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Abstract—A high-voltage gas discharge is of interest as a possible means of generating directed f lows of low-
temperature plasma in the off-electrode space distinguished by its original features [1–4]. We propose a
model for calculating the trajectories of charges particles in a high-voltage gas discharge in nitrogen at a pres-
sure of 0.15 Torr existing in a nonuniform electrostatic field and the strength of this field. Based on the results
of our calculations, we supplement and refine the extensive experimental data concerning the investigation of
such a discharge published in [1, 2, 5–8]; good agreement between the theory and experiment has been
achieved. The discharge burning is initiated and maintained through bulk electron-impact ionization and
ion–electron emission. We have determined the sizes of the cathode surface regions responsible for these pro-
cesses, including the sizes of the axial zone involved in the discharge generation. The main effect determining
the kinetics of charged particles consists in a sharp decrease in the strength of the field under consideration
outside the interelectrode space, which allows a free motion of charges with specific energies and trajectories
to be generated in it. The simulation results confirm that complex electrode systems that allow directed
plasma f lows to be generated at a discharge current of hundreds or thousands of milliamperes and a voltage
on the electrodes of 0.3–1 kV can be implemented in practice [3, 9, 10].

DOI: 10.1134/S106377611613015X

1. INTRODUCTION

Investigating the kinetics of charged particles in gas
discharges is of both fundamental and considerable
practical interest in connection with their wide appli-
cation for the generation of a low-temperature plasma
used in various fields of science and engineering [11–
19]. A low-temperature plasma is produced by gas dis-
charges in the interelectrode space in a number of
technological processes. In this case, the electrodes
can be inside [20–22] or outside [15, 20, 23] the vac-
uum chamber containing a reactor. The authors of [1–
4, 9, 10] proposed a new approach to the generation of
a low-temperature plasma in the off-electrode space
by a high-voltage discharge and substantiated the
advantages of the off-electrode plasma over the low-
temperature plasma generated by present-day techno-
logical processes.

These advantages are determined by the initiation
and self-sustenance of a high-voltage gas discharge
and the plasma flows generated by it on the straight
segments of the field lines of a nonuniform electro-
static field [1, 2]. In [2] it was shown in that the pres-
ence of two oppositely directed f lows of positively and
negatively charged particles in the plasma generated by
such a discharge provides a basis for its initiation and
self-sustenance, while a model for the distribution of a

nonuniform electrostatic field in the corresponding
electrode system is presented in [4].

Therefore, gaining new knowledge about the
behavior of charged particles in a high-voltage gas dis-
charge existing in a nonuniform electrostatic field
based on the available simulation results is of consid-
erable interest.

The goal of this paper is to construct a model for
calculating the trajectories of electrons, positive ions,
and their energies by taking into account the collisions
of these particles with gas molecules in a nonuniform
electrostatic field and the strength of this field pro-
duced by the electrode system generating a high-volt-
age gas discharge.

This will allow the available theoretical knowledge
about the processes in gas discharges existing in non-
uniform electric fields to be expanded.

2. DESCRIPTION OF THE MODEL
The model of the electrostatic field produced by

the system of electrodes generating a high-voltage gas
discharge whose scheme is presented in Fig. 1 includes
the equation [4]

(1)ξπ= + = + ξ2 tanh .
2

hz x iy C
V V

STATISTICAL, NONLINEAR, 
AND SOFT MATTER PHYSICS



JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS  Vol. 124  No. 1  2017

KINETICS OF CHARGED PARTICLES IN A HIGH-VOLTAGE GAS DISCHARGE 165

Hence, by separating it into the real and imaginary
parts, we obtain a system of parametric equations that
allows the coordinates of the distribution of field and
equipotential lines to be determined:

(2)

Here, C is a constant coefficient dependent on the
interelectrode spacing h and the radius D of the circu-
lar anode orifice, ξ = u(x, y) + iv(x, y) is the complex
potential of the electrostatic field in region z, and V is
the voltage on the electrodes. We derived Eqs. (1) and
(2) for the electrode system under consideration by the
conformal mapping method based on the solution of
the Schwarz–Christoffel integral. Such a configura-
tion of electrodes and the discharge generated by it
were considered in detail in [2–4].

