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Abstract—Multiple-quantum (MQ) solid-state NMR spectroscopy allows the growth of multiple-spin cor-
relations and, thus, the spreading of quantum information in the object under study to be observed. Recently,
in [11] it was proposed to control this process through a controlled perturbation added to the effective Ham-
iltonian that causes degradation of correlated spin clusters with a rate determined by the number of spins Kin
a cluster. However, this perturbation can also lead to degradation whose rate is determined by the coherence
order M. In this paper, to investigate the influence of a small added perturbation, we used an expansion into
orthogonal operators that allowed the cluster size distribution to be taken into account. In our calculations we
realized a simple model with known amplitudes of the expansion into a complete set of orthogonal operators
in the absence of a perturbation. We performed numerical calculations of the “preparation time” depen-
dences of the MQ spectra, their second moments, and the coherence orders at which the MQ spectra

decrease by a factor of e as well as the average correlated spin cluster sizes K . The coherence-order-depen-
dent contribution to the degradation is shown to change the shape of the MQ spectrum. In particular, as
the preparation time increases, the MQ spectrum can be stabilized, while the growth of X is retained. Due

to the change in the shape of the MQ spectrum, the relations of its characteristics to the number K change
compared to those for the Gaussian function (traditionally used to process the experiments). These
changes should be taken into account when studying the spreading of quantum information through

MQ spectroscopy.

DOI: 10.1134/81063776122110139

1. INTRODUCTION

The active development of multiple-quantum
(MQ) NMR spectroscopy, which appeared as a con-
sequence of the intensive development of multiple-
pulse NMR [1], began in the late 1970s—early 1980s as
a powerful and often virtually irreplaceable tool for a
practical study of the structure of macromolecules (for
example, proteins), clusters, and local structures
located on surfaces [2], in liquid crystals [3], nano-
sized cavities [4], etc. The basis for MQ spectroscopy
is the observation of the behavior of multiple-
spin/multiple-quantum coherent states. These states
arise under the action of internal interactions in con-
ditions when the nuclear spin subsystem of a material
in a condensed state is irradiated by a certain sequence
of radio-frequency pulses [1, 5, 6].

The emerged possibility of an experimental study
of the development of multiple-spin correlations with
time through MQ NMR spectroscopy turned out to be

in demand in the statistical physics of irreversible pro-
cesses [7] and in studying the physical processes
needed for the development of quantum informatics
(the creation of quantum registers) [8]. The point is
that the system of nuclear magnetic moments (spins)
of a solid observed by NMR methods serves as a good
example of a closed system and, as is well known,
quantum information in a closed system is preserved
with time [8]. At the same time, this information ini-
tially localized in single-particle (single-spin) states is
redistributed over a set of degrees of freedom, which
can be reflected by the appearance of time correlation
functions (TCFs) with a very complex structure.

The spreading of quantum information over a mul-
tiparticle system is called scrambling (see, e.g., [9—
11]). Four-operator TCFs belonging to the class of
TCFs abbreviated to OTOC (out-of-time-order cor-
relator) (see, e.g., [12—15]) are commonly used for a
theoretical description of these processes (scram-
bling):
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Here, V(0) and W/(0) are two commuting operators,
while the time dependence is determined by an ordi-
nary unitary operator with the system’s Hamiltonian
in the exponent. The angle brackets ...)s denote a sta-
tistical average. The OTOC TCFs related to the infor-
mation entropy contain specific information about the
most intimate processes occurring in the multiparticle
system: multiparticle entanglement, localization in the
many-body system, the development of quantum
chaos, and so on, up to some aspects of black hole
physics [12, 13, 15] (for example, the Hawking radia-
tion). It should be noted that in experimental studies
MQ NMR of multiple-spin systems has a number of
noticeable advantages compared to other multiparticle
systems, such as ultracold neutral atoms [12] or
trapped ions [13]. The point is that the TCFs used
(arising in a natural way during experiments) in MQ
spectroscopy belong to the class of OTOC:Ss, i.e., these
are four-particle TCFs containing (by definition) a
time-reversed stage of evolution [16, 17]. It should be
said that among the set of various four-particle
OTOC-type TCFs arising in MQ NMR, the second
moment of the MQ spectrum plays a very significant
role [18, 19] due to two circumstances. Its value
determines a lower bound on the Fisher criterion
[20—22] for quantum information that represents a
measure of entanglement. In addition, the second
moment of the MQ spectrum is a quantity directly
measurable in an experiment and, consequently,
allows the OTOC TCF corresponding to it to be
determined experimentally [23].

