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Abstract—The spectral intensity of Raman scattering in quartz crystals has been calculated in a wide tempera-
ture range including the point of the α–β phase transition. It is established that a central peak is present in
the scattered radiation spectrum at different temperatures with allowance for the interaction between the fun-
damental soft mode and an additional low-frequency oscillator. The intensity and half-width of the central
peak are calculateed in a wide temperature range.
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INTRODUCTION
Raman spectra of quartz crystals have been studied

by many researchers (see, e.g., [1–3]). The tempera-
ture behavior of two lines of the A1 symmetry in the
Raman spectrum with frequencies of Ω = 207 and
466 cm–1 at room temperature (Ω = ω0 – ω'; ω0 and ω'
are the frequencies of excitation line and Raman scat-
tering, respectively) was investigated in [1]. The
Raman line at a frequency of 466 cm–1 was broadened
with an increase in temperature; however, its fre-
quency changed only slightly. This line remained in
the Raman spectrum above the phase-transition point
(Tc = 846 K). The line at 207 cm–1 was also signifi-
cantly broadened upon heating of crystal and did not
exhibit any frequency shifts. According to the well-
known soft-mode theory [4–6], the low-frequency
fundamental A1-type oscillation of a quartz crystal
(with a frequency of 207 cm–1 at room temperature)
should play the role of the soft mode responsible for
the phase transition in this crystal. As was established
in the experiments [7, 8], the frequency of this mode
does not tend to zero while approaching the phase-
transition point; therefore, this oscillation cannot be
considered as the classical soft mode. In this case, an
additional (non-fundamental) mode arising at room
temperature in the form of a weak band with a fre-
quency of 147 cm–1 serves as the soft mode. This mode
shifts significantly in frequency to the excitation line
with an increase in temperature [7, 8].

When studying the structural α–β phase transition
in quartz in a narrow temperature range, the effect of

sharp increase (by 3–4 orders of magnitude) in the
scattered light intensity (classified as the opalescence
effect, similar to that occurring near liquid–vapor
phase transitions) near the phase transition was previ-
ously found [9–11]. It was suggested in [12] that the
opalescence observed in [9–11] is related to the static
effect of formation of many twin domains near the
incommensurate phase transition in a narrow tem-
perature range (T – Tc ≈ 1.8 K) [13, 14]. The opales-
cence in quartz crystals can also be explained based on
the dynamic mechanism related to the increase in the
amplitude of the soft mode, the frequency of which
anomalously decreases at the phase-transition point,
and the corresponding increase in the Raman spec-
trum intensity. The sharp Raman peak near the phase-
transition point at Ω → 0 corresponds to the so-called
central peak.

Many researchers have been engaged in the prob-
lem of the central peak in Raman spectra for different
crystals [15–18]. It was previously suggested that the
central peak can be observed only in a narrow tem-
perature range near the phase-transition point. How-
ever, it has been recently stated that this peak may be
located far from the phase-transition temperature. For
example, for lithium niobate [16, 17] and lithium tan-
talate [18] crystals, the central peak in Raman spectra
was observed at temperatures much lower than the
phase-transition temperature (including room tem-
perature).

The purpose of this study was to theoretically ana-
lyze the Raman spectra of quartz in a wide tempera-
ture range (including the α–β phase transition point)
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and theoretically investigate the characteristics of the
central peak and the possibility of its occurrence at dif-
ferent temperatures (including those far from the
phase-transition point).

CALCULATION OF THE RAMAN 
SCATTERING INTENSITY USING 
THE MODEL OF TWO COUPLED 

OSCILLATORS
The behavior of the soft mode in Raman spectra of

quartz in a wide temperature range was simulated in
[19, 20]; however, the characteristics of the central
peak far from the phase-transition point were not
investigated. A comparative analysis of the results
obtained taking into account one effective soft mode
and considering the strong interaction between the
soft mode and an additional low-frequency oscillator
was not performed as well.

The experiments aimed at studying Raman spectra
near phase transitions showed that one must take into
account the interaction between the fundamental soft
mode and some non-fundamental low-frequency
oscillation, the nature of which has not been exactly
determined [19, 20]. According to [4–6], this non-
fundamental oscillation is characterized by fairly
strong damping, i.e., corresponds to the relaxation
process.

