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Abstract—In this paper, we use the solution of the collapse model presented in a previous paper by Del
Popolo to obtain more precise estimates on the turn-around radius (TAR) (namely the radius at which the
expansion is divided into the region of recollapse from the material continuing its motion following the Hub-
ble f low), R0 (note that in this paper TAR or R0 represent the turn-around radius, as specified in the previous
footnote), and structure mass, M, of the Local Group, M81, NGC 253, IC 342, Cen A/M83, and to the Virgo
clusters. To this aim, similarly to Peirani and Pacheco, we found a relationship between the velocity, , and
radius, R, depending on the Hubble parameter, and structure mass, M, and fitted them to data of the Local
Group, M81, NGC 253, IC 342, Cen A/M83, and to the Virgo clusters obtained by Peirani and Pacheco. In
this way, we obtained optimized values of the mass, the Hubble constant, and R0, of the objects studied. Sim-
ilarly to the quoted Del Popolo’s paper, the Lemaitre–Tolman model took into account the cosmological
constant, angular momentum and dynamical friction. The fit gives values of the masses 30–40% larger than
the –R relationship obtained from the standard Lemaitre–Tolman (LT) model (not taking account nor cos-
mological constant, angular momentum, or dynamical friction). Differently from mass, the Hubble param-
eter becomes smaller with respect to the LT model, when angular momentum, and dynamical friction are
introduced. This is in agreement with Peirani and Pacheco, who improved the standard Lemaitre–Tolman
model taking into account the cosmological constant. After determining, the optimized values of the TAR,
R0, and mass, M, of the studied objects, we put constraints to the dark energy equation of state parameter, w.
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1. INTRODUCTION
From several observations, it is clear that universe

contain a larger content of mass-energy than that pre-
dicted by General Relativity (GR) [1–6]. Two are the
dominant matter components of the Universe: dark
matter [3], and a second component, dubbed “dark
energy” (DE). In its simplest form, and in the ΛCDM
model, DE is represented by the cosmological con-
stant Λ. ΛCDM model describes correctly the Uni-
verse [1, 7, 8], but discrepancies with observations are
observed both at large and small scales [3, 9–22].

Nevertheless the success of the ΛCDM model [1,
7, 8], precision data are revealing drawbacks, and ten-
sions both at large scales [23–27], and at small ones [3,
9–14, 20–22, 28–30].

As observed in [31], calculation of the mass-to-
light (M/L) ratios of group of galaxies in the past [32]
is in disagreement with newer measurements based on
the virial theorem [33]. The new measurements give
smaller (M/L) ratios. Lynden-Bell [34] and Sandage
[35] proposed an alternative approach to the virial the-

orem based on the Lemaitre–Tolman (LT) model [36,
37]. The LT model was applied to the local group [35]
and to the Virgo cluster [38–40].

The model was modified taking into account the
cosmological constant, by Peirani and de Freitas
Pacheco [41, 42] applying it to the Virgo cluster, the
pair M31–MW, M81, the Centaurus A/M83 group,
the IC 342/Maffei-I group, and the NGC 253 group.
In [31], we extended their model to take account of the
effect of angular momentum, and dynamical friction.
The introduction of angular momentum, and dynam-
ical friction modifies the mass, M, and TAR, R0, rela-
tion.

The TAR has been proposed as a promising way to
test cosmological models [43], dark energy, and disen-
tangle between ΛCDM model, dark energy, and mod-
ified gravity models [27, 43–48]. Several papers (e.g.,
[43–48]) claimed that TAR is independent on baryon
physics.

Contrarily to [44], we already showed in [2, 31, 49–
54] that TAR depends from baryon physics, through
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its dependence from shear, and vorticity, and dynami-
cal friction [50, 54–61].

