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Abstract—The general three-body problem with equal masses and zero initial velocities is considered.
Zones in which the triple systems decay over short times T < 10Tcr are distinguished in the domain of
the initial conditions, where Tcr is the mean crossing time for a component of the triple system. These
zones form distinct families of structures. Properties of the trajectories of bodies within these structures
are described. The structures often display a layered character, with each layer corresponding to triple
systems in which a particular body departs during the decay. These layers alternate with zones in which the
decay does not occur on such short time scales, and the bodies are flung outward without this leading to
a departure, or undergo simple interactions. In the zones of rapid decay, the departure of one of the bodies
occurs after one or a few triple encounters between the components.
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1. INTRODUCTION

The gravitatioinal three-body problem was formu-
lated by Newton at the end of the 17th century, and
has since attracted the attention of many eminent
researchers in mathematics, mechanics and astron-
omy. A number of interesting analytical and qualita-
tive results concerning the motion of the components
have been obtained. However no fully acceptable
solution has been obtained, in spite of the application
of enormous efforts (a review of analytical studies of
the three-body problem can be found in [1]). Over the
last decades, a number of researchers have engaged
in numerical simulations as a means of studying the
dynamics of triple systems (see, e.g., [2, 3]).

The first numerical simulations of the three-body
problem with equal masses and zero initial velocities
(the so-called free-fall three-body problem) were car-
ried out by Agekyan and Anosova [4] in 1967. The
main result of that work was that the evolution of
such triple systems always ends in decay, with one
of the components departing along a hyperbolic orbit,
leaving behind a binary formed by the other two bod-
ies. This fundamental result was later confirmed in a
number of other studies, and generalized to the case
of components of unequal masses (see references in
[2, 3]).

Agekyan and Anosova [4, Fig. 2] presented trajec-
tories of bodies in triple systems from the initial time
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to the decay of the system. These trajectories are very
complex and tangled. Binary and triple encounters
occur, and components are flung away from the cen-
ter of mass and undergo complex interactions. The
evolution of a triple system ends in decay following a
close triple encounter of the bodies. One glance at
the trajectories in this figure makes it clear why it is
so difficult to obtain an analytical representation for
the trajectories of the three bodies. Nevertheless, a
detailed analysis of the character of the motions of
the bodies enables the identification of a number of
interesting properties of the orbits (see, e.g., [5, 6]).
A classification of the various possible states in the
general three-body problem was proposed based on
an analysis of the trajectories of Szebehely [7] and
Agekyan and Martynova [8], and criteria for triple en-
counters, simple interactions, and component ejec-
tions were obtained.

In the current study, we have investigated the tra-
jectories of bodies in the free-fall three-body problem
in the case of rapidly decaying triple systems, and
have identified characteristic properties of the dynam-
ical evolution of such systems.

2. FORMULATION OF THE PROBLEM

This study continues the work of [9]. As in [9],
we consider a triple system with components of equal
mass having zero initial velocity. We used the method
for specifying the initial conditions proposed in [4].
At the initial time, the first body A is located at the
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Fig. 1. Initial coordinates (ξ, η) for triple systems with
lifetimes T < 10Tcr.

point with coordinates (−0.5, 0), the second body B at
the coordinates (+0.5, 0), and the third body C at the
coordinates (ξ, η) inside a domain D bounded by the
coordinate axes and the arc of a circle of unit radius
with its center at the point (−0.5, 0). As was shown
in [4], this method for specifying the initial conditions
encompasses all possible configurations of the triple
systems. Since the angular momentum of the triple
system is zero, the motion will proceed in the plane of
the initial triangular configuration.

As in [9], we used the following system of dynam-
ical units:

(1) the unit of distance was taken to be the mean
size of the triple system,

d =
G

∑
i<j mimj

|E| ,

where G is the gravitational constant, mi(i = 1, 2, 3)
are the masses of the bodies, and E is the total energy
of the triple system;

(2) the unit of time was taken to be the mean
crossing time for a component of the triple system,

Tcr =

√
G(

∑3
i=1 mi)5/2

(2|E|)3/2
.

