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Abstract—We present the results of numerical simulation and experimental studies of the propagation of
f lexural elastic waves in a notched metal bar with a rectangular cross section that approximates the acoustic
black hole effect. The sample is a notched bar; the depth of notches increases according to a power law with
an exponent of 4/3. The experimental results and the results of numerical simulation confirm that such bars
slow the propagation velocity of an elastic wave towards the end of the bar. It is demonstrated that f lexural
waves in such structures exhibit dispersion and their amplitude at the end of the bar for some eigenfrequencies
is higher than that in a solid bar. The eigenmode shapes of a solid and notched bar are compared together with
the distribution of the f lexural wave amplitude along the bars. The frequency dependence of the f lexural wave
length is studied during wave propagation towards the end of the notched bar.
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INTRODUCTION
Recently, researchers have shown interest in struc-

tures called “acoustic black holes” (ABHs) [1–3]. The
main feature of such objects is that along a certain
direction (depending on the structure geometry), the
velocity of elastic waves decreases to zero, which
should result in an infinite wave propagation time over
a finite interval in space. The result is that there is no
reflected wave as the incident wave propagates along
this direction. In ABHs, such a reduction in the wave
velocity is related to a reduction in local stiffness,
which is usually achieved by modifying the geometry,
e.g., by reducing the sample thickness according to a
power law [4].

One of the first studies on ABHs was the funda-
mental work by M.A. Mironov [1], who considered
the structure in the form of a thin plate, the thickness
of which slowly changes to zero according to a power
law. The law of the change (decrease) in the wave-
length and increase in the amplitude in this structure
was obtained.

The authors of review [5] consider the following
types of ABHs: the so-called one-dimensional ABH in
the form of a plate with a power-law profile; a spiral
ABH; a bar with drilled pits decreasing in diameter
[6]; a two-dimensional ABH; ABHs in the form of
plates of varying thickness [8].

ABHs are interesting for structural acoustics and
sound absorption, but in practice, they are only

approximately implemented. The propagation of a
flexural wave in samples made of various materials
with a profile varying according to a power law is
experimentally studied in [8–11]. In these studies, the
effect of slowing of the Lamb flexural wave and
increase in its amplitude as it approached the edge of a
wedge was observed.

A modification of the ABHs in the form of a bar
with a special law of the change in cross section is con-
sidered in [12, 13]. In these studies, the method and
criteria for the applicability of the WKB (Wentzel–
Kramers–Brillouin) approximation in the problem of
transverse vibrations of a bar are also described in
detail. The exact solutions obtained for a power-law
dependence of the bar width and a quadratic depen-
dence of the bar thickness on length were used to mod-
ify the WKB approximation for bars of constant width
and arbitrarily changing thickness. Based on these
solutions, expressions have been obtained for the input
impedance matrix of a bar with a special law of the
change in cross section.

The authors of [5] showed that structures acting as
ABHs do not require high-quality manufacturing,
which makