)

ŝ
=

⎛
⎜⎜⎜⎜⎝

O1
sin (K−τ̃)

K−τ̃
eb−1t ln2 s̃

+ O2 cos (K−τ̃) eb−2t ln s̃

+ O3e
b−3t

⎞
⎟⎟⎟⎟⎠

,

FP
+ (ŝ, t) = −CP e

bP te
−iπ
2

αP (t) (ŝ)αP (t) ,

FO
− (ŝ, t) = −iCOe

bOte
−iπ
2

αO(t) (ŝ)αO(t) ,

FPP
+ (ŝ, t) =

−CPP

ln s̃
ebPP te

−iπ
2

αPP (t) (ŝ)αPP (t) ,

FOP
− (ŝ, t) =

−iCOP

ln s̃
ebOP te

−iπ
2

αOP (t) (ŝ)αOP (t) ,

FRP
± (ŝ, t) =

tF±
RP

ln s̃
eb

±
RP ti

−1±1
2 e

−iπ
2

α±
RP (t) (ŝ)α

±
RP (t) ,

FR
± (ŝ, t) = ±C±

Re
b±Rti

−1±1
2 e

−iπ
2

α±
R(t) (ŝ)α

±
R(t) ,

αP (t) = 1 + α′
P t,

α±
R (t) = α±

R (0) + α′±
R (t) t,

αO (t) = 1 + α′
Ot,

αOP (t) = 1 +
α′
Pα

′
O

α′
P + α′

O

t,

αPP (t) = 1 +
α′
P

2
t,

α±
RP (t) = α±

R (0) +
α′
Pα

′±
R

α′
P + α′±

R

t.

The terms F± (s, t) are supplemented above with
the correction terms N± (s, t) associated with QCD
asymptotic behavior; that is,

N± (s, t) = −i
−1±1

2 ŝN± ln s̃
(t/t0)

(1− t/t±)
5 .

Similar corrections were used in [22]. The exper-
imental large-|t| behavior in the t−4 form is known.
The theoretical motivation of N− (s, t) as three-gluon
odderon exchange was given long ago by Donnachie
and Landshoff [23]. The motivation of N+ (s, t) is less
obvious, but we can also interpret it as the c-even part
of the contribution of three-gluon exchange.

PHYSICS OF ATOMIC NUCLEI Vol. 83 No. 5 2020



724 BELOUSOV et al.

10−6

10−4

10−8

10−2

100

102

(a)

0.100

(dσ/dt)pp, mb/GeV2

|t|, GeV2
1 100.0100.001

10−6

10−4

10−8

10−2

100

102

(b)

0.100

(dσ/dt)pp, mb/GeV2

|t|, GeV2
1 100.0100.001

Fig. 3. Theoretical curves (with allowance for the errors) and experimental points corresponding to dσ/dt at
√
s = 7 TeV for

(a) pp and (b) p̄p scattering. These curves differ substantially only in the vicinities of local minima.
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Fig. 4. Theoretical curves representing dσ/dt (with allowance for the errors) for pp collisions at
√
s = (1) 12 GeV, (2) 7 TeV,

and (3) 14 TeV. The local minima move leftward with increasing energy.

The model that we described above includes 36
unknown parameters (determined below from a fit
to experimental data). Their list given immedi-
ately below includes fixed ones printed in boldface:

H1, H2, H3, K+, CP , CPP , C+
R , C+

RP , α+′
R = 0.8, α′

P ,

b+1, b+2, b+3, bP = 0, bPP , b+R, b+RP , N+, t+, O1 = 0,

O2, O3, K−, CO, COP , C−
R , C−

RP , α−
R(0), α

−′
R = 0.8,

α′
O, b−1 = 0, b−2, b−3, bO, bOP , b−R, b−RP , N−, t−,

AMO = 0, AO.