To calculate the Raman intensity with allowance
for the interaction between the soft mode and the low-
frequency non-fundamental mode, one should ana-
lyze the spectrum of two interacting oscillators. We
will write the equations of motion of two coupled
oscillators, one of which corresponds to the non-fun-
damental mode ζ(t), while the other corresponds to
the soft mode ∆η(t) = ξ(t), responsible for the lattice
instability [19, 20]:

(1)

Here, m1 (m2), γ1 (γ2), and δ1 (δ2) are, respectively, the
mass, elasticity coefficient, and damping coefficient

for the first (second) oscillators and û is the elastic
interaction constant between the two oscillators. A
solution to the system of equations (1) can be sought
for in the form

Substituting these solutions into (1) and collecting
terms, we obtain

(2)

Matrix Mij of the coefficients of system (2) has the
form

(3)

and the corresponding Green tensor  is

(4)

where det(Mij) = (m1Ω2 – γ1 – û – iΩδ1)(m2Ω2 – γ2 –
û – iΩδ2) – û2.

In correspondence with the Nyquist theorem [4–
6], the Raman spectrum intensity can be written as

(5)

Here, A is the normalization factor and η0 is the equi-
librium value of the order parameter. According to [4–
6], we have η0

2 = b(Tc – T)2β (β = 1/2 in the case of a
second-order phase transition and b is a constant).
Coefficients pi and pj characterize the relative contri-
bution from the oscillators. Substituting components
Gij into (5), we obtain

(6)

where f1,2 = m1,2Ω2 – γ1,2 – û.
We use the approximation in which m1 = m2 = 1. It

follows from (6) that, with allowance for the normal-
ization factor, one of parameters p1 and p2 can be
assumed to be unity, because only the ratio of their val-
ues affects the result. Furthermore, we assume that
p2 = 1.

Parameter γ1 characterizes the spectral position of
the intensity maximum of the low-frequency mode at

Ω ≈ 0 and γ2 indicates the spectral position of the

intensity maximum of the soft mode Ω0: γ2 ∼  ∼
(Tc – T). We assume that γ1 = 1 and write the tempera-
ture dependence for γ2 in the form γ2 = A0(Tc – T).

To determine the other parameters in (6), we per-
formed a comparison of the calculated I(Ω, T) values
with the experimental isofrequency (Ω = const) and
isothermal (T = const) dependences I(Ω, T) for quartz
that were obtained in [19, 20] in the x(zz)y scattering
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Fig. 1. Experimental (dots) [19, 20] and calculated (solid
lines) from formula (6) temperature dependences of the
Raman intensity of quartz i(Ω, Tc – T) = I(Ω, T)/T at Ω =
(1) 40, (2) 50, and (3) 60 cm–1. The calculation was per-
formed with the following parameters: δ1 = 50, δ2 = 75,
A0 = 143, p1 = 0.001, p2 = 1, and û = 50. 
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geometry. In particular, we compared the experimen-
tal and calculated values of the peak position and peak
half-width for the soft mode at different temperatures.
For the soft mode half-width, we find that ∆Ω0 ≈
80 cm–1, and the temperature dependence of this
parameter was disregarded.

Figure 1 shows the experimental [19, 20] and cal-
culated isofrequency temperature dependences of the
Raman spectrum intensity for quartz, i(Ω, Tc – T) =
I(Ω, T)/T, at fixed Ω values. Satisfactory agreement
(Fig. 1) between the theory and experimental data was
obtained at the following parameters: δ1 = 50, δ2 = 75,
A0 = 143, p1 = 0.001, p2 = 1, û = 50.

ANALYSIS OF THE CENTRAL PEAK 
INTENSITY AND HALF-WIDTH 
AT DIFFERENT PARAMETERS 

OF OSCILLATORS
Let us consider the intensity and half-width of the

central peak in the Raman spectrum of quartz in
dependence of temperature far from the phase transi-
tion and near it. We will also investigate the depen-
dence of these quantities on parameters p1 and p2 in (6).

The temperature dependence of the maximum
intensity of the central peak (Ω = 0 in relation (6)) has
the form

(7)

It follows from (7) that I = 0 at T = Tc. At the tem-
perature T = Tmax, which is close to the transition
point (Tmax < Tc), the central-peak intensity (7) has a
sharp maximum. Taking into account that p1  p2
(from comparison of the experimental [19, 20] and
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Table 1. Values of the maximum intensity I(0, T) and half-w
parameters p1

δ1 = 50, δ2 = 75, A0 = 143, p2 = 1, κ = 50.