In this paper Eqs. (1) and (2) are used to calculate
the trajectories of electrons and positive ions in a high-
voltage gas discharge existing in a nonuniform electro-
static field in the gas under consideration (nitrogen)
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and their energies by taking into account the collisions
of these particles with gas molecules. In addition, such
a calculation requires knowing the field strength dis-
tribution.

The electrostatic field strength is determined from
the formula [24]

(3)

Substituting Eq. (1) into (3) leads to an expression
that allows the strength of the field under consider-
ation at any point to be calculated from the known val-
ues of the functions u(x, y) and v(x, y):

(4)

When considering the trajectory of an electron in
the above nonuniform electrostatic field, it is appro-
priate to divide it into separate segments with a step Δy
on which the field will be assumed to be uniform. The
coordinates of the initial point of the first segment are
then (xe0, ye0), while the coordinates of the final points
of such segments are represented as (xen, nΔy), where n
is the ordinal number of the electron trajectory seg-
ment. The horizontal and vertical components of the
initial and final electron velocities as well as the elec-
trostatic field strength are represented on each seg-
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Fig. 1. (a) Scheme of the electrode system generating a high-voltage gas discharge and (b) the distribution of field and equipoten-
tial lines in such a system obtained using the system of equations (2) at h = 1.2 mm, D = 0.9 mm, and V = 1200 V.

h

2D
V

0

AnodeAnode

Cathode

Anode

0.99 V

0.98 V

0.975 V

0.96 V

0.90 V

0.60 V

0.30 V

0.10 V

−15 −10 −5 0 5 10 15 20−20

2

4

6

8

10

12

14

16

18

20

0

x, mm

y, mm

Anode

(a)

(b)



166

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS  Vol. 124  No. 1  2017

KOLPAKOV et al.

ment in a similar way: Uex(n – 1), Uey(n – 1), Uexn, Ueyn, and

Ex(n – 1), Ey(n – 1), respectively. We will assume that the

motion of the electron begins from the point of its
escape from the cathode surface with coordinates
(xe0, ye0), which can be determined using the system of

equations (2) by taking into account the fact that the
cathode has zero potential and, consequently, v = 0:

(5)

Let the electron begin its motion with zero initial
velocity (Uex0 = 0 and Uey0 = 0) along the straight seg-

ment of a field line, i.e., in a direction perpendicular to
the cathode surface (see Fig. 1b), which allows the
coordinates x of the initial and final points of the first
segment to be considered identical (xe0 = xe1). In this

case, the electron is acted upon only by the imaginary
component of the field strength determined from
Eq. (4) provided that v = 0 and u = const.

Using the elementary formulas of classical physics
concerning the calculation of the coordinates, veloc-
ity, and force acting on a charged particle in an elec-
trostatic field and taking into account the above
assumptions, we will write the expressions to deter-
mine the coordinates xen and velocities of the electron

at the end of each segment of its trajectory in a general
form:

(6)

(7)

(8)

The corresponding values of un and vn are found by

substituting the coordinates xen and nΔy into

system (2). The field strength on the segment with the
coordinates of its initial and final points (xen, nΔy) and

(xe(n + 1), (n +1)Δy) is calculated from Eq. (4) using

these values. The calculations using Eqs. (2), (4), and
(6)–(8) are performed each time until the length of the
path traversed by the electron le becomes equal to the

its mean free path λe dependent on the electron

energy εe. On the whole, the iterations are continued

until this condition holds. The energy of the electron
on the traversed path is determined by the potential
difference traversed by it. The equality le = λe then

specifies the coordinates of the point of interaction
between the electron and a nitrogen molecule. The
molecule is ionized by the electron if εe ≥ I (where I is

the ionization energy of the nitrogen molecule, 15.6 eV
[25]). Otherwise, an elastic interaction between these
particles occurs. Analysis of the distribution of equi-
potential lines (see Fig. 1b) constructed using
system (2) confirms the capability of the electron at
the instant it exists from the anode orifice to ionize the

