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Abstract—The temperature dependences of the specific heat and the transport characteristics of thermal-fre-
quency phonons in single crystals of the solid solutions of rare-earth aluminum garnets are studied at liquid-
helium temperatures in the presence of Schottky-type low-energy excitations. The kinetic characteristics of
phonons as functions of the solid solution composition are measured. The relation between the kinetic and
thermophysical characteristics of the material in the solid solutions of rare-earth aluminum garnets is ana-
lyzed under conditions of a nonstationary process and the spatial inhomogeneity caused by the coordinate
dependence of the state of low-energy excitations. The thermalization conditions in the nonequilibrium pho-
non–low-energy excitation system are estimated.
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1. INTRODUCTION
Rare-earth aluminum garnets (REAGs) are among

the widely used laser magnetization reversal. They
combine the spectral-generation properties of triva-
lent rare-earth ions with a high mechanical strength,
chemical resistance, and optical transparence over a
wide spectral region [1, 2].

Apart from the optical properties, isomorphous
substitution in doping and the type of rare-earth ion
determine the thermal conductivity, the permittivity,
and the acoustic transparence of a material [3–5]. The
synthesis of microstructured polycrystalline REAG-
based ceramics, the physical properties of which are
not inferior to those of single crystals [6], makes it pos-
sible to create working elements for optical devices of
an arbitrary aperture. Interest in studying the magne-
tocaloric properties of REAGs is caused by their appli-
cation in low-temperature magnetic refrigerators [7].

The presence of paramagnetic rare-earth ions in
the crystal lattice of REAGs solid solutions can lead to
the formation of magnetically ordered phases at tem-
peratures [8], the appearance of nontrivial magnetic-
field-induced nontrivial states [9–11], and the
appearance of low-energy Schottky-type excitations
in the crystal lattice of REAG. These specific features
can determine the phonon transport and the thermo-
dynamic properties at liquid-helium temperatures. An
analysis of the results of independent experiments on
the phonon kinetics and low-temperature specific

heat c(T) allows one to study the nature of low-tem-
perature vibrational states in the range T < 4 K [12],
which is problematic for optical spectroscopy; there-
fore, these effects are poorly understood in most
REAGs.

Thus, the investigations of the phonon kinetics and
the thermodynamic properties of garnets with a partly
of fully substituted diamagnetic sublattice facilitate the
understanding of the optical, magnetic, and kinetic
properties of such substitutional solid solutions at liq-
uid-helium temperatures.

An analysis of the conditions of propagation of
short heat pulses at liquid-helium temperatures is a
separate poorly studied problem. This problem was
comprehensively considered in [13] as a result of com-
petition of the following two mechanisms: an intense
elastic (isotopic) interaction and an inelastic phonon–
phonon interaction caused by lattice anharmonicity.
The existence of low-energy excitations in the given
temperature range substantially complicates phonon
transport and brings about spatial inhomogeneity,
which is related to the coordinate dependence of the
state of low-energy excitations.

The purpose of this work is to study the nature of
low-energy excitations and their influence on the
transport characteristics of phonons and the specific
heat of rare-earth garnets at liquid-helium tempera-
tures.
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2. EXPERIMENTAL
An analysis of the transport of thermal weakly non-

equilibrium phonons (WNPs) in the diffusion mode at
liquid-helium temperatures is a rather simple and
informative method to study materials with a complex
structure, including substitutional REAG solid solu-
tions [14]. The technique used here is a developed
“heat” pulse method [15]. It is characterized by the
fact that the excess of phonon injector temperature Th
over thermostat temperature T0 is such that ΔT = Th –
T0 ≪ T0 upon heating by a short current pulse (t <
100 ns). In other words, phonons are weakly non-
equilibrium and a sample has the thermostat tempera-
ture. Using this approach, we can study the tempera-
ture dependences of phonon diffusion coefficient
D(T) by changing the thermostat temperature. The
lattice-anharmonicity-induced inelastic phonon–
phonon interactions are unlikely in relatively short
samples at liquid-helium temperatures (T0 < 4 K).
Therefore, the efficiency of WNP scattering under
these conditions is mainly determined by elastic scat-
tering by the “mass defect” related to the substitution
of rare-earth ions at the dodecahedral c lattice sites of
an REAG solid solution [14]. Time tm0 of the arrival of
the maximum WNP diffusion signal, which is unam-
biguously associated with the diffusion coefficient, is
measured in an experiment (“planar” geometry),

(1)
where D0 is the diffusion coefficient during inelastic

scattering of WNP (D0 = τ0(ω)/3),  is the polariza-
tion-averaged velocity of sound, and τ0(ω) is the time
of inelastic scattering of WNP.