We adopted units such that G = 1, and the masses of
the bodies were also taken to be unity.

In [9], we identified triple systems with various
decay times T according to the criterion of Stan-
dish [10]. We consider here triple systems with short
lifetimes, T < 10Tcr. To study the character of the
motions of the bodies in such systems in more detail,
we numerically integrated the equations of motion of
the general three-body problem in barycentric coordi-
nates (the coordinate origin was located at the center
of mass of the triple system). We applied the method
of Bulirsch and Stoer [11] to numerically solve the
system of differential equations. We reduced the un-
certainties during close binary encounters using the
regularization technique of Aarseth and Zare [12]. All
calculations were carried out using Aarseth’s code
TRIPLE [13]. When constructing individual trajecto-
ries, we specified tolerance parameter ε = 3 × 10−16.

3. RESULTS

Zones of rapid decays were distinguished in the
domain D of the initial conditions (ξ, η) [9]. These
often correspond to triple systems whose decays oc-
cur after the first close triple encounter, preceded by
n binary encounters of components B and C: n =
0, 1, 2, . . . These zones form a system of arcs concen-
trated toward the lower-right corner of the domain
D. This system of arcs is clearly visible in Fig. 1,
which shows the points (ξ, η) corresponding to triple
systems with decay times T < 10Tcr. In addition to
this system of arcs, other systems of zones with more
complex structures are also observed, in which the
triple systems also decay over comparatively short
times after a small number of triple encounters. Qual-
itatively, these structures correspond to zones of de-
parture following the first, second, and third triple
encounter found by Tanikawa and Umehara [6].

The studies of the trajectories of bodies in indi-
vidual zones of rapid departures considered in [5, 9]
showed the complex structure of these zones. The
zones of departure following the first triple encounter,
which are concentrated toward the lower-right corner
of the domain D, have a layered structure. Three
layers correspond to the departures of one of the three
bodies after the first triple encounter; in two separat-
ing layers, there is no departure after the first triple
encounter, and there are ejections of bodies and sim-
ple interaction states according to the classification of
Agekyan and Martynova [8].

Let us consider in more detail the trajectories of
bodies in the individual layers in the zones of rapid
decay with T < 10Tcr, beginning with the system
of arcs concentrated toward the lower-right corner
of the domain D (Fig. 1). Figure 1 shows eight
such zones (indicated by the number 1). The first
zone is concentrated toward the vertical axis, while
the remaining zones converge toward the lower-right
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Fig. 2. Trajectories of bodies in a triple system with
initial coordinates (ξ, η) = (0.06, 0.828) over a time t =
1.0Tcr.

corner of the domain D. Note that the pattern does
not end with the eighth zone, but the decay times for
the subsequent zones are T > 10Tcr, and so are not
considered in this study. As was shown in [5] and
confirmed in [9], the zones of rapid departure from
this family are dynamically equivalent, and differ only
in the number of binary encounters of components B
and C before the close triple encounter that leads to
the departure of one of the three components. The
number n of binary encounters is one less than the
zone number when the zones are counted from the
vertical axis toward the right: the triple encounter
occurs immediately in the first zone, is preceded by
one binary encounter in the second zone, is preceded
by two binary encounters in the third zone, etc.

The internal structure of each zone is analogous to
the structures discussed in [5, 9], where the following
sequence was shown. When moving within each zone
from left to right along the 0ξ axis at fixed η, the
departure of component B after its passage through
the center of mass of the pair AC is first observed.
Further, there is a narrow transition zone in which
there is no decay of the triple system after the first
triple encounter. This is followed by a narrow zone in
which component C undergoes an encounter with the
center of mass of the AB pair, reverses its motion, and
departures in a directly roughly opposite to its origi-
nal direction of approach. Further, there is another
narrow transition zone in which there is no decay
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Fig. 3. Trajectories of bodies in a triple system with initial
coordinates (ξ, η) = (0.024, 0.5) over a time t = 1.5Tcr.

of the triple system after the first triple encounter,
followed by a zone corresponding to the departure of
component A after its passage through the center of
mass of the BC pair. As was noted in [9], the central
zone corresponding to the departure of component
C does not reach the Oξ axis, and ends somewhat
before this. This is so because, in the limiting case
η = 0, we are dealing with the rectilinear three-body
problem, in which the departure of the central body is
not possible.