N2 molecule, because it has an energy greater than

790 eV (at voltage V = 1200 V on the electrodes),
which exceeds I by an order of magnitude. Hence,
when estimating the first electron mean free path, it is
appropriate to use the ionization cross section σi in the

calculations [25]. An electron in a strong field loses
almost all of its energy due to its inelastic interaction
[25]. Therefore, after each such collision it is neces-
sary to check the condition eΔV ≥ I, where ΔV =
V ‒ Vn is the potential difference accelerating this

electron, and Vn is the field potential at the point of

interaction [1]. If this condition is met, then λe is cal-

culated in the order described previously; otherwise,
the transport cross section for elastic interaction σtr

should be used instead of σtr [26]. In that case, at le =
λe the electron energy losses through the correspond-

ing collision are determined [27].

An inelastic collision of an electron with a nitrogen
molecule gives rise to an additional electron and a pos-
itive ion. The trajectory of the newly formed electron
is calculated according to the previously presented
algorithm. In this case, the motion of such an electron
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begins from the point at which the ionization of a
residual-gas molecule with an initial velocity Ue =

(2(εe – I)/me)
1/2 occurred and whose vector is aligned

with the velocity vector of the electron that produced
this ionization. In turn, a positive ion with an energy

 = 3kT/2 [27] begins to move along a field line
toward the cathode, experiencing elastic collisions
with residual-gas molecules and being scattered by
them through a certain angle in each collision.
According to [27, 28], the scattering angle of an ion
after each collision with neutral particles is fairly diffi-
cult to estimate due to the dependence of this process
on the impact parameter inaccessible to experimental
determination. To simplify the problem, we assume
that after the mth interaction the ion continues its
motion along the same field line and reduce its multi-
ple scatterings to its scattering as a result of the last col-
lision preceding the ion–cathode collision. The coor-
dinates of the points of such collisions are determined
from the equality of the path li traversed by the positive

ion and its mean free path λi dependent on the trans-

port cross section for inelastic interaction σtr( ),

which was calculated from the formulas [26]

(9)

(10)

where a0 = 0.529 × 10–8 cm is the Bohr radius, α is the

polarizability of gas atoms and molecules in the
ground state, IH = 13.6 eV is the ionization potential of

the hydrogen atom,  is the energy of the relative
motion of the ion and molecule, and εim is the ion

energy before each collision. Under the influence of a
nonuniform electrostatic field generated by the elec-
trode system (see Fig. 1), the ion moves along a field
line, gaining an energy determined by the potential
difference ΔV' traversed by it on its mean free path.
Consequently, before each collision the ion will have
an energy

(11)

The energy of the ion after each collision, given the
losses Δεim that it experiences in elastic collisions, is

then

(12)

where

Given the energy of the ion at the instant of its scat-

tering, we can determine its velocity Ui0 = (2 /mi)
1/2

using the formula for kinetic energy. This allows the
components Uix0 and Uiy0 of Ui0 to be found at a spe-
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cific scattering angle ϕ by determining the argument of
the complex field strength arg(E) at the collision
point:

(13)

(14)