The effects of shear, rotation, and dynamical fric-
tion (slowing down the collapse [58, 59, 62, 63],
changing turnaround epoch and collapse time) were
investigated in [49, 50, 64–68] for smooth DE mod-
els, [69] in clustering DE cosmologies, and [70] in
Chaplygin cosmologies. Moreover, shear, vorticity,
and dynamical friction change the typical parameters
of the spherical collapse model (SCM) [2, 16, 19, 55,
71, 72], the mass function [2, 49, 51, 52, 55–57], the
two-point correlation function [1, 15, 16, 56, 73], and
the weak lensing peaks [54] (see also [19, 74–79]).

In order to get estimates of R0, and the structure
mass, [41, 42], differently from [35], and similarly to
[41, 42], we build up a velocity–distance relationship,

–R, describing the kinematic status of the systems
studied. Knowing the values of , and R for the mem-
bers of the groups studied, the mass of the group, M,
and the Hubble parameter can be obtained by means
of a non-linear fit of the –R relation to the data. The
value of R0 is obtained by the integration of equation of
motion, and using the value of the Hubble constant,
and mass, obtained by the quoted fit.

In the following, we apply the results of [31] to
build up a velocity-distance relationship, –R, similar
to that of [41, 42]. Differently from [41, 42], we take
account of angular momentum, and dynamical fric-
tion. The quoted relation will be applied to the Virgo
cluster, the pair M31–MW, M81, the Centaurus
A/M83 group, the IC342/Maffei-I group, and the
NGC 253 group, in order to get R0, the Hubble param-
eter, and M.

The paper is organized as follows. In Section 2, we
show how to obtain the velocity–radius, –R, rela-
tion. In Section 3, we use the quoted relation to fit the
data of the Virgo cluster, the pair M31–MW, M81, the
Centaurus A/M83 group, the IC 342/Maffei-I group,
and the NGC 253 group, obtaining R0, the Hubble
parameter, and M. In Section 4, we use the obtained
values of R0, and mass M, to put constraints to the
equation of state (EoS) parameter of DE. Section 5 is
devoted to conclusions.

2. THE RELATION BETWEEN
RADIUS AND VELOCITY

In [31] the equations of Lemaitre–Tolman model
with cosmological constant, angular momentum, and
dynamical friction were solved and it was shown how
to use them to obtain an estimation of the mass, and
the TAR of a given structure. The goal of the present
paper is to extend the previous study following [41, 42]
to obtain a relationship between the radius, R and
velocity, V(R). The quoted relationship will be fitted to
the data of a series of groups of galaxies to obtain a
value of the mass, TAR, and Hubble constant for each
group.
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Going a step back, the Lemaitre–Tolman model is
fundamentally a spherical collapse model. The sim-
plest form of the spherical collapse model (SCM) was
introduced by [80]. It is a simple and popular method
to study analytically the non-linear evolution of per-
turbations of dark matter (DM) and dark energy (DE).
The model describes the evolution of a spherical sym-
metric over-density which initially expands with the
Hubble f low, then detaches from it, when the density
overcomes a critical value, reaches a maximum radius,
dubbed turn-around radius (TAR), and finally col-
lapse and virialize. Gunn and Gott model [80] SCM is
a very simple model assuming that matter moves in a
radial fashion. The model was improved to take into
account angular momentum, dynamical friction, the
cosmological constant, shear, and dark energy in sev-
eral papers [72, 81–119].

Del Popolo [49, 50] studied the effects of shear and
rotation in smooth DE models. The effects of shear
and rotation were investigated in [49, 50] for smooth
dark energy models, in clustering DE cosmologies
[69], and in Chaplygin cosmologies [70].

As already reported, in [31] we showed how to solve
the equation of motion in the case of the Lemaitre–
Tolman model with cosmological constant, angular
momentum, and dynamical friction given by

(1)

where Kj = , A = , and

(2)

where J = , with α = 1, in agreement with [120],1

k constant, and η/H0 = 0.5. The equation is in adi-
mensional coordinates: y = R/R0, t = x/H0.

In the present paper, we use the solution of the
quoted equations to obtain a relationship between the
velocity V(R), and radius R of a series of group of gal-
axies, later discussed. The last will be fitted to the data
of the quoted groups to get their mass, and turn-
around radius.