In scanning along some zone from top to bot-
tom, the angle along which an ejected component
moves relative to the direction of its motion before
the triple encounter changes. In the upper part of
the zone near the circular arc (ξ + 0.5)2 + η2 = 1 that
bounds the domain D on the right, the departing
body A moves along a nearly linear orbit (Fig. 2).
When moving downward in the zone, the angle be-
tween the directions of arrival into the triple encounter
and of the emergence from this encounter increases
(Fig. 3). The trajectory of the departing body displays
an inflection near the coordinate origin. The second
derivative of the coordinates of the passing body with
respect to either of its coordinate changes sign at the
location of this bend.

Beginning with the fifth zone, we observe a small
“spur” in the upper part of the zone, directed out-
ward relative to the point ξ = 0.5, η = 0. Analysis of
trajectories with initial conditions within such spurs
indicates that an exchange triple encounter according
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Fig. 4. Trajectories of bodies in a triple system with
initial coordinates (ξ, η) = (0.401, 0.182) over a time t =
2.5Tcr.

to the classification of Anosova and Zavalov [5] oc-
curs after n binary encounters of components B and
C, leading to the departure of component B. Figure 4
shows an example of such a trajectory for n = 4 (fifth
zone) with its initial conditions in the lower part of
the spur. Another example for initial conditions in
the upper part of the spur is presented in Fig. 5. In
both cases, the result of the final triple encounter that
leads to the decay of the triple system is the departure
of component B. The triple encounter consists of
two binary encounters of component C, first with A
and then with B. As a result, component B acquires
additional kinetic energy, which proves to be sufficient
for it to escape from the triple system. Components A
and C form the final binary system.

Note that the system of concentric arcs and ad-
jacent spurs was identified by Tanikawa and Ume-
hara [6] as a system of regions in which the decay
of the triple system occurs after the first close triple
encounter of the components. It was shown in [6]
that lines of binary collisions, as well as points of
triple collisions lying on the circle (ξ + 0.5)2 + η2 =
1 forming the right boundary of the domain D, are
associated with the concentric zones. In the first
zone adjacent to the vertial axis, the triple-collision
point ξ = 0, η =

√
3/2 is located at the apex of an

equilateral triangle. Anosova and Zavalov [5] noted
that the components are also often located near the
apex of an equilateral triangle before they enter into
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Fig. 5. Trajectories of bodies in a triple system with initial
coordinates (ξ, η) = (0.447, 0.2) over a time t = 2.5Tcr.

a close triple encounter. The triple encounter itself
occurs in the vicinity of the triple collision.

In addition to the systems of concentric zones
and spurs discussed above, other regions of initial
conditions (ξ, η) in which the triple systems rapidly
decay can be identified in Fig. 1. Let us consider the
motions of bodies in the zones denoted 2 in Fig. 1.
Examples of trajectories from these zones are shown
in Figs. 6–8. The initial points (ξ, η) are located
near the boundary of the domain D. Consequently, the
motions of the bodies are close to the corresponding
motions in the plane of the isosceles problem, i.e.,
the generalized problem of Sitnikov. First there is a
wide triple encounter of component A with the center
of mass of the BC pair, after which component A
reverses its motion and a second close flyby triple
encounter [5] occurs. Further, component A departs
from the triple system along a nearly linear orbit. The
differences in the trajectories in Figs. 6–8 consist of
different numbers of binary encounters of B and C
between the first wide triple encounter and the second
close triple encounter.