T, K 300 500 700 800 840

p1 Central-peak i
0.0001 0.02 0.05 0.15 0.54 4.3
0.001 0.05 0.10 0.21 0.60 4.4
0.005 0.53 0.65 0.65 0.91 4.7
0.01 1.85 2.1 1.65 1.47 5.1

p1 Central-peak 
0.0001 2.08 2.08 2.07 2.03 9.35
0.001 2.08 2.08 2.07 2.03 9.35
0.005 2.08 2.08 2.08 2.05 7.40
0.01 2.08 2.08 2.08 2.06 5.68
calculated Raman spectra of quartz), we obtain an
approximate expression for Tmax:

(8)

Intensities I(0, T) of the central peak (Ω = 0) in
dependence of temperature at different values of
parameter p1 (p2 = 1) are given in Table 1 and Fig. 2.
As follows from (8), the intensity I(0, T) at the consid-
ered parameters has a maximum at Tmax = 845.993 K.

It can be seen in Table 1 that, with an increase in
temperature from T = 300 K to the phase-transition
point, the intensity increases from 0.02 to 956.3 (i.e.,
by a factor of about 50000) at p1 = 0.0001, by a factor
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4.36 1.73 0.98 0.24 0.13 0.032
4.36 1.73 0.98 0.24 0.13 0.032
4.11 1.72 0.98 0.24 0.13 0.032
3.85 1.71 0.98 0.24 0.13 0.032
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Fig. 2. Temperature dependences of the Raman intensity
of quartz at Ω = 0 and parameters p1 = (1) 0.0001,
(2) 0.001, (3) 0.005, and (4) 0.01. 
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Fig. 3. Shapes of the spectra I(Ω, T) of the Raman central
peak of quartz at different temperatures (p1 = 0.001): (a) T =
(1) 300, (2) 500, (3) 700, and (4) 800 K; (b) T = (1) 845,
(2) 845.5, and (3) 845.9 K. 

50

100

150

200

1 2–2 –1 0
�, cm1

(b)

1
2

3

0.1

0.2

0.3

0.5

0.4

0.6

5 10–10 –5 0

(а)

I, rel. units

1
2

3

4

of about 20000 at p1 = 0.001, and by a factor of 500 at
p1 = 0.01. It can be seen in Table 1 and Fig. 2 that, for
p1 > 0.005, the central-peak intensity begins to
decrease with an increase in temperature above a cer-
tain value; afterwards, this parameter starts increasing.
At p1 < 0.005, the central-peak intensity monotoni-
cally increases with an increase in temperature. Note
that the results obtained at p1 = 0.0001–0.001 are in
good agreement with the experimental data of [9–11],
according to which the central-peak intensity
increases by a factor of about 104 near the phase-tran-
sition point.

Figure 3 shows the spectrum of the central peak at
different temperatures near the phase-transition point
and far from it. As one can see, the central peak may
occur not only near the phase transition but also in a
wide temperature range far from Tc. It can be seen in
Fig. 3a that the shape of spectrum far from the phase-
transition point barely changes with temperature.
While approaching Tc, one can observe an anomalous
increase in the intensity of the central peak and a sharp
decrease in its half-width (Fig. 3b).

For a temperature range far from the phase-transi-
tion point, we have an approximate expression for the
Raman intensity near the central peak (Ω = 0–10 cm–1):

(9)

Using formula (9), we find the expression for the
central peak half-width ∆Ω(T) far from Tc:
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It follows from formula (10) that the parameter ∆Ω
is temperature-independent far from the phase-transi-
tion point. We have ∆Ω = 2.04 cm–1 for the parame-
ters under consideration.

Values of the central peak half-width ∆Ω(T) calcu-
lated from exact formula (6) at different temperatures
and different parameters p1 are listed in Table 1. The
obtained values ∆Ω(T) = 2.03–2.08 cm–1 in the tem-
perature range T = 300–800 K are in good agreement
with the value calculated from formula (10) (2.04 cm–1).
At T = 840 K, one can observe an increase in the cen-
tral peak half-width in comparison with its values at
temperatures of 300–800 K; a sharp decrease in
ΔΩ(T) (by two orders of magnitude) occurs at further
approaching the phase-transition point. It can be seen
in Table 1 that, in the larger part of the temperature
range under consideration, ΔΩ(T) depends weakly on
the parameter p1 and is completely independent of this
parameter in the range of p1 = 0.0001–0.001.
YSTALLOGRAPHY REPORTS  Vol. 65  No. 4  2020
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Fig. 4. Temperature dependences of the half-width and
intensity of the central peak in the quartz Raman spec-
trum (p1 = 0.001): (a) central peak half-width near Tc

and its extrapolation by formula (11) at A = 1280 cm–1;
(b, c) dependences I(Ω, T) at Ω = (1) 0, (2) 0.05, (3) 0.1,
(4) 0.5, (5) 1, and (6) 2 cm–1. 
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It was shown in [16–18] that the central peak half-
width near the phase-transition point for lithium nio-
bate and lithium tantalate crystals can be written as

(11)

Figure 4a shows the corresponding dependence
∆Ω(T) for quartz crystals near the phase-transition
point. The calculated ∆Ω(T) values are shown by dots
in Fig. 4a. One can see that the obtained dependence
∆Ω(T) in the temperature range of Tc – T ≤ 6 K is
close to linear; thus, relation (11) is also satisfied for
quartz near Tc.