Phonon–phonon processes can change the distri-
bution of WNPs by changing their effective diffusion
coefficient. Only decay processes can be effective in
three-phonon processes at a small number of injected
phonons [13]. Diffusion length lph during the phonon
lifetime with respect to the lattice-anharmonicity-
induced decay is [16]

(2)

where τph(ω) is the time of inelastic phonon–phonon
scattering with respect to spontaneous decay.

The theoretical estimation of τph(ω) [17], which is
based on the second- and third-order elastic constants
in YAG, for thermal-frequency phonons at liquid-
helium temperatures and the experimental data [18]
obtained at T = 4 K give τph(ω) = 10–3–10–2 s, which
is higher than the experimental times of detecting a
WNP signal (tm0) in samples of size L < 1 cm at the
power P = 0.01–0.03 W/mm2 released in a heater [19].

Therefore, in the presence of low-energy exci-
tations of various origins, their influence on the
kinetic characteristics of phonons in relatively short
samples can be detected in the absence of phonon–
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phonon interactions with allowance for only elastic
WNP scattering. Thus, this method can be informative
for studying two-level systems (TLSs), spin interac-
tions, and local vibrational states in the temperature
range T < 4 K [20, 21].

As was shown in [22], which was one of the first
theoretical works dealing with the phonon transport in
amorphous media in terms of the general soft potential
model (which also includes a TLS model in the limit-
ing case), the temperature dependences of the signal-
peak delay time and the diffusion coefficient are
tm(T) ∝ T–n and D(T) ∝ T–n (n > 4), respectively, under
the experimental conditions described above in the
temperature range preceding the thermal conductivity
plateau, and these dependences were observed in
glasses of various compositions [21]. A “hot” spot was
shown to form in fused silica at the contact with an
injector [21]. According to the estimate from review
[23], the spot size along WNP propagation is 100 μm
at T = 4 K. However, we [20] did support this finding
when analyzing the transport characteristics of WNP
in a strongly imperfect yttrium-stabilized zirconia sin-
gle crystal with TLS, which were caused by the pres-
ence of vacancies in the anion sublattice. The broad
boson peak in the temperature dependence c/T3 was
shifted toward high temperatures, which is typical of
single crystals. Therefore, we concluded that the
assumption about glassy nature of the detected kinetic
characteristics was not confirmed in single crystals.

The existence of low-energy states at the same tem-
peratures manifests itself in specific heat. To theoreti-
cally describe the experimental temperature depen-
dences of the specific heat c(T) of the materials under
study, we have to take into account the contribution of
magnetic centers to specific heat, which is usually cal-
culated in a TLS model, along with the traditional lat-
tice contributions (Debye contribution, Einstein
modes). In this case, an analysis of the temperature
dependences of the kinetic characteristics of phonons
in combination with the measurement of the tempera-
ture dependences of specific heat makes it possible to
study the relation between the kinetic and thermo-
physical characteristics of REAG solid solutions [12].
In addition, the propagation of a short heat pulse is a
fundamentally nonstationary process. Therefore, we
can analyze the influence of the spatial inhomogeneity
related to the coordinate dependence of the state of
low-energy TLSs on the transport characteristics of
WNP when equilibrium (thermalization) is reached in
the WNP–TLS system.