Constructing a consistent theory for the shape of
the MQ NMR spectrum of solids and rigorously cal-
culating the corresponding TCFs is an extremely com-
plex multiparticle and so far very poorly studied prob-
lem. In the traditional statistical model [5, 6] the fol-
lowing Gaussian distribution was obtained for the
distribution of coherences of various orders M in the
MQ spectrum using a very simple algebraic estimate of
the number of transitions between various levels of
large clusters:

1 M’
G (T):fexp(—_—]. (1)
Y JrK(T) K(T)
The second moment (variance) of the distribution
in this model K (7)/2 is determined by the average

number of spins K (7) between which a dynamic cor-
relation was established in the preparation time 7. This
number, called the number of correlated spins or the
effective (average) cluster size, increases with prepara-
tion time 7.

In [19] we showed that for three-dimensional
nuclear spin systems with a secular dipole—dipole
interaction (or with an effective two-spin/two-quan-
tum interaction (see below)) the second MQ NMR
moment, which determines the number of correlated
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spins, increases in the ideal case (in the absence of any
perturbations) exponentially with time 7. The results
obtained in [19] allowed us, in particular, to explain
the experimental data from [24—28] on the observa-
tion of the emergence of correlated spin clusters con-
taining ~10° particles.

In a real situation, the growth of correlated spin
clusters is limited due to the various processes causing
cluster degradation. To investigate them, in [11, 27, 29,
30] a perturbation whose value was specified by the
experimenters themselves was added to the effective
Hamiltonian in the preparation period. It was found
that as the perturbation increases, the growth of the

number K with time 7 slows down and can stop alto-
gether. On this basis, the authors of [11] proposed a

method for controlling the growth of the number K
and, thus, developed a technique for controlling the
spreading of quantum information through a con-
trolled perturbation. To describe these processes
accompanying the development of clusters, a model
was proposed in [31] that is based on the equations for
the amplitudes of clusters of different sizes taken from
[32]. A diffusive cluster growth was assumed within
this model (which, generally speaking, is improper,
see [19]), while the rate of its degradation was deter-
mined exclusively by the cluster size.

It should be pointed out that in experiments the

average number of correlated spins K is usually
extracted from the width of the observed MQ spec-
trum by assuming that this can be done in accordance
with the relations derived for the ideal case due to the
weakness of the external perturbations. The described
technique was also used to process the experimental
results by the authors of [11, 27, 29]. It should be noted
that this assumption, nevertheless, needs to be justi-
fied, since the perturbation can change the shape of
the MQ spectrum itself. For example, in [24] it was
experimentally established that the cluster degradation
rate depends not only on its size, but also on the coher-
ence order. The calculations and estimates performed
by us previously [33—35] showed that the rapid decay
of spectral components with large coherence orders
could lead to stabilization of the MQ spectrum as the
time 7 increases, despite the ongoing growth of the

number of correlated spins K . Thus, this physical deg-
radation mechanism omitted in [11, 31] affects signifi-
cantly the observed cluster size and it has to be inves-
tigated when improving the quantum information
spreading control methods being developed.

In this paper, through an expansion of the sought-
for TCFs into an infinite set of orthogonal operators
and using some known facts for traditional model sys-
tems [19, 35—37], we obtained the series in growing

number of spins in a cluster for K for the MQ spec-
trum and its various characteristics. We took into
account both physical cluster degradation mecha-
nisms: both dependent on the number of spins in a
Vol. 135
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cluster and dependent on its coherence order. Numer-
ical calculations were performed for various values of
the parameters appearing in the final expressions.