In addition, we note the following:

1. We set O1 ≡ 0 since the fitting of the whole
set of parameters shows that this parameter is
extremely small.

PHYSICS OF ATOMIC NUCLEI Vol. 83 No. 5 2020
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Fig. 5. Theoretical curves (for
√
s � 7 GeV) and experimental points (total set from the database) representing the total,

elastic, and inelastic scattering cross sections for pp and p̄p collisions.

2. We excluded the parameters α±′
R ≡ 0.8 from

the fitting procedure.

3. We supplemented the terms FMO
− (ŝ, t) and

FO
− (ŝ, t) with the empirical correction terms

(1 +AMOt) and (1 +AOt), respectively, but
we set AMO to zero, since the fitting of the
whole set of parameters showed that this pa-
rameter is extremely small.

4. Upon free fitting of all parameters, without any
exception, the parameter bp became negative,
which resulted in an indefinite growth; for this

reason, we restricted variations of this param-
eter in an ad hoc manner, not permitting it to
become negative, with the result that it van-
ished (yet another fixed parameter).

The Coulomb corrections are taken into account
in a dipole form as8)

TC
± (s, t) = ±e[±iαΦNC

± (s,t)] × 8π (�c)2 α
s

t

(
1− t

Λ2

)−4

,

8)Here, α is the fine-structure constant and γ is Euler’s con-
stant.
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Fig. 6. Experimental data (total set) and theoretical curves representing (a, b) the differential cross sections for (c, d)√
s � 7 GeV and

√
s � 5 GeV and (e, f) the ρ-parameters for pp and p̄p scattering. Figures 6a, 6c, and 6e give the

results based on the original model, while Figs. 6b, 6d, and 6f give their counterparts based on the model where the odderon
contribution is discarded. The differential and total cross sections are visually indistinguishable in these graphs, while the
behavior of the ρ-parameter changes drastically (compare Figs. 6e and 6f).

where ΦNC
± (s, t) is the phase-shift for Coulomb–

nuclear interaction:

ΦNC
± (s, t) = ln

[
− t

2

(
B± (s) +

8

Λ2

)]

+ γ − 4t

Λ2
ln

[
−4t

Λ2

]
− 2t

Λ2
.

This form of the phase shift for the Coulomb–nuclear
interference was taken from [24] (Λ =

√
0.71 [GeV]).

In order to simplify the ensuing calculations, we
modify the expression for the slope of the diffraction
cone as follows:

B± (s) =

{
d

dt
ln

[
dσ±
dt

(s, t)

]}

t=0

replace︷︸︸︷−→ B± (s) =
σ± (s)

4π (�c)2
.

RESULTS OF FITTING AND
PARAMETRIZATION OF OBSERVABLES
Recent phenomenological treatments of data on

dσ/dt, σtot, and ρ in terms of analytic parametriza-
tions [24–27] beyond the region of the Coulomb–
nuclear interference resulted in presenting “the best
combined descriptions of the data” before the ap-
pearance of the data from the CERN-LHC-TOTEM
experiment. Our attempts at reproducing the results
reported in [24] failed. This might be associated with
the fact that the some portions of experimental data
were discarded in that study without any appropriate
explanation—probably with the aim of obtaining an
acceptable value of χ2. We dispensed with discarding
arrays of experimental data and processed all exper-
imental points without any exception.On the basis
of the expressions used in [24], we developed our

PHYSICS OF ATOMIC NUCLEI Vol. 83 No. 5 2020
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Fig. 7. Behavior of the dσ/dt surfaces versus
√
s and |t| for (a) pp and (b) p̄p collisions on a logarithmic scale along both axes.

own (extended) version of data parametrization, tak-
ing into account the effect of the Coulomb–nuclear
interference.

Although there are a great many parameters in
the model, we were unable to obtain a satisfactory
χ2 value of χ2/DoF ∼= 1. For all experimental data,
χ2/DoF = 1.62. This is a record χ2 value, but it is
substantially greater than unity, so that a rigorous
standard procedure for calculating the errors in the
parameters by the Hessian method is inapplicable
here.