The values of the components Uix0 and Uiy0 are the ini-

tial ones for the subsequent calculation of the positive
ion trajectory, which, as with the calculation of the
electron trajectory, is divided into separate segments
but now with a step Δx on which the field strength is
assumed to be constant. This procedure is necessary,
because the scattering of an ion through a certain angle
suggests a deviation of its trajectory from the field line.
The subsequent sequence of steps in calculating the
ion trajectory is analogous to the sequence of steps for
calculating the electron trajectory. Given the coordi-
nates of the distribution of field lines, including the
field line along which the ion under consideration
moves, and the potential difference traversed by it
from its formation to the scattering point with coordi-
nates (xi0, yi0), we will calculate the field strength on

the jth segment of the trajectory using Eq. (4). Thus,
we will write the expressions to determine the coordi-
nates yij and velocities of the ion at the end of the jth
segment of its trajectory in a general form:
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using these formulas is performed until the argument
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‒π/2, because the direction of the vector Uix changes

in this case and the ion is deflected from its previous
direction under the electrostatic field. The subsequent
calculation of the ion trajectory at Δx < 0 is performed
until the arguments of Uij and Ej are equal, which will

suggests that the positive ion passed to a new field line.
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By substituting the coordinates xi(j – 1) + Δx, yij into

system (2), we find the corresponding values of uj and

vj using which the field strength on the segment

bounded by the points with coordinates (xi(j – 1) +

Δx, yij) and (xij + Δx, yi(j + 1)) is calculated from Eq. (4).

The calculations are performed using Eqs. (2), (4),
and (9)–(17) until the ion collides with the cathode by
taking into account the elastic losses of the ion
through its collisions with residual-gas molecules exe-
cuted when the condition li = λi is met. If the energy

εim with which the ion bombards the cathode is greater

than the threshold one, i.e., εim > γεb (where εb is the

sublimation energy of the cathode material atoms,
which, for example, is 3.26 eV for aluminum [29]),
then the sputtering of cathode material atoms begins
[25] followed by the formation of etch pits on its sur-
face [2].

3. RESULTS OF OUR CALCULATIONS

The calculations were performed at gas pressure
p = 0.15 torr, temperature T = 293 K, voltage V =
1200 V on the electrodes, and constant C = 0.12 mm
corresponding to the interelectrode spacing h =
1.2 mm and the anode orifice radius D = 0.9 mm [4].
The values of Δx and Δy were specified to be 0.5 mm.
The full size of the computational domain was speci-
fied up to 20 mm along the x axis and up to 200 mm
along the y axis. The number density of charged parti-

cles was taken to be ne ≈ 3 × 109 cm–3 [1]; therefore,

according to [30], the influence of the electric field
produced by such particles on their trajectories may be
disregarded in the calculations. As a result, using the
model described above, we constructed the trajecto-
ries of electrons and positive ions in a high-voltage gas
discharge in nitrogen existing in a nonuniform elec-
trostatic field and the dependence of the field strength
on the distance measured from the cathode surface in
the direction of discharge propagation (along the y
axis) (see Fig. 2).

Figure 2 presents the calculated dependence E =
f(y), from which it can be seen that the field strength E
decreases sharply outside the electrodes (y > 1.2 mm)
in the direction of discharge propagation from

400 V mm–1 in the anode orifice region to 1 V mm–1 at
a distance of 13.5 mm from the anode. The strong
nonuniform electrostatic field in the interelectrode

space (0 < y < 1.2 mm) reaches 400–760 V mm–1. The
high field gradients accelerate the charged particles in
the interelectrode space to significant velocities and
generate a directed free motion of charges in the off-
electrode space, determining their energy and trajec-
tory. Our calculations confirm the corresponding qual-
itative estimates presented in several papers [1, 2, 5].

Analysis of the electron trajectories presented in
Fig. 3a on an enlarged scale shows that leaving the
cathode surface under the above electrostatic field

gradient, the electrons begin their motion in the inte-

relectrode space along the straight segments of field

lines. In this case, the length of the straight segments

L increases in the direction from the anode orifice

edge to the symmetry axis of the electrode system and

changes parabolically in the range from 0.025 to

200 mm, respectively. Having a relatively small mass,

the electrons acquire significant velocities (2.2 ×

107 m s–1) on their first mean free path λe1. Note that

λe1 for the electrons moving along the above trajecto-

ries is approximately the same, 14.25 mm. Because of

inertia, the electrons tend to move in a straight line,

which is why their trajectories do not coincide with the

direction of propagation of the field lines when the lat-

ter deviate from rectilinearity. It follows from Fig. 3a

and the corresponding results of our calculations that

a maximum density of straight segments of field lines

with a relatively large length is observed in region R of

the symmetry axis of the electrode system with diam-

eter dR = 100 μm. It is in this region that the electron

and ion trajectories coincide on lengths L comparable

to or exceeding the sizes of the interelectrode space.