3. RESULTS AND DISCUSSION

We studied the temperature dependences of spe-
cific heat c(T) and the transport characteristics of
phonons in Er-containing single crystals of the solid
solutions Y3 – xErxAl5O12 (x = 0.2, 0.6, 1.1, 3),
ErxTm3 ‒ xAl5O12 (x = 0, 1, 2, 3), and Er2HoAl5O12.
D THEORETICAL PHYSICS  Vol. 127  No. 4  2018
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Fig. 1. (Color online) Experimental (solid curve) and cal-
culated (dashed curve) temperature dependences of the
specific heat of Y1.9Er1.1Al5O12. 
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Our preliminary investigations [12] showed a signifi-
cant effect of low-energy excitations on the c(T) tem-
perature dependences and an anomalous character of
the temperature dependences of the transport charac-
teristics of phonons.

The energy of the lowest level of the 4I15/2 multiplet
in YAG:Er3+ is known to be 30–40 K at various Er
concentrations, which is much higher than the ther-
mal-frequency phonon energy at liquid-helium tem-
peratures. However, the Kramers character of the Er3+

ion implies the possibility of removing the degeneracy
of the ground state in a zero applied magnetic field due
to the interaction of the magnetic moments of neigh-
boring Er3+ ions [7, 12]. Along with Ho3+, this charac-
ter determines an anomalous character the phonon
transport in the Er2HoAl5O12 single crystal at T < 4 K.

The c(T) temperature dependences in single crys-
tals of the Y3 – xErxAl5O12 (x = 0.6, 1.1, 3) solid solu-
tions in the temperature range 1.9–220 K were mea-
sured in [24]. The excitation energies were determined
by standard fitting with allowance for The Debye con-
tribution and Einstein modes.

As is seen in Fig. 1, the c(T) dependence in the
YAG:Er (x = 1.1) sample in the temperature range T <
4 K is satisfactorily described by the energy of the low-
est Stark level (Δ1 = 34 K) and the existence of low-
energy TLS (Δ = 1.3 K).

Table 1 gives the results of estimating the splitting
energy of the ground state in Er-containing REAG
solid solutions from [24]. As the Er concentration
increases, Δ increases to Δ = 1.3 K at a solid solution
concentration of about 33% and then decreases to
about 1 K.

Figure 2 shows the WNP pulses S(t) detected in
Y2.8Lu0.2Al5O12, Y2.8Er0.2Al5O12, and Y1.5Er1.5Al5O12
samples by a bolometer in the diffusion mode at vari-
ous thermostat temperatures. The first two samples
had the same geometry and length (L = 0.68 cm).

In the absence of a phonon–phonon interaction in
the YAG:Lu0.2 sample, the signal position and shape
in Fig. 2a give information only on elastic phonon
scattering, which is caused by the difference between
the masses of the Y3+ ion and the nonmagnetic rare-
earth Lu3+ ion.

The increase in the time of detecting the signal
maximum in the sample where Er3+ substitutes for
Lu3+ at the same degree of doping (Fig. 2b), the signif-
icant increase in the signal delay, and the change in the
sign of derivative dtm/dT at a higher Er3+ concentration
JOURNAL OF EXPERIMENTAL AND THEORETICAL PH

Table 1

Y2.4Er0.6Al5O12 Y1.9Er1.1Al5O12 Er3A

Δ, K 0.6 1.3 1
in a sample (Fig. 2c) are associated with the low-
energy excitations described above, which determine
the c(T) dependence in the temperature range under
study.

When analyzing the phonon propagation in a
medium with low-energy excitations by the TLS
model, we can relate the long signal delay times in
Figs. 2b and 2c as compared to the case in Fig. 2a to
the sequence of phonon trapping and reemission by a
TLS that is caused by the Kramers nature of the Er3+

ion during intense elastic (Rayleigh) thermal-fre-
quency phonon scattering because of the difference
between the masses of the Y3+ and Re3+ ions at the c
lattice sites in the garnet.