Therefore, we employ the procedure of a so-called
direct propagation of the errors. We will describe
this procedure in detail elsewhere, only mentioning it
briefly here.

We refer to an ordered set of parameter values for
the global minimum based on input experimental data
as the global parameter vector.

Further, we perform a random shift of experimen-
tal data under conditions of a Gaussian distribution
within the total error of each experimental measure-
ment, whereupon we construct a new fit to the data,
thereby obtaining a new parameter vector. After ac-
cumulating a significant sample of such vectors, we
perform a statistical analysis of these sets, extracting
from them errors in the parameters and use them
to calculate the errors in the observables (total and
differential cross sections and ρ-parameters).

RESULTS OF DESCRIBING
EXPERIMENTAL DATA

The parameter values and the errors in them as
obtained from the results of fitting and processing are
listed in Table 1. Further, we address the problem
of agreement between the experimental data on the
differential cross sections and the theoretical curves

PHYSICS OF ATOMIC NUCLEI Vol. 83 No. 5 2020



728 BELOUSOV et al.

0.1

0.2

0.3

0.4

0.5

0
0.4 0.5 0.6 0.7 0.8 0.9 1.0

(dσ/dt)pp, mb/GeV2

|t|, GeV2

Fig. 8. Behavior of the theoretical curve (with allowance for the errors in the calculation) representing dσ/dt for pp collisions
at

√
s = 7 TeV in the region of the first local minimum.

at various energies. In Fig. 2, we present data taken
from Fig. 1 and broken down into the energy inter-
vals specified in the figure, indicating the numbers of
points in these energy regions, Npt, and respective
values of χ2/Npt.

By and large, the result of discarding, in an ad hoc
manner, not more than 5% of experimental points in
the differential cross sections alone (we mean points
deviating from the theoretical curve by three and more
standard errors) is that the total χ2/DoF value be-
comes equal to or less than unity.

The theoretical description agrees fairly well with
the experimental data in all regions. In order to illus-
trate this agreement, we present a typical behavior of
the theoretical curve (with allowance for the errors)
and the experimental data at the energy of 7 TeV
(see Fig. 3).

Figure 4 illustrates a smooth shift of a local min-
imum (dip) for pp collisions within our model as the
energy changes. The curves are presented as a corri-
dor of errors (1σ) with allowance for the uncertainties
in the fitted parameter values. The total (σtot), elastic
(σelastic), and inelastic (σinelastic) scattering cross sec-
tions are presented in Fig. 5 for (upper panel) pp and
(lower panel) p̄p collisions.

The elastic scattering cross section σelastic can be
evaluated as

σelastic (s) =

∞∫

t=0

(
dσ±
dt

)

nucl
(s, t) dt,

where (dσ±/dt)nucl was calculated without the Coulomb
term T c

± (s, t) in the total scattering amplitude; that
is,

(
dσ±
dt

)

nucl
(s, t) =

|T± (s, t)|2

16π (�c)2 s
(
s− 4m2

p

) .

The inelastic cross section was set to the following
difference:

σinelastic = σtot − σelastic.

It can be seen that the experimental data on the
elastic, inelastic, and total cross sections are de-
scribed quite satisfactorily (a numerical characteristic
of this description is given in Fig. 6).

In our opinion, the fact that the curves of the
ρ-parameter, first, intersect and, second, diverge at
higher energies (see Fig. 6) is an important special
feature of the model being considered. Earlier, we
have never obtained the results that were published
in the most recent PDG reviews or in [28] (this is
likely due to the presence of the odderon in the model
description).