Consequently, moving along the straight segments,

most of the ions produced on such field lines reach the

cathode at the point of electron escape, which is a nec-

essary condition for the initiation and self-sustenance

of a high-voltage gas discharge [5]. According to our

calculations, at voltage V = 1200 eV on the electrodes

the energy of the ions with which they bombard the

cathode surface is ~1162.8 eV, a value sufficient for

intense sputtering of its material and the emergence of

ion–electron emission through which the discharge

under consideration is maintained. The electrons

leaving the cathode surface under the field gradient

move along the trajectories presented in Fig. 3, gain-

Fig. 2. Electrostatic field strength versus coordinate y
along the anode orifice axis.
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ing an energy of ~1186.7 eV on the their first mean free

path sufficient for the ionization of residual-gas mole-

cules and the production of positive ions. The diame-

ter of this cathode region is 1.66 mm at an anode ori-

fice diameter of 1.8 mm, which determines the bulk

electron-impact ionization boundaries. The electrons

produced by ionization begin to move with velocities

whose vectors are aligned with the velocity vectors of

the electrons producing this ionization (see Fig. 3b),

in good agreement with the conclusions reached in

[27]. The bulk electron-impact ionization events

occur along such trajectories provided that the elec-

tron energy is greater than or equal to the ionization

energy. In turn, the electrons that lost almost all of
their energy through their inelastic interaction subse-
quently experience elastic collisions and are not
involved in the residual-gas ionization; therefore, their
trajectories are not considered. Nevertheless, the pro-
posed model allows the trajectories of such electrons
to be calculated.

According to our calculations, the ion produced by
the electron that left the cathode surface at x =
0.83 mm moves along a field line corresponding to the
axial zone of the cathode surface toward the cathode
(see Fig. 4, segment a) and experiences up to 13 colli-
sions with nitrogen molecules before interacting with
it. Thereafter, in accordance with the assumptions
made when constructing the model, such an ion,
because of its elastic collision with a molecule, is scat-
tered through some angle ϕ and continues its motion
along a trajectory different from the initial one, chang-
ing its direction (see Fig. 4, segment b). Acting on the
ion, the force governed by the electrostatic field gener-
ated by the electrode system under consideration
changes its trajectory and returns the ion to a different
field line. In other words, the horizontal component of
the ion velocity vector Ui rotates clockwise. The

instant at which Uix becomes zero suggests that the ion

passes from segment b to segment c of the trajectory
(see Fig. 4). In turn, segment c passes into a field line
due to the influence of the field strength on the posi-
tive ion (see Fig. 4, segment d). The subsequent
motion of the ion along this field line leads to its colli-
sion with the cathode and, as a consequence, to ion–
electron emission. It should be noted that as the ion
approaches the electrodes, its mean free path increases
(see Fig. 4), suggesting an ion acceleration in this
space due to the action of a high field gradient (see
Fig. 2). This is typical of all the positive ions produced
by bulk electron-impact ionization. As the length of
the straight segment of a field line increases, the prob-
ability of scattering of the ions moving along this field
line by residual-gas molecules decreases, their energy
increases, and, consequently, the sputtering yield of
cathode material surface atoms increases. As a result
of such sputtering, an etch pit (zone Cemis) with a

diameter of 300 μm containing region R with diameter
dRexp ≈ 100 μm is formed on the cathode surface (see

Fig. 5) [2]. Its presence is explained by the concentra-
tion of field lines with the largest lengths of the straight
segments in it. The presented experimental data con-
firm that they are consistent with the results of our cal-
culations (dRexp ≈ dR). The profile of such an etch pit