The V–R relation is obtained as follows. Let’s con-
sider Fig. 1 in [31], that we report here. The figure rep-
resents the evolution of shell radius for different values
of K. The red, cyan, and green lines correspond to
K = –5.737, K = –6.2, and K = –5.1, respectively. We
report these three cases just for an example. In reality,
we obtained a series of curves, from the bottom one to
the top one, and considered the intersection with the
vertical line.

The vertical line corresponds to x = 0.964. Its inter-
section with the curves, solution of the equations

1 In that paper α = 1.1 ± 0.3.
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Fig. 1. Evolution of shell radius for different values of K. The red, cyan, and green lines correspond to K = –5.737, –6.2, and ‒5.1
respectively.
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Table 1. The constant A, and the fitting parameters b, and
n of the velocity-distance ( –R) relations

η/H0 KJ b n A

0.5 1.0 1.34360 0.9105 6.05

v

described in the previous section, gives the value
y(x) = y(0.964). The solution of the equations of the
previous section, also gives the velocity, allowing us to
find u(x) = u(0.964). We will get a couple of value (y,
u) for each intersection of the vertical line with the
curves. This allows us to find a series of points that can
be fitted with a relation of the form u = –b/yn + by.

For the model taking into account the cosmologi-
cal constant, angular momentum, and dynamical fric-
tion we may write

(3)

where n = 0.9107. This equation gives the relation
between the velocity, , and the parameter y that as we
now show is related to the radius R.

In Fig. 2, we plot the velocity profile (previous
equation) using adimensional variables. The points
represent the couples (y, u), obtained as previously
described, while the solid line is the fit with the equa-
tion u = –b/yn + by.

This can be written in terms of the physical units as

(4)

= − +v
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where b = 1.3436. Substituting in this equation, R0 =

, we get

(5)

or

(6)

where n = 0.9107. This equation is the relation
between the velocity V(R), and radius R that can be
used to fit the data shown in Fig. 3.

The previous equation satisfy the condition
(R0) = 0. In the following, we will apply Eq. (6) to

some groups of galaxies and clusters. In Table 1, we
summarize the parameters of the model.
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Fig. 2. The velocity profile.
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Table 1, as well as Fig. 2 show that including the
angular momentum, and dynamical friction steepens
the velocity profile, and increases the parameter A.
This means that for a given R0 the mass of the structure
increases, while the radius of the zero-gravity surface
decreases.

3. APPLICATION TO NEAR GROUPS
AND CLUSTERS OF GALAXIES

Now, we will apply Eqs. (6) to near groups and two
clusters of galaxies. To this aim, we need for each gal-
axy its velocity and distance with respect to center of
mass. We will use data obtained by [41, 42]. Velocities
were transformed from the heliocentric to the Local
Group rest frame. The distance can be written as

(7)
where the angle θ is the angle between the center of
mass and the galaxy, D the distance from the galaxy to
the center of mass, and Dg is the distance to the galaxy.
Indicating with V, and Vg the center of mass velocities,
and that of the galaxy with respect the Local Group
rest frame, the velocity difference along the radial
direction between both object is

(8)

being α =  and β = α + θ. In the list given

by [42] unbound objects, and uncertain distances and

= + − θ2 2 2 cos ,g gR D D DD

= α − β( ) cos cos ,gV R V V

θ

− θ
sin

cosg

D
D D
velocities were excluded, and an error of 10% was con-
sidered for velocities and distances. In the case of the
group M31–MW, the data were obtained from [121],
in [41]. We used the data of [42] also for the case of the
Virgo cluster.

Figure 3 plots the –R relationships for the groups
studied: the M31–MW group (Fig. 3a), the M81 group
(Fig. 3b), the NGC 253 group (Fig. 3c), the IC 342
group (Fig. 3d), the Cen A/M83 group (Fig. 3e), the
Virgo cluster (Fig. 3f). The red dots are the data from
[41, 42].