Similar structures are also observed after the sec-
ond and third zones from Family 1. These are denoted
by the number 2 in Fig. 1. Similar structures may
also be present after the subsequent zones of the first
family. Verifying this requires more detailed scanning
of the vicinity of the lower-right corner of the domain
D. Figure 9 presents an example of the evolution of a
triple system with initial conditions from the second
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Fig. 6. Trajectories of bodies in a triple system with the
initial coordinates (ξ, η) = (0.156, 0.754) over a time t =
3.2Tcr.

system of zones in Family 2. The difference from the
trajectories of the first system of zones of Family 2
shown in Figs. 6–8 is that one binary encounter of
B and C in the first system of zones and two binary
encounters of these bodies in the second system of
zones occurs before the first triple encounter. Thus,
the number of binary encounters preceding the first
triple encounter increases in steps of unity as we move
to the right.

A sequence of triple-collision points discovered in
[6] is associated with the zones of rapid decay from
the Family 2. The zones of departure of various bodies
after close triple encounters in the vicinity of a given
collision and intermediate layers in which there is
no departure of a body after a close triple encounter
converge in the vicinity of these points [6, Fig. 3].
Tanikawa and Umehara [6] suggest that the circle
(ξ + 0.5)2 + η2 = 1 bounding the region D on the
right has an infinite sequence of triple-collision points
corresponding to the various zones of Family 2. These
sequences repeat after each of the zones of Family
1. Just as in each zone from Family 1, there is one
triple-collision point lying on the same boundary of
the domain D. We suppose that these triple-collision
points also form an infinite sequence converging to-
ward the lower-right corner of the domain D, i.e.,
toward the point ξ = 0.5, η = 0. Thus, we expect
that the number of triple-collision points at the right
boundary of the domain D forms an infinite countable
set. The situation inside the domain D is apparently
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Fig. 7. Trajectories of bodies in a triple system with the
initial coordinates (ξ, η) = (0.17, 0.742) over a time t =
3.2Tcr.

more complex; this can be elucidated using symbolic-
dynamics methods (see, for example, [14–16]).

Let us now turn to the other zones of rapid de-
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Fig. 8. Trajectories of bodies in a triple system with the
initial coordinates (ξ, η) = (0.2, 0.714) over a time t =
2.5Tcr.
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Fig. 9. Trajectories of bodies in a triple system with the
initial coordinates (ξ, η) = (0.421, 0.387) over a time t =
3.0Tcr.

parture observed in Fig. 1. First and foremost, this
corresponds to the zones in Family 3. An exam-
ple of the evolution of a system from this family is
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Fig. 10. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.145, 0.547) over a time
t = 3.0Tcr.

shown in Fig. 10. Since the zones from Family 3
do not reach the right boundary of the domain D,
the motions of these triple systems deviate strongly
from the isosceles case. Component C departs at
the apex of the zone (Fig. 10) after a wide flyby triple
encounter, resembling the first triple encounter in the
systems from Family 2. A series of binary encounters
of various pairs is followed by the final close triple
encounter of component C with bodies A and B. With
movement downward along the zone, it separates into
several layers. With movement from left to right along
the ξ axis with fixed η, we first encounter a region
where body A departs (a typical example is shown
in Fig. 11), followed by a layer without a departure
after the second triple encounter, the departure of
component C at the center of the zone (Fig. 12),
another layer without a departure after the second
triple encounter, and finally a layer corresponding to
the departure of component B after it passes through
the center of mass of the AC pair (Fig. 13).

A similar situation is observed for the other zones
of Family 3 located to the right of the first zone. The
only difference is the number of binary encounters
of components A and C preceding the close triple
encounter that leads to the departure of one of the
components. Comparing Figs. 14 and 10, which
depict the evolution of systems with initial conditions
at the apices of the second zone and first zone, re-
spectively, we can see that the evolution proceeds
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the initial coordinates (ξ, η) = (0.09, 0.5) over a time t =
3.0Tcr.
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Fig. 12. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.0906, 0.5) over a time
t = 3.0Tcr.

according to the same scenario in both cases. At
the end of the evolution, component C leaves the
triple system after undergoing a succession of close
binary encounters with components B and A and the
final close triple encounter that leads to the decay of
the system. A similar situation also pertains to the
third zone of this family, located to the right of the
second zone. Figure 15 shows that component C
likewise departs at the apex of the third zone, but the
final close triple encounter is preceded by three binary
encounters of components A and C. We expect that
there also exist other zones in Family 3 in which the
final triple encounter is preceded by larger numbers
of binary encounters of A and C. These additional
zones should be located to the right of the third zone
in Family 3.