Figures 4b and 4c show the calculated temperature
dependences of the Raman intensity for quartz I(Ω, T)
near Tc. It can be seen that the central-peak intensity
sharply increases with a decrease in Ω from 2 cm–1 to
zero. At Ω ≈ 0, the Raman opalescence effect is
observed near Tc, which can be explained by the
anomalous increase in the soft mode amplitude while
approaching the phase-transition point in quartz.

The expression for the Raman intensity corre-
sponding to the absence of the low-frequency oscilla-
tor can be derived from formula (6) at p1 = 0 and κ = 0:

(12)

This expression at m2 = 1 is consistent with the for-
mula obtained in [19, 20] for the reduced intensity
within the approximation of one soft mode. We find
the position of the soft-mode intensity maximum
from formula (12):

(13)

Proceeding from (12), the peak half-width of the soft
mode far from the phase-transition point can be pre-
sented in the form

(14)

Figure 5 shows the temperature dependences of the
Raman intensity I(Ω, T) for the quartz soft mode cal-
culated from formulas (6) and (12). Figure 5a demon-
strates the dependences of the intensity I(Ω, T) of the
Stokes (Ω > 0) and anti-Stokes (Ω < 0) spectral com-
ponents calculated based on relation (6) for the model
of two coupled oscillators in a wide temperature range
(including the phase-transition point in a quartz crys-
tal). One can see a peak corresponding to the lattice
soft mode and the central peak (both far from the tran-
sition point and near it). While approaching Tc, the
central-peak intensity anomalously increases. The
dependences I(Ω, T) at different temperatures are
given in Figs. 5b and 5c. The corresponding depen-
dences calculated from formula (12) with allowance
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for only one soft mode are shown by dotted lines. At
low frequencies (Ω ≈ 0), the solid and dotted curves
differ significantly (Figs. 5b, 5c, insets). The central
peak is completely absent in the dotted curve far from
the phase-transition point. The obtained curves
almost coincide far from the central-peak region. In
this case, it is sufficient to use approximation (12) to
0
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Fig. 5. (a) Raman scattering intensity I(Ω, T) calculated
for a quartz crystal at p1 = 0.001. Frequency dependences
of I(Ω, T) at different temperatures: (b) T = (1) 300,
(2) 720, and (3) 819 K; (c) T = (4) 830 and (5) 840 K. Dot-
ted lines are the dependences calculated from formula (12)
with allowance for only the soft mode. Central-peak
regions are shown on an enlarged scale in the insets. 
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analyze the soft-mode spectrum. However, as can be
seen in Figs. 5b and 5c, approximation (12) is insuffi-
cient for analysis of the central-peak characteristics,
and one should perform calculation from formula (6)
taking into account the interaction between the soft
mode and the low-frequency oscillator.
CR
CONCLUSIONS
The Raman spectra for the soft mode of a quartz

crystal were calculated in a wide temperature range
with allowance for the interaction between the soft
mode and the low-frequency non-fundamental oscil-
lator. It was established that the spectral intensity of
the low-frequency Raman scattering sharply increases
while approaching the phase-transition tempera-
ture Tc. It was shown that the scattered radiation spec-
trum of a quartz crystal contains the central peak,
occurring not only near the phase transition but also in
a wide temperature range far from Tc.

The central-peak intensity at room temperature is
much lower than that near the phase transition (by a
factor of 104). It was shown that central peak half-
width barely changes far from the phase-transition
point and linearly decreases while approaching Tc.

The presence of the central peak in a wide tempera-
ture range in quartz crystals makes it possible to
implement phase-matching conditions for nonlinear
optical processes in these crystals due to the contribu-
tion to the quasi-momentum conservation law from
the mode that corresponds to the central peak and is
characterized by zero frequency and nonzero quasi-
momentum.

Note that the performed simulation has a general
character and is applicable not only to quartz but also
other crystals undergoing a structural phase transition
with a soft mode.
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