Once the Hubble constant, and M are obtained
from the fit, the TAR, R0 is obtained solving A =

, where A is obtained from the solution of

Eq. (1).

3.1. M31–MW
We applied Eq. (6) to the data of Peirani and de

Freitas Pacheco [41]. Both the mass and the Hubble
parameter were allowed to vary. The results are shown
in Table 2. Karachentsev [121] estimated a turn-
around radius of 0.94 ± 0.1 Mpc and using the LT
model obtained a mass of 1.5 × 1012 , which is
much smaller than the estimate of [41] (2.5 ± 0.7) ×
1012 , R0 = 1.0 ± 0.1 Mpc, and h = 0.74 ± 0.04. The
value of the mass is larger than that of [121], that used
the LT model. A tendency of the LT models is that of
giving higher masses, and smaller h if the effect of the

v

2 3
0 0

2GM
H R

�M

�M
ASTRONOMY REPORTS  Vol. 65  No. 5  2021



ON THE INFLUENCE OF ANGULAR MOMENTUM AND DYNAMICAL FRICTION 347

Fig. 3. Velocity–distance plots for the M31–MW group (a), the M81 group (b), the NGC 253 group (c), the IC 342 group (d),
the Cen A/M83 group (e), the Virgo cluster (f). The red dots are the data from [41, 42]. 
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cosmological constant, angular momentum, and
other effects which contribute with positive terms in
the equation of motion are taken into account. In fact,
Peirani and de Freitas Pacheco [42] found a values of
h = 0.87 ± 0.05 when using the LT model, and h =
0.73 ± 0.04 when taking into account the cosmologi-
cal constant. Our values of R0, mass, and h are in
agreement, within the estimated uncertainties with
[42]. We recall that the errors, come from the fitting
procedure. Similarly to [41] the values of R0, thee mass
and Hubble parameter were obtained using the fit to
the data.

3.2. The M81 Group
The M81 group was studied in [121–123]. In [122]

it was presented a detailed study of the M81 complex.
ASTRONOMY REPORTS  Vol. 65  No. 5  2021
From the brightness of the tip of the red giant branch
a distance of 3.5 Mpc was estimated, based on Hubble
Space Telescope images of different members of the
association. In the same paper, distances and radial
velocities of about 50 galaxies around and inside M81
estimated an R0 = (1.05 ± 0.07) Mpc. Using the LT
model, the mass inside R0 was estimated to be (1.6 ±
0.3) × 1012 . In a subsequent work of Kashibade
[123] the authors found R0 = 0.89 ± 0.05 Mpc, in
agreement with our estimates, and M = (1.03 ± 0.17) ×
1012 , a bit smaller than our value. Peirani and de
Freitas Pacheco [42] found M = (0.92 ± 0.24) ×
1012 , in agreement with our value and h = 0.67 ±
0.04, in agreement with our estimate. Our model esti-
mates, gives average values of the mass, M larger than
the average of the estimates of [42, 123].
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Table 2. Characteristic parameters of the groups studied

Group
h( j, η), 

km/(Mpc s)
M( j, η),
1012 R( j, η), Mpc

M31/MW 0.69 ± 0.04 3.57 ± 0.4 1.02 ± 0.1
M81 0.65 ± 0.04 1.398 ± 0.10 0.78 ± 0.05
NGC 253 0.63 ± 0.05 0.244 ± 0.10 0.44 ± 0.1
IC 342 0.55 ± 0.10 0.292 ± 0.10 0.52 ± 0.09
CenA/M83 0.55 ± 0.04 3.015 ± 0.4 1.13 ± 0.08
Virgo 0.59 ± 0.09 1525.55 ± 200 8.56 ± 0.8

�M
We must recall, that our analysis follow the [41, 42]
method, namely we performed a non-linear fit of
V(R)–R relationships to the available data, searching
for the values of both the mass inside R0 and the Hub-
ble constant, which minimized the scatter.

This analysis was performed in a similar way to all
the other groups.