The paper has the following structure. In Section 2
we present the general formulas and series for the ideal
case where there are no perturbations leading to clus-
ter degradation. In Section 3 we derive the expressions
in which the cluster degradation processes are taken
into account. In Section 4 we present the results of our
numerical calculations and their discussion. Section 5
presents a brief conclusion. Finally, in the Appendix
we consider the peculiarities of our calculations for
clusters with a small number of spins.

2. THE HAMILTONIAN AND BASIC
EQUATIONS FOR THE CORRELATION
FUNCTIONS

The secular part of the internuclear dipole—dipole
interactions in nonmetallic diamagnetic solids solely
responsible for the dynamics of the spin system con-
sisting of light nuclei, such as, for example, protons or
YF nuclei, under NMR conditions is [38]

Hy = Z bijSziS j %Z bijS+iS—ja (2)
i#j i#j

where b; = v*h(1 — 300529,-/-)/21;;, r; is the vector con-
necting spins i and /, 0 is the angle formed by the vec-
tor r; with the constant external magnetic field, v is the
gyromagnetic ratio, .S; is the ol component (ot =X, y, 7)
of the vector spin operator at site i, §y; = S,; + i5,,, S_; =
S\ — iS,;. Here and below, the energy is expressed in
frequency units.

In traditional experiments using NMR the spin
temperature usually exceeds considerably the energy
of the Zeeman and other interactions in the spin sys-
tem. Therefore, we, as usual, will restrict our study to
the time correlation functions (TCFs) in the high-
temperature approximation. The equilibrium high-
temperature density matrix in a strong static magnetic
field H, is described by the expression [38]

N
YhH,

Doy o 1+ 0N g

oo 1 25

where k is the Boltzmann constant, 7 is the tempera-
ture, and N is the total number of spins in the sample.

The Hamiltonian (2) is the basic one for “spin
alchemy,” transforming into other Hamiltonians of
interest to the researcher under the influence of radio-
frequency pulses [1]. For example, in traditional MQ
NMR [1-6] the Hamiltonian (2), as a rule, turns into
a two-spin/two-quantum Hamiltonian H), of the
form

1
Hpp = —‘-th,.j(Sﬂ.Ls*+ J+SLS)). 3)

i#j
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Under the action of the nonsecular (with respect to
equilibrium magnetization) Hamiltonian (3), the ini-
tial magnetization is transferred to various TCFs with
a fairly complex structure dependent on the product of
various numbers (K) of spin operators (multiple-spin
correlations). In other words, the equilibrium density
matrix in a strong magnetic field p,, turns into a non-
equilibrium density matrix, which is convenient to
represent as a sum of the off-diagonal elements p,,
with a certain difference of M magnetic quantum
numbers called multiple-quantum coherences (M is
the coherence order):

P(r) = expliHApq exp{—iHI} = Y0y (1),
M

K=N
Pu® =D D grgn OIKMali),
K=[M| i} ¢

where |KMg{i}) is the basis operator in which K single-
spin operators form a product coupling Zeeman states
differing by M units. The index ¢ numbers different
basis states with the same values of K and M. At time
t = T'the emerged coherences are marked with a phase
shift ¢. The emerging phase shift is proportional to
Mo, where M is an integer. Thus, the K-spin correla-
tions, depending on M, are also distinguished by the
number of quanta (M < K) [1, 3, 5, 6]. Then, a new
pulse sequence changing the sign of the mentioned
nonsecular Hamiltonian (3) is applied to the system
and, thus, “time reversal” is performed [39, 40], as a
consequence of which the system evolves “backward.”
At time t = 2T a Loschmidt echo is observed. Its
amplitude I'(¢, 7) depends on ¢ and may be written as
follows:

Tr{U; (MU U(T)S U (TUUL(T)S,}
Tr{S?)