The fact that the times of the maximum and the
signal shapes in Figs. 2a and 2b coincide can be used
to determine the mean free path and time of phonons
with respect to scattering (trapping) by TLS in the
Y2.8Lu0.2Al5O12 sample at a given temperature using
the following expression from the general diffusion
theory (which is analogous to Eq. (2)):

(3)

where lR and τR are the mean free path of WNP and the
time with respect to phonon trapping by TLS, respec-

= τ ≥0 ,R Rl D L
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Fig. 2. WNP propagation in samples: (a) Y2.8Lu0.2Al5O12
at T = 3.83, 3.43, 2.91, 2.53, and 2.3 (from top to bottom);
(inset) temperature dependences of the time of (×) signal
maximum in Y2.8Lu0.2Al5O12 and first maximum in
(○) Y2.8Er0.2Al5O12 (L = 0.68 cm); (b) Y2.8Er0.2Al5O12 at
T = 3.77, 3.38, 3.12, 2.91, 2.54, and 2.2 K (from top to bot-
tom); (c) Y1.5Er1.5Al5O12 (L = 0.60 cm) at T = 3.87, 3.5,
2.95, 2.57, and 2.24 K (from top to bottom). 
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tively, and L = 0.68 cm is the sample length. D0 can be
found using Eq. (1) accurate to the geometric factor
from the time of arrival of the signal maximum in the
Y2.8Lu0.2Al5O12 sample at T = 2.91 K (D0 = 104 cm2/s);
here, we have τR ~ 10–5 s.
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Thus, the presence of the Er3+ ion in YAG leads to
the formation of low-energy TLSs, which retard the
transport of thermal-frequency phonons at liquid-
helium temperatures.

We now consider the temperature dependences
tm(T) in samples of various lengths in the WNP prop-
agation direction for the composition Y3 – xErxAl5O12
(x = 1.1); they reflect the state of the WNP–TLS sys-
tem. As follows from Figs. 2b and 2c, the signal shape
and the signal propagation time strongly depend on
the existence of the paramagnetic Er3+ ion in the sys-
tem. This phenomenon was theoretically explained in
[25], where one-dimensional heat pulse propagation
was considered in a system with inelastic phonon scat-
tering centers (trapping centers) using the TLS model.
In the general case, the following two WNP fluxes
were shown to appear: a fast f lux formed by the pho-
nons that had no time to interact with trapping centers
(according to Eq. (1), the f lux propagation time is
determined by diffusion coefficient D0, which depends
only on the elastic phonon scattering by defects), and
a slow flux, the phonons of which were trapped and
reemitted by TLS during propagation. The slow flux
propagation time is tm = L2/2D, where D is the effec-
tive diffusion coefficient of WNPs.

The contribution of each flux to the total f lux is
determined by the ratio of the pulse propagation time
in the absence of trapping centers (tm0) and the pho-
non–TLS interaction time (τR). At k = tm0/τR ≪ 1
(weak or absent interaction), the position of the signal
peak only give information on elastic phonon scatter-
ing (see Fig. 2a). In the reverse situation (k ≫ 1),
WNP propagation is retarded for most phonons
(interaction with TLS), and the time of arrival of a sig-
nal peak at a bolometer is determined by slow pro-
cesses (Fig. 2c). If k is about unity, the bolometer can
detect two peaks, which can be resolved at D ≪ D0 (see
Fig. 2b). At low temperatures, such a situation can
appear in the presence of TLSs energy parameter Δ of
which falls in the temperature (energy) range of
WNPs.

According to Eq. (1), tm0 from the expression for k
depends on the sample length in the heat pulse propa-
gation direction, which was regularly changed under
experimental conditions. Figure 3, which was plotted
using the data from [14], illustrates the dependence of
tm0 on concentration x and type of doping impurity
Re3+ in Y3 – xRexAl5O12 samples of various lengths over
the entire x range at T = 3.4 K.

As was shown in [25], the tm(T) temperature depen-
dence at k ≫ 1 is related to the specific heat of the sys-
tem (c = cph + Nctls) by the expression