3.3. The NGC 253 Group
Concerning this group, Karachentsev et al. [124]

described the system as small, loose concentrations of
galaxies around NGC 300, NGC 253, and NGC 7793.
The authors obtained R0 = 0.7 ± 0.1 Mpc, smaller
than our estimates, and M = (5.5 ± 2.2) × 1011 ,
larger than our estimates. By means of the non-linear
fit analysis quoted in the previous subsection Peirani
[42] found M = (1.3 ± 1.8) × 1011  whose larger
uncertainties is probably due to incompleteness in the
data. They also found, by means of HST data h =
0.63 ± 0.06. Both their estimates for h, and M, are in
agreement with our model.

3.4. The IC342 Group
A study of this group was performed by Karachen-

tsev et al. [125]. Seven dwarf galaxies are associated
with the IC 342 group, at an average distance of
3.3 Mpc from the Local Group. The Maffei-I associ-
ation consists of about eight galaxies with a distance of
about 3 Mpc.

According to [125], the group has R0 = 0.9 ± 0.1,
and M = (1.07 ± 0.33) × 1012 , both larger than our
estimates. Peirani [42] found a smaller value of
the mass, M = (2.0 ± 1.3) × 1011 , and also R0
( 0.53 Mpc), while h = 0.57 ± 0.10. Our values of
mass, turn-around radius, and h, were obtained using
the non-linear fit method (as in [42]) and agree with
Peirani estimates [42].

3.5. The CenA/M83 Group
This group was studied by Karachentsev et al. [126,

127]. Direct imaging of dwarf galaxies in the Centau-
rus A (NGC 5128) showed that these galaxies are con-
centrated around Cen A and M83 (NGC 5236) and
that their distances to the Local Group were 3.8 and
4.8 Mpc, respectively. The value of R0 around Cen A,
using velocities and distances of individual members,
was estimated at R0 = 1.55 ± 0.13 Mpc, and M = (6.4 ±
1.8) × 1012 , larger than our estimates. Woodley
[128], using different mass indicators found a larger
mass (M = (9.2 ± 3) × 1012 ). Peirani [42] found
values 3–4 times smaller (M = (2.1 ± 0.5) × 1012 ),
and h = 0.57 ± 0.04. In our analysis, both M, and h are
in agreement with data of [42], and use their non-lin-
ear fit method.
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3.6. The Virgo Cluster

Concerning Virgo, several estimates for the mass
were done by means of the LT model [38, 129], by
means of the Virial theorem [39] finding masses
smaller than 1015 , except [129] who found a value
of 1.3 × 1015 . Using the LT model and taking
account of the cosmological constant [41] found M =
(1.10 ± 0.12) × 1015 , h = 0.65 ± 0.09, and R0 =
8.6 ± 0.8 Mpc. Our estimates are in agreement with
the value of h, R0 of Peirani [41], while the masses are
larger than in [41].

In summary, our estimates usually agree with the
estimates of [41, 42]. Moving from the LT model to the
that taking account of the cosmological constant, and
that also taking account of angular momentum, and
dynamical friction the values of the cosmological con-
stant decreases, and the opposite happens to the mass,
M. Another important issue that is shown by Table 2,
is that the values of h are in some cases smaller than the
known estimates. In the past decade or so, has been
performed dozens of measurements of the Hubble
constant, to try to overcome the Hubble constant ten-
sion. As clear shown from [130], from the year 2000
the constraints have changed from  km/(Mpc s),
to the range 67–75 km/(Mpc s). Recent constraints
from the gravitational wave signal of GW170817 gives

 km/(Mpc s) [131],  km/(Mpc s)
(DES + BAO + BBN), and 67.5 ± 1.1 km/(Mpc s)
[132]. Comparing with our results, CenA/M83 shows
values of 59 km/(Mpc s). The last discrepancy with
observations may be due to non completeness of the
data used in 2008 by [42]. Based on a large-scale sur-
vey of the Centaurus group done in 2014–2015, a sig-
nificant amount of faint dwarf galaxy candidates were
discovered [133]. Therefore, the old data used in [42]
may contain some selection bias so that the resulting h
obtained is systematically smaller.