We expect that analogous systems of zones from
Family 3 are located after each zone from Family 1.
The first such zone from the second system of zones
located to the right of the second zone from Family
1 can be seen in Fig. 1, where it is denoted 3. The
only difference between these systems of zones from
Family 3 is the number of binary encounters of bodies
B and C preceding the first wide triple encounter.
The number of such binary encounters is equal to the
number of the zone system. Only two zone systems
from Family 3 are visible in Fig. 1. Since the decay
times of the triple systems in the subsequent systems
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Fig. 13. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.092, 0.5) over a time
t = 3.0Tcr.

of zones from this family exceed 10Tcr, they were not
included in this figure.

Let us now consider the last family of zones of
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Fig. 14. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.145, 0.493) over a time
t = 3.3Tcr.
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Fig. 15. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.103, 0.432) over a time
t = 3.5Tcr.

rapid decay depicted in Fig. 1: Family 4. The main
structure in this family consists of two parts: an
upper “cap” and lateral “legs,” leading to the 0ξ axis
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Fig. 16. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.215, 0.323) over a time
t = 3.0Tcr.

from the left in the lower part and adjacent to the
second zone of Family 1 on the right. Analysis of the
trajectories of the bodies for specified initial conditions
(ξ, η) inside the cap shows that body C departs in all
cases. An example of such a trajectory is shown in
Fig. 16. The evolution of the triple system consists
of a series of binary encounters, first between B and
C, then between A and C, B and C, and again A
and C. This series of binary encounters is followed
by a triple encounter consisting of rapidly alternating
binary encounters of the departing component C with
each of the remaining bodies B and A.

A similar character of the evolution is observed on
the lateral branches of this zone. However, the result
of the last triple encounter depends on the arrange-
ment of the initial point inside the branch. The same
five layers as in the zones of Family 1 are observed:
three layers corresponding to departures of B, C, and
A (from left to right) and two intermediate layers in
which there is no departure after the triple encounter.
The same pattern is observed in the right branch, with
only the order of the departing bodies changed: A, C,
and B (from left to right). Thus, component A departs
after the triple encounter in the inner part of the lateral
zones, component B in the outer part, and component
C in the central part and in the cap.

There is another zone of rapid departures inside
the main zone of Family 4, with the same form as the
main zone of this family, but smaller in size. Figure 17
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Fig. 17. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.191, 0.191) over a time
t = 3.5Tcr.
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Fig. 18. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.252, 0.331) over a time
t = 3.5Tcr.

presents an example of a trajectory from this zone (see
for comparison Fig. 16). Analysis of the character of
the motions in this zone shows that the trajectories
resemble those in the main zone at the start of their
evolution, but include an additional binary encounter
of bodies B and C (in the upper-right corner) before
the close triple encounter that leads to the decay of
the system.

There is also a zone of rapid departures outside
the main zone, consisting of two lateral parts sur-
rounding the main zone on the left and right (no rapid
departures were found in the central part). Figure 18
shows an example of a trajectory from this zone (see
for comparison Fig. 16). For given initial conditions,
the beginning of the evolution of a triple system in this
zone also resembles the motions in the main zone, but
another binary encounter of components A and C (in
the lower-left corner) is observed prior to the triple
encounter leading to the decay of the triple system.
We suppose that there are also other zones both inside
and outside the main zone of Family 4, in which the
number of binary encounters of bodies B and C or
A and C preceding the final triple encounter is even
higher. Such zones could be manifest if we increased
the limiting decay time and considered systems with
T > 10Tcr.