(4)
⎛ ⎞

= + ∝⎜ ⎟
⎝ ⎠

tls 0 tls
0

ph ph

( )( , ) ( ) 1 ,m
m m

Nc t T Nct N T t T
c c
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Fig. 3. (Color online) Characteristic tm0 of elastic
(Rayleigh) WNP scattering normalized by the length
squared vs. the concentration and type of doping impurity
Re3+ in Y3 – xRexAl5O12 samples at a thermostat tempera-
ture T = 3.4 K (Re is a rare-earth element): Re = (△) Yb,
(□) Dy, (○) Er, (◇) Tb, (▽) Lu, (+) Tm, and (×) Ho. 
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Fig. 4. (Color online) Temperature dependences of the
time of arrival of the WNP signal maximum at a bolometer
in ErY2Al5O12 samples of various lengths. 
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where ctls(T) and N are the specific heat and the num-
ber of TLSs, respectively; cph is the specific heat of
phonons, and the last approximate equality is valid
when the condition Nctls ≫ cph is met. Equation (4)
reflects the relation between the independent experi-
ments on determining tm(T) and c(T). Here, we have
tm(T) > tm0.

Figure 4 depicts the temperature dependences of
the time of arrival of a WNP signal peak at the bolom-
eter for Er1Y2Al5O12 samples of various lengths. Here,
slow processes are predominant, which is indicated by
the sign of the derivative and an anomalous (not diffu-
sional tm0 ∝ L2) dependence of the time of arrival of a
signal peak on the sample length (tm ∝ L). This length
dependence directly follows from Eq. (4), since the
number of TLSs is the same for all samples: N = SLntls,
where S = 1 cm2 is the sample area and ntls is the num-
ber of TLSs per unit volume.

Figure 5 shows tm(T)/L measured for three samples,
and these data are seen to be near curve 1. Curve 2 is the
tm(T) dependence for a sample 0.065 cm long, in
which the TLS trapping length is comparable with the
sample length.

The possibility of equals sign in the relation
between the left-hand (kinetic) and the right-hand
(thermodynamic) sides of Eq. (5), which was derived
from Eq. (4) at ntlsctls ≫ cph,

(5)≈ tls tls

0 ph

( ) ,m

m

t T n c
Lt c
JOURNAL OF EXPERIMENTAL AND THEORETICAL PH
makes it possible to determine the sample length and
time tm(T) at which thermalization is possible in the
WNP–TLS system. The estimation was performed as
follows: the values of c(T) were taken from the specific
heat data and the calculated Debye temperature for
Y3 – xRexAl5O12 (x = 1.1), and TD = 731 K was taken
from [7]. As follows from [26], TD for rare-earth gar-
nets is the same (molar masses are almost the same).
Table 2 gives tm0(L, T), tm(L, T), ntlsctls, and cph for
three temperatures from the range under study for
each sample.

The calculation of the ratio of the left-hand side to
the right-hand side of Eq. (5) at each temperature for
samples of length L = 0.12, 0.25, and 0.5 cm demon-
strates that this ratio is close to unity only for a suffi-
ciently long sample (L > 0.25 cm) at a delay tempera-
ture tm(T, L) ≥ 10–3 s. The thermalization conditions
are improved when the thermostat temperature
increases. This result does not contradict the estimates
from [27], where the possibility of thermalization was
discussed for the phonon–TLS system due to effective
TLS anharmonicity in the absence of a phonon–pho-
non interaction.
YSICS  Vol. 127  No. 4  2018
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Fig. 5. (Color online) (1) Experimental results of measur-
ing tm(T)/L for three samples and (2) dependence tm(T) for
a sample 0.065 cm long. 
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Fig. 6. (Color online) c(T) dependences in the following
REAG samples: (1) Y1.5Ho1.5Al5O12, (2) Er2HoAl5O12,
(3) Er3Al5O12, (4) Y2ErAl5O12, (5) Er2TmAl5O12, (6)
ErTm2Al5O12, and (7) Tm3Al5O12. Calculated cph(T)
dependence for (dot-and-dash line) Y2Er1Al5O12 and
(dashed line) Er3Al5O12. 
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Figure 7 shows the time dependences of a WNP
signal at various thermostat temperatures in mixed
REAG samples, namely, Er2TmAl5O12 (L = 3.9 mm)
and ErTm2Al5O12 (L = 3.9 mm). All REAG samples
are characterized by a large molecular mass, a very
small mass defect at substitution sites, and (hence) a
JOURNAL OF EXPERIMENTAL AN

Table 2

L, cm T = 2

0.012 tm, s 2 ×
tm0, s 1.44 ×

0.25 tm, s 4 ×
tm0, s 6.25 ×

0.5 tm, s 8 ×
tm0, s 2.5 ×

ntlsctls, μJ/(mg K) 6 ×
cph, μJ/(mg K) 6 ×
negligibly small difference in WNP elastic scattering.
Therefore, the specific features of scattering in the
samples in the temperature range under study are
mainly caused by the existence of low-energy TLSs.