4. CONSTRAINTS 
ON THE DM EOS PARAMETER

Recently, the turn-around radius, R0 has been pro-
posed as a promising way to test cosmological models
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Fig. 4. Mass-radius relation of stable structures for different w. The solid lines from top to bottom represent w = –0.5 (solid green
line), –1 (black solid line), –1.5 (blue solid line), –2 (pink solid line), –2.5 (red solid line). The dashed lines are the same of the
previous lines, but they are obtained in [79]. The dots with error bars, are data as in [45]. 
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Table 3. The allowed ranges of w

Stable structure Range of w

M81 w ≥ −1.5

IC 342 w ≥ −1

NGC 253 w ≥ −1

Cen A/M83 w ≥ −1.5

Local Group w ≥ −2

Virgo w ≥ −1.5
[43], DE, and disentangle between ΛCDM model,
DE, and MG models [43–48].

Pavlidou and Tomaras in [44] calculated R0 for
ΛCDM, while in [45] did the same for smooth DE.
According to [48] R0 is affected by modified gravity
(MG) theories. In MG theories [134] found a general
relation for R0, and [46] found a method to get the
same quantities in generic gravitational theories. In
[79], we used an extended spherical collapse model
(ESCM) introduced, and adopted in [2, 49, 51, 52,
54], to show how R0 is modified by the presence of
vorticity, and shear in the equation of motion. We also
showed how the M – R0 plane can be used to put some
constraints on the dark energy equation of state (DE
EOS) parameter2 w, similarly to [44, 45]. The con-
straints on w depends on the estimated values of the
mass and R0 of galaxies, groups, and clusters. Some
data where taken from [45], and others from [41, 42].

With the revised value of mass, M, and R0 pre-
sented in this paper, we recalculate the constraints
showed in [79].

2 I recall that in cosmology, the equation of state of a perfect f luid
is characterized by a dimensionless number w equal to the ratio
of its pressure, p, and its energy density, ρ, that is w = p/ρ.
ASTRONOMY REPORTS  Vol. 65  No. 5  2021
Figure 4 plots the mass-radius relation of stable
structures for different w. The solid lines from top to
bottom represent w = –0.5 (solid green line), –1
(black solid line), –1.5 (blue solid line), –2 (pink solid
line), –2.5 (red solid line). The dashed lines are the
same of the previous lines, but they are obtained using
the model in [79]. The dots with error bars, are data
obtained in the previous sections.

The constraints to w are reproduced in Table 3.
They are different from previous ones obtained by [44,
45] based on the calculation of the mass, M, and R0 by
means of the virial theorem or the LT model.
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5. CONCLUSIONS
In this paper, we used a previous paper result [31]

to determine the values of the TAR, R0, Hubble
parameter value, and mass M of a group of structures.
Following [41, 42], we determined a relationship
between the velocity and radius, –R depending on
the Hubble parameter, and the structure mass, M, and
fitted them to data of the Local Group, M81, NGC
253, IC 342, Cen A/M83, and to the Virgo clusters.
Knowing the Hubble parameter value, and the struc-
ture mass, the TAR was obtained from the solution of
the equation of motion, more precisely determining A

in Eq. (1), and solving the expression A = . In

this way, we obtained optimized values of the mass and
Hubble constant of the objects studied, and the TAR,
R0. Our model, and Eq. (1) took into account the cos-
mological constant, angular momentum and dynami-
cal friction effects. The fit obtained gave values of the
masses 30–40% larger than the –R relationship
obtained from the standard LT model, and conse-
quently also R0 was different from the standard LT
model. Knowing the optimized values of the TAR, R0,
and mass, M, of the studied objects, it was also possi-
ble to put new constraints on the DE EoS parameter w.
The quoted constraints are different from those
obtained in previous papers [44, 45, 79] because our
model is improved with respect those used in those
papers.
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