I'(e,T) = , (4)

where U, ,)(?) is the evolution operator with an “oper-
ating Hamiltonian (for example, H ), from Eq. (3)).”
The indices 1 and 2 denote, respectively, the forward
and backward evolution with time, U, = exp(i@s,) is
the rotation operator by an angle ¢ around the 7 axis,
and S, is the z component of the total spin of the
nuclear system. The amplitude of the echo I'(g, 7) is
measured with the help of a /2 pulse rotating the
magnetization into a plane perpendicular to the exter-
nal magnetic field. The experiment is repeated many
times with different phase shifts ¢ of irradiating pulses
for each duration 7 of the preparation period. The
two-dimensional MQ NMR spectrum G,,(7) that is a
function of two variables, M and 7, can be obtained
through a Fourier transform of the TCF I'(@, T) with
respect to the variable @.

An important characteristic of the MQ spectrum is
its second moment [11, 18, 19, 21, 23, 31], for which
through relation (4) we find:
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(M?) =" M*Gyy (1) = ~d"T(@, T)/d "]y
M

_ Tr{[S., U(D)SU (DIULT)SU5(T), S 1}
Tr{S?) '

Both TCF (4) and (5) belong to the class of OTOCs
considered in the Introduction.

To solve the formulated problem of calculating the
shape of the MQ spectrum and the average size of a
cluster of correlated spins, as shown in [35], it is
appropriate to use an expansion of the time-depen-
dent spin operators into a complete set of orthogonal
operators [41]:

(6))

5.0 =Y A0 (6)
j=0

and to investigate the changes in the amplitudes of this
expansion

A0 =B @
wan

due to a perturbation. Such expansions have also been
repeatedly used in nonequilibrium statistical mechan-
ics previously (see, e.g., [19, 42—46]) to describe a
variety of TCFs. The angle brackets reflect taking a
scalar product [41], i.e., in fact, calculating a statistical
average. The latter under conditions of the high-tem-
perature approximation means simply a calculation of
the trace of the corresponding product of operators.
The Gram—Schmidt procedure [19, 37, 41, 47] is
commonly used in orthogonalization. Below, we give
several vectors

0y =S, ) =iH,0)],

J+1) = AH DI+ Vil - 1)
Vi = G+ D/

Since each commutation with the two-spin inter-
action Hamiltonian adds at most one spin operator to
the product of the spin operators of which the vector |j)
consists, we will consider the orthogonal operator |j) as
an operator representing a cluster of K = j + 1 spins.
Such a representation (see, e.g., [35, 37, 45, 48]) is jus-
tified in the presence of a large number of neighbors
surrounding each (any) spin in the lattice adequate for
most ordinary solids (adamantine, fluorite, etc.). In
this approximation we will write the MQ spectrum in
the absence of perturbations as a sum of the MQ spec-
tra gy (see the Appendix) from clusters of different
sizes [35, 37]:

for j=>1, 8)

Gu(T) = Y gxuPK,T), )

K=|M|

where

P(K,T) = Ag (TXK = 11K = 1)/Tr(S;) (10)
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is actually the distribution in the number of clusters
with K =j + 1 spins, since the following condition is
fulfilled for it:

INe=0,T) = iP(K,T) =1.
K=l

In the adopted representation, the average cluster
size equal to twice the second moment of the MQ
spectrum (9) is described by the series

K@) = i KP(K,T).

K=1

For dense spin systems, such as adamantine or flu-
orite, which are characterized by an exponential

growth of K, we will use a well-known expression for
the sought-for amplitudes [19, 35, 36]:

_ 1

A0 = cosh2(t/\/§)’

_ 1 tanh’ (t/72)
cosh’t/\2)  j!

Here and below, the time is expressed in units of

(11)

(12)

A/(T)

the inverse second moment (1/4/m,) of the function
Ay (7). For these amplitudes we have

(tanh*(T/N2)* 'k

P(K,T) =
( ) cosh4(T/x/§)

, (13)

K(T) =1+ 2sinh* (T /\2). (14)

3. THE LOSS OF COHERENCE
IN THE SYSTEM AND ITS INFLUENCE
ON THE MQ SPECTRUM

As has already been noted above, in the absence of
any external perturbations, an unlimited growth of K
with a time dependence very close to the exponential
one is to be expected [19]:

K(7) = exp(at). (15)

The nonideality of radio-frequency pulses, the
spread of fields, and the addition of other perturbing
Hamiltonians to the main Hamiltonian [10, 11, 27, 29]
lead to an incomplete time reversal and cause cluster
degradation due to the loss of coherence (relaxation).