The quasi-ballistic character of WNP propagation
in short samples (insets to Figs. 7a, 7b) allows us to
estimate the free path length and the time with respect
to TLS trapping by Eq. (3). For almost all mixed
D THEORETICAL PHYSICS  Vol. 127  No. 4  2018

.4 K T = 3.0 K T = 2.4 K

 10–4 2.1 × 10–4 4 × 10–4

 10–6 8.6 × 10–7 3.6 × 10–7

 10–4 5 × 10–4 8 × 10–4

 10–6 3.75 × 10–6 1.56 × 10–6

 10–4 9 × 10–4 1.65 × 10–3

 10–5 1.5 × 10–5 6.2 × 10–6

 10–1 6.5 × 10–1 1

 10–3 4 × 10–3 2 × 10–4
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Fig. 7. Temperature dependences of the time of arrival of
the WNP signal maximum: (a) Er2TmAl5O12 (L =
3.9 mm), (b) ErTm2Al5O12 (L = 3.9 mm), and (c)
Er2HoAl5O12 (L = 0.42 mm). T = 3.88, 3.63, 3.41, 3.16,
2.90, and 2.51 K (from top to bottom). (insets) Signals of
these samples at a smaller length (L = 1.2 mm). 
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Fig. 8. Experimental tm(T) dependences in samples
ErTm2Al5O12, Er2TmAl5O12, Er3Al5O12, Er2HoAl5O12,
and Y1.5Ho1.5Al5O12 from [12]. 
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REAGs, we have D0 ≈ 104 cm2/s at T = 3 K. The esti-
mation at T = 3 K demonstrates that τR ≥ 10–6 s for
Er2TmAl5O12, which does not contradict the data
obtained for the Y2.8Er0.2Al5O12 sample on the assump-
tion that τR ∝ 1/N. (According to [27], the TLS
reemission time at T = 3 K is 10–7 s.)
JOURNAL OF EXPERIMENTAL AND THEORETICAL PH
The intense WNP scattering in the short
Er2HoAl5O12 sample is related to the presence of addi-
tional low-energy levels of the Ho3+ ion (Δ = 5.8 K),
which are caused by a decrease in the symmetry of the
local crystal field (Fig. 7c) [8]. At T = 3 K, we have
τR ≥ 10–8 s.

Figure 8 shows the experimental tm(T) dependences
of the ErTm2Al5O12, Er2TmAl5O12, Er3Al5O12, and
Er2HoAl5O12 samples. The ratio of the left-hand side to
the right-hand side of Eq. (5) is close to unity, when
thermalization can occur in the WNP–TLS system,
only in the Y1.5Ho1.5Al5O12, Er3Al5O12, and Er2TmAl5O12
samples.

Thus, we studied the WNP transport in REAG at
liquid-helium temperatures in the presence of low-
energy excitations and estimated the characteristic
phonon lifetimes upon scattering by TLS. We also
determined thermalization conditions in the WNP–
TLS system in the absence of a phonon–phonon
interaction under conditions of a nonstationary pro-
cess and the spatial inhomogeneity caused by the
coordinate dependence of the state of TLS.

The temperature dependences of the specific heat
c(T) of Er-containing REAG samples were analyzed
on a PPMS-9 + Ever-Cool-II (Quantum Design)
device with an embedded option. The measurements
YSICS  Vol. 127  No. 4  2018



712 SALAMATOV et al.
were carried out in the temperature range 1.9–220 K.
Solid solution Y3 – xErxAl5O12 (x = 0.2, 0.6, 1.1, 3) sin-
gle crystals were grown from a melt by horizontal
directional solidification in a molybdenum container.
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