(see Fig. 5b) corresponds to the previously described
patterns of change in L and ion energy. According to
the constructed model, a pit with a diameter of 300 μm
on the cathode surface is obtained when the ion is
scattered through an angle ϕ ≤ 30°. Consequently, the
cathode surface regions with diameters of 300 and
100 μm determine the electron–ion emission bound-
aries and the axial zone involved in the discharge gen-

Fig. 3. Images of the electron trajectories (solid curves)
and field lines (dashed curves) on an enlarged scale (a) and
in the original form (b) (the filled circles indicate the
points of ionization of the nitrogen molecule by the elec-
tron; the dashes indicate the boundary of the region where
the electron trajectories coincide with the straight seg-
ments of the field lines).
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eration. The results of our calculations are consistent
with the results of our study of the current–voltage
characteristic for the discharge under consideration.
Using these results, it was experimentally established
that the discharge is initiated and maintained through
bulk electron-impact ionization and ion-electron
emission at voltages on the electrodes V ≥ 1000 V [1].

Thus, the proposed model allows the behavior of
charges particles in a high-voltage gas discharge in a
nonuniform electrostatic field and the mechanisms for
the initiation and self-sustenance of such a discharge
to be explained qualitatively and quantitatively.

4. CONCLUSIONS

Using the developed model, for the first time we
have performed detailed calculations of the trajecto-
ries of electrons and positive ions in a high-voltage gas
discharge in nitrogen existing in a nonuniform elec-
trostatic field and the strength of this field, which con-
siderably supplement and refine the qualitative esti-
mates presented in [5]. According to the results of our
calculations, the field under consideration in the off-
electrode space reaches a strength that is several orders
of magnitude smaller than that between the electrodes

(104 V cm–1). This confirms the generation of a free
motion of charges with specific energies and trajecto-
ries outside the interelectrode space. Because of this,
based on their experimental studies, the authors of [1,
3] proposed a new approach to the generation of a low-
temperature plasma in the off-electrode space by the
above discharge.

The pattern of change in the lengths of the straight
segments of field lines from the anode orifice edge to
the symmetry axis of the electrode system (from 0.025
to 200 mm) was determined quantitatively at specified
parameters and pressure. This allowed the sizes of the

axial zone of the cathode surface involved in the dis-
charge generation, within which the trajectories of
electrons and positive ions coincide, to be refined
compared to [5]. Using the calculated trajectories of
charged particles, we determined the boundaries of
the bulk electron-impact ionization and ion-electron
emission through which the discharge burning is initi-
ated and maintained. We established that the positive
ions produced by bulk electron-impact ionization
move along field lines corresponding to the axial zone
of the cathode surface, gaining an energy sufficient for
its sputtering.

The developed model allows the following:

– to analyze the influence of parameters of the
electrode system generating a high-voltage gas dis-
charge on the kinetics of charged particles in such a
discharge;

– to refine the physical and mathematical models
for the interaction of these particles with the surface
presented in [1, 2, 6–8, 31, 32];

– to create a new class of gas-discharge devices
generating wide f lows of off-electrode plasma free
from the shortcomings typical of traditional methods

Fig. 4. Trajectories of positive ions (the cross indicates the
points of ionization of the nitrogen molecule by the elec-
tron; the filled circles indicate the points of elastic interac-
tion between the ion and nitrogen molecule).
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and devices for the generation of a low-temperature
plasma. Therefore, a logical continuation of our work
is the construction of an analogous model for an elec-
trode system consisting of a cathode and a grid anode
that allows the plasma flows noted above to be pro-
duced.

On the whole, our results are good agreement with
the results obtained previously in experiments to
investigate the peculiarities of a high-voltage gas dis-
charge [1, 5] and the off-electrode plasma generated
by it [1, 2], which can be of interest in nanotechnology
applications.
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