The above processes inhibit the growth of K. On this
basis, in [11] it was proposed to control the growth of
the number of correlated spins K through a controlled
small perturbation added to H), at the preparation
stage:

H =(0-p)Hpo+ pHyy. (16)
Here, H,, and H ), are the Hamiltonian specified
by Egs. (2) and (3), |p| < 1.
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In [11] the number K was extracted from the width
of the experimental MQ spectrum by assuming that
the relations derived in the ideal case could be used in
the presence of a perturbation. However, the latter
requires (as we noted in the Introduction) a justifica-
tion, since the perturbation can change the shape of
the MQ spectrum.

For example, in [24] it was experimentally estab-
lished that the interaction H,; causes a relaxation of
the components of the MQ spectrum whose rate

depends on both K and M. In [49] we showed that this
relaxation is due to local dipole fields and is represent-
able by a product of two cofactors from two contribu-
tions to the local field:

exp(—KB’t;/2) exp(—A°M*t)). (17)

Here, t; is the duration of the evolution interval
located between the preparation and mixing intervals.
The parameter B> characterizes the uncorrelated con-
tribution to the local field on each of the cluster spins
that does not depend on the local field on other spins.
In contrast, the parameter A2 characterizes the cluster-
averaged field acting in a correlated way on all cluster
spins. Note that the constants 4 and B and their rela-
tionship can change in a wide range, since this
depends on the form of the perturbation and the prop-
erties of the spin system. The first of the cofactors can
indeed lead to a limitation of the growing-cluster sizes.
Its manifestation was considered in [29, 31]. The
influence of the second cofactor manifested itself, in
particular, in the narrowing of the MQ spectrum
observed in [26]. The result of the impact of the sec-
ond component in Eq. (17) is realized in a more com-
plex way. Below, we will consider its influence on the
spectrum and the cluster size.

Since the perturbation in (16) is assumed to be
small (p < 1), we will take into account its action phe-
nomenologically by adding the relaxation factor to the
distribution P(K, 7T) in relation (9) and by supposing
that the perturbation will not affect directly the TCFs
{4(n)} and the vectors {Ih}. In accordance with the
results of [33—35, 49]), we will this factor as a product
of two cofactors:

T (T) = exp(—Kp’ B’t7 /2) exp(-p° A M*17)
= Fe(OFy, (1),

(18)

T
2 =(T -1 = I (T = 1)’ R(t)dr. (19)
0

Here, the symbol{...) denotes an averaging over the
coherence “emergence” time, #;is the averaged coher-
ence emergence time on the interval [0, 71, and R(?) is
some probability density characterizing the coherence
emergence process:

R(t) = (dK()/dt)/K(T), K(T)=K.
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The relaxation factor of Eq. (18) differs from
Eq. (17) due to the difference between the schemes of
the corresponding experiments. In the situation
described by Eq. (17), the growth of a cluster with an

average size K under the action of H, po and its decay
under the action of H,; occur sequentially, whereas in
the case specified by Eq. (18), in the preparation period
both processes occur in parallel. We take into account
the fact that clusters of different sizes K grow and each
such cluster has its own relaxation factor (18). For an
exponential growth of the number of correlated spins in
a cluster with K(7) = K, we will find for it:

1

KO = exp(ash), ag = InK, (20)

2
(T-ny=2-2L__T_
ay axK(T) K(T)
Relations (18)—(21) were derived by neglecting the
contribution from the initial number of spins in the
cluster. The decay, given the initial value of K(0) = 1,
is considered in the Appendix.