Note also that the zones of rapid decay from Fam-
ily 4 appear in Fig. 1 in the vicinity (to the left) of
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Fig. 19. Trajectories of bodies in a triple system with
the initial coordinates (ξ, η) = (0.275, 0.154) over a time
t = 3.5Tcr.

the third and fourth zones of Family 1 (these zones
are denoted 4). The evolution of the triple systems in
these zones recalls the evolution in the zones consid-
ered above to the left of the second zone of Family 1.
The difference is that additional binary encounters of
components B and C occur at the beginning of the
evolution. The number of such binary encounters is
one fewer than the number of the neighboring zone
from Family 1. This is illustrated by the evolution
of a triple system from the zone of rapid decays of
Family 4 shown in Fig. 19, located in the vicinity
(to the left) of the third zone of Family 1 (see for
comparison Fig. 16). Note, however, that there is
no “cap” distinct in the main zone of Family 4 in this
case.

4. CONCLUSION

Thus, we have identified four main families of
zones of rapid departures (Fig. 1) in the general
three-body problem with equal masses and zero
initial velocities (the free-fall three-body problem).
For Families 1 and 2, an important role is played
by the right boundary of the domain D of all pos-
sible configurations—the circle (ξ + 0.5)2 + η2 = 1.
Triple-collision points associated with the corre-
sponding zones of rapid departure are located at this
boundary [6]. In addition to these triple-collision
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Fig. 20. Initial coordinates (ξ, η) for triple systems with
lifetimes 20Tcr > T > 10Tcr.

points, there is another triple-collision point inside
the domain D in each zone of Families 1 and 2. The
lines of binary collisions for specified pairs of bodies
pass inside the zones. These points and lines were
identified by Tanikawa and Umehara [6].

In the zones of Family 1, the departure always
occurs after the first close triple encounter between
the components, while it occurs after the second triple
encounter in the zones of Family 2. The close triple
encounter leading to the decay of the triple system can
be preceded by various numbers of binary encounters.
The initial conditions corresponding to a specified
number of binary encounters of a specified pair of
bodies in a particular order form separate zones in
the domain D. The internal structure of the zones is
apparently determined by the triple-collision points,
where the regions of departure of various bodies con-
verge, alternating with regions in which there is no
departure following a given triple encounter. As a
result, the zones have the layered structure described
above.

The zones of Families 3 and 4 do not reach the
right boundary of the domain D. In these zones, the
departure of one of the bodies occurs after the second
close triple encounter of the components. As in the
zones of Families 1 and 2, each zone of Families 3
and 4 is associated with a line on which the initial

conditions corresponding to binary and triple colli-
sions lie. These points and lines were also identi-
fied by Tanikawa and Umehara [6]. It seems likely
that binary and triple collisions determine the inter-
nal structure of the zones of Families 3 and 4 to a
considerable extent. In particular, a layered structure
similar to that of the zones of Families 1 and 2 is
observed in some zones, with regions of departures of
certain bodies alternating with zones in which such
departures are absent.

Each of the Families 2–4 apparently consists of a
system of zones separated by the zones of Family 1.
The dynamical evolution of the triple systems in these
systems of zones essentially repeats. The difference
between the different systems of zones in the same
family consists in different numbers of binary encoun-
ters of components B and C in the initial stage of the
evolution. This suggests that the number of systems
of zones in each of Families 2, 3, and 4 is countable,
as is the number of zones in Family 1: each arc-like
zone from Family 1 corresponds to a single system of
zones from Families 2–4.

This raises the question of whether other families
of zones of decay of triple systems after some num-
ber of triple encounters exist in the free-fall three-
body problem. Answering this question requires fur-
ther detailed studies of the trajectories of bodies in
triple systems with decay times T > 10Tcr. Fig-
ure 20 presents the initial positions (ξ, η) of triple sys-
tems with 20Tcr > T > 10Tcr. A detailed analysis of
the trajectories in these systems could elucidate this
question, and also provide a deeper understanding of
the dependence of the results for the evolution of a
triple on the initial conditions.
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