For this reason, we modified slightly our model by
suppressing the odderon in the total cross sections
and ρ-parameter for t → 0. For this, we set t = 0
in the expressions for the total cross sections and
discarded terms corresponding to odderon poles in the
amplitude. A theoretical description of the behavior of
the differential cross sections dσ±/dt and total cross
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Table 1. Values of model parameters and errors in them

Name Unit Value ±Vstd Name Unit Value ±Vstd

H1 mb GeV2 0.2488 0.0010 O1 мбн GeV2 0.0 (fix)

H2 mb GeV2 6.912× 10−3 0.438× 10−3 O2 mb GeV2 0.5756 0.0270

H3 mb GeV2 10.42 0.19 O3 mb GeV2 −3.256 0.167

K+ 0.3092 0.0014 K− 0.1000 0.0013

CP mb GeV2 –9.457× 10−2 0.787× 10−2 CO mb GeV2 −6.912 0.339

CPP mb GeV2 159.8 1.6 COP mb GeV2 53.83 1.44

C+
R mb GeV2 −30.20 1.08 C−

R mb GeV2 85.10 2.01

C+
RP mb GeV2 −1.897 0.179 C−

RP mb GeV2 −48.77 2.88

α+
R(0) 0.6504 0.0092 α−

R(0) 0.4558 0.0061

α+′
R GeV−2 0.8 (fix) α−′

R GeV−2 0.8 (fix)

α′
P GeV −2 0.1603 0.0051 α′

O GeV−2 0.6803 0.0323

b+1 GeV−2 3.895 0.051 b−1 GeV−2 0.0 (fix)

b+2 GeV−2 0.6078 0.0114 b−2 GeV−2 2.935 0.038

b+3 GeV−2 6.445 0.220 b−3 GeV−2 2.502 0.029

bP GeV−2 0.0 (fix) bO GeV−2 14.75 0.42

bPP GeV−2 5.287 0.056 bOP GeV−2 2.480 0.036

b+R GeV−2 1.928 0.058 b−R GeV−2 9.246 0.236

b+RP GeV−2 0.4525 0.0244 b−RP GeV−2 1.154 0.042

N+ mb GeV2 –7.730× 10−2 0.485× 10−2 N− mb GeV2 15.93 1.59

t+ GeV2 1.475 0.022 t− GeV2 0.1221 0.0135

AOM GeV−2 0.0 (fix) AO GeV−2 −34.72 2.16

sections σ± remains nearly unchanged upon going
over from one of these two cases to the other. The
difference in the χ2/DoF values is also insignificant.

However, the behavior of the ρ-parameter un-
dergoes a drastic change at high values of the c.m.
collision energy

√
s. Earlier, our group had analyzed

a large number of various theoretical descriptions [29]
of the behavior of σtot and the ρ-parameter in the ab-
sence of the odderon; in all of those cases, the curves
representing the ρ-parameter for pp and p̄p collisions
gradually come closer to each other (without un-
dergoing intersection) and become indistinguishable
within the corridor of errors of the theoretical curves
for

√
s values of about several hundred GeV units.

In the original model, these curves, first, intersect
and, second, diverge ever more strongly as the en-
ergy grows (see Fig. 6). This fact indicates that the
inclusion of odderon poles in models for describing
differential cross sections in not mandatory. This
permits simplifying relevant expressions and reducing
the number of model parameters. Figure 7 illustrates

a general three-dimensional behavior of the shape of
surfaces of differential cross sections versus

√
s and

|t| over the whole energy region being considered.
In [30], one can follow the behavior of the curve

representing dσ/dt (|t|) for (red curve) pp and (blue
curve) p̄p collisions in response to a change in the
energy over the interval of 7 GeV � √

s � 14 TeV.
In conclusion, we present a graph that illustrates

the accuracy of the description of experimental data
on the basis of our model in the region of the first local
minimum (see Fig. 8).

More precise data on all model parameters and
on versions of the description will be obtained after
the appearance of new results from the LHC at the
energies of 13 and 14 TeV on the differential and total
cross sections, as well as on the values of the ρ-
parameter.
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