Thus, given the cluster degradation processes, the
shape of the MQ spectrum may be written as the fol-
lowing series [35]:

(21)

Gu(T) = Y gxuFu(MF(T)PK,T)/N(T). (22)

K=|M|

Here, N,(¢) is the normalization factor,

N(@) =YD gauFu(MF(TPK,T).  (23)

M K=IM|

For the average cluster size K (7), given the decay,
instead of the series (11) we obtain the series

K(T) =" KF(T)Fuy (K, T)P(K,T)/Ny(T), (24)

K=1
where
Ny(T) = ZFK(T)I‘ZW(K,T)P(K,T) (25)
K=1
is the normalization factor and
M=K
Foy(K.T) = " g Fu(T) (26)
M=-K

is the decay of a cluster of K spins averaged over M.

Choosing for large clusters gg,, in the form of a
Gaussian function,

1 M’
= —exp| —— 27
8km \/TE7K p( K j ( )
and replacing the summation in (26) by integration,
we will find the M-averaged decay of a cluster of K
spins (we neglect the boundary effects):
Vol. 135
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Fig. 1. Dependences of the characteristics of an average
correlated spin cluster on preparation time 7. The time is

in units of 1//m, . K = 2(M2> (solid lines); Me2 (Eq. (34))
(dashed lines). The dotted lines indicate the dependences

of K calculated from Eq. (35). The figure presents the
results of our calculations for o = 0 and three values of the

parameter C.

Foun(K.T) = | i Fu(TaM 08)

=[1+ KAX(T - )"\,

and the second moment of the MQ spectrum for the
cluster of K spins:

M) = [ M Fu(TaM 29

= K[+ KA*(T =) "?)2.

After the proper allowance for the decay of small
clusters (see the Appendix) and relation (28) for the

average cluster size K (7), we arrive at the expression

R(T) = AT P(,T)
(T') = exp( )—N3 %8
- ) 212 P(K,T) G0
+> KF (D[ + KA*(T - )’ 1" =222,
KZ (D] (T - 1)’ N
NA(T) = exp(-A°T*)P(1,T)
(31)

+ Y F(D)1+ KA(T - 0)’T " P(K,T),
K=2
where N;(7) is the normalization.

At the same time, for the second moment of the
MQ spectrum G,(7T) (22) in the approximation
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adopted above and given relation (29), the series turns
out to be different:
2, P(,T)

Ny(T)
-32 P(K,T)
Ny(T)

Consequently, in the presence of M-dependent
degradation processes, the series for the average num-
ber of spins K (7) (30) and the second moment {M?2)
(32) do not coincide. They differ by the exponents of
the factor [1 + KAX(T — 1)?)] in the contribution to the
sum from the cluster of K spins. This exponent is —1/2
(of the average cluster degradation) in the former case

and —3/2 (of the second cluster moment) in the latter
case.

(M) = %exp(—A2T

; (32)

+% > KF (D)1 + KAX(T — 1))]
K=2

4. RESULTS OF OUR NUMERICAL
CALCULATIONS AND THEIR DISCUSSION

The relations derived in the previous section repre-
sent the solution of the formulated problem on the
change in the shape of the MQ spectrum and the aver-
age correlated spin cluster size due an existing pertur-
bation. Since we fail to sum the series in general form,
we performed numerical calculations. We calculated
the MQ spectra (22), their second moments (M?) (32),

and the average cluster sizes K (7) (30) for various
preparation times 7'and parameters characterizing the
decay:

C=p'B/m, o=A/B. (33)

The summation of the series over the number of
involved spins K was replaced by integration over K
from K = 2 to K= 10°—10°. From the calculated MQ
spectra (22) we found the coherences M, at which the
MQ spectrum decreased by a factor of e. The point is
that in experiments the MQ spectrum is commonly
assumed to be Gaussian (1), for which the average
cluster size is determined precisely by this quantity:

K, =M, (34)

The results of our calculations are presented in
Figs. 1-3.

Figure 1 presents the results of our calculations for
the situation where there is no cluster degradation
dependent on the coherence order M. The value of
o= 0 corresponds to this situation. In this case, the

series (30) and (32) coincide and, hence, K = 2(M?).
The dependences of M Z on the preparation time 7 fol-

low the dependences of K on T, but with some shift (in
logarithmic coordinates). The shift occurred, because
the shape of the MQ spectrum (22), which is a sum of
Gaussian functions, differs from a simple Gaussian
function, as can be seen from Fig. 2a. Note that the
Vol. 135
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Fig. 2. (a) MQ NMR spectrum for the preparation time 7' = 8/4/m, and C = 0. Only the right half is shown. The spectrum is
symmetric relative to the vertical axis. The dots represent the results of our calculations using Eq. (22). The solid line indicates

the Gaussian function Gy(7) = Qr(M?>))~"2exp(—M?/(2{M?))) constructed for 2(M?) = 37093.7m, calculated from Eq. (32).
(b) The same as Fig. 2a for C = 0.0001, oc = 10, and 2<M2) = 650.16m,.

shape of the MQ spectrum in the complete absence of
degradation processes (the ideal situation in which
C = 0) was investigated in [37]. The spectrum was
shown to be well described by a simple exponential
observed previously in experiments [29].

It can be seen from Fig. 1 that at C = 0 there is an
exponential growth of K with 7Tdescribed by Eq. (14).
Including extraneous perturbations causing cluster
degradation dependent on the involved number of
spins K slows down the growth of the number of spins
K at large T and entails the growth stopping. In [35],
under the condition ((7 — 1)) = 2/a?, we derived a for-
mula for this case (rewritten here under the condition
a* = 2m, and in the notation used now):

sinh*(T'/N2) exp(~C/2)
1+ sinhz(T/\/E)(l - exp(—C/Z))'
The corresponding dependences are indicated in

Fig. 1 by the dotted lines for three values of the param-
eter C, and they describe the slowdown of the growth

of K at large T qualitatively correctly. Our calculations
with a more complete (detailed) allowance for all the
terms of relation (21) for {((T — #)?), including its
dependence on K and T, lead to a greater limitation of
K atlarge T.

In the presence of degradation (decay) dependent
on the coherence order M and changing the shape of

K(T)=1+2 (35)

the MQ spectrum, the form of the cluster characteris-
tics changes significantly with time 7, as follows from
Figs. 3a—3c. More specifically, the curves for the aver-
age cluster size determined by the following two meth-
ods diverge with increasing T*

(1) from Eq. (30) as an average over the distribution
of clusters in their K changing with time 7(K);
(2) from Eq. (34) through the total (average) MQ

spectrum of clusters of different sizes K(M ez ).
In addition, twice the second moment of the MQ
spectrum at small 7 is equal to K, whereas at large 7'

its value approaches M ez . Such a behavior of the sec-
ond moment is related to the change in the shape of
the MQ spectrum. As follows from Fig. 2b, at oo = 10
and ¢ = 10~* the shape of the MQ spectrum
approaches the Gaussian one, whose width differs

from K and is close to M, 62 Finally, the dependences
presented in Figs. 3a—3c demonstrate the existence of
an interval of preparation times 7" in which the MQ

spectrum is stabilized, while its characteristics M e2 and
(MP) cease to grow, whereas the average cluster size K
continues to grow.

Thus, our calculations demonstrate the informa-
tion about decoherence and scrambling obtained from
the MQ NMR spectrum within the developed theory.
For example, in the absence of decoherence, an
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Fig. 3. The average number of spins in a cluster X (Eq. (30), the solid line), the second moment of the MQ spectrum 2(M2>
(Eq. (32), the dotted line), and the number of spins in a cluster determined through the drop in the amplitude of the spectrum by

afactor ofe M, 92 (Eq. (34), the dashed line) versus preparation time 7. The time is in units of 1/4/m, . The values of the parameters
are: (a) C=0.0001, oo = 1; (b) C=0.0001, oo = 10; (c) C=0.001, oo = 1.

unlimited exponential growth proportional to
sinh?(aT) of the width of the MQ spectrum with
increasing preparation time 7 occurs as a result of the
scrambling processes. The decoherence processes
limit this growth as 7"— oo by some limiting width of
the MQ spectrum, whose qualitative dependence on
the parameters can be represented by the following
approximate formula [35]: 1/(p?B?/2a? + 2p*A%/a?).

5. CONCLUSIONS

The model being developed allowed us to investi-
gate the influence of the cluster degradation caused by

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS

a controlled perturbation in the preparation period on
the average size of a cluster of correlated spins, the
shape of the MQ spectrum, and its second moment.
Each of the quantities being calculated was repre-
sented as a sum of the weighted contributions from
clusters of different sizes. The weights are the products
of the occurrence probability of a cluster with coher-
ence M and K spins by the function describing the deg-
radation. We took into account both previously deter-
mined physical cluster degradation mechanisms: the
rate of the first and the second ones is determined by
the number of spins in the cluster and the coherence
order, respectively. The first of these mechanisms
Vol. 135

No.5 2022
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leads to a direct slowdown of the growth of the number
K with increasing time 7 and even to the stopping of

the growth of the number of correlated spins K (local-
ization), as discussed in [11, 29—31] when justifying
the method of controlling the spreading of quantum
information through a controlled perturbation. The
second mechanism changes the shape of the MQ
spectrum and can lead to stabilization of the latter.
The results of our calculations confirmed the follow-
ing effect predicted by us previously [33—35]: when

the MQ spectrum is stabilized, the growth of K can
continue. Thus, when applying MQ spectroscopy to
study the spreading of quantum information, it is
insufficient to measure the width of the MQ spectrum.
It is necessary to elucidate the relationship between
the rates of the two cluster degradation mechanisms
caused by a perturbation in the object under study.

APPENDIX
In this Appendix we will consider in more detail the
contribution from clusters of small sizes.
(1) The decay with an initial value of K(0) = 1.

B s (dK@)
FK(T)—exp{ : {K(O)T + !}' LO 7 -1 dt]} A

= exp(K(0)B’T’ /2 - K(T)B’t}/2).

Since the initial contribution exp(K(0)B>*T%/2)
appears as a common factor for each terms from the
series (22) and (24) (and the corresponding series for
the normalization factors (23) and (25), it cancels out
after the normalization. For the first terms of the series
(22) and (24) with K = 1 = K(0) the cluster does not
grow in the course of evolution. For them dK(¢)/dt =0
and there is no degradation (decay), i.e., Fx - (T) = 1.

(2) The following simple formula was derived in the
statistical model of the MQ spectrum for gg,, [6]:

1 2K
N \K-M

8km =
2K
TV v,
v, | K

where
2K
N, =4* —lK j+2’<}
21\ K

n
is the normalization factor. Here, (kj denotes a com-

j, M %0,
(A.2)

binatory factor: the number of combinations C,’f . At
K= 1 relation (A.2) leads to a doublet. At K = 2 g,
consists of five lines. For large clusters the binomial
shape of the MQ spectrum specified by relation (A.2)
is replaced by a Gaussian function:
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1 M’
= ——exp| —|. (A.3)
Ekm K ( % j
(3) Consider the series (22) for the shape of the MQ
spectrum at various values of M. At M = 0, according
to (A.2), g,0 = 0 and the series begins with the term for
which K= 2:

Guo(T) = Y gxoFx (T)P(K,T)/N(T).
K=2

Here, we took into account the fact that Fy,_(7) = 1.
At M = %1 the series begins with K= 1:

Gyyi(T) = %FM=1<T>FK:1<T>P<1, T)/N(T)

+ 3 & Fua (T F(T)P(K,T)/N(T).
K=2

Here, Fy—(T) = exp(—B*T?/2) is the initial contri-
bution and F,, _ (T) = exp(—A*T?). In accordance
with the assumption in our paper [49], these are the
contributions from the nearest and far spins on only
one cluster spin.

At M =2 the series begins with K= M > 2.

Given what has been said above, in the series (22),
(30), and (32) we single out the first term, while at K>
2 we choose gk, in the form of a Gaussian function. In
the function Fi(T) from Eq. (A.1) the initial contribu-
tion is excluded, since it appears as a common factor
for each term of the series and cancels out during the
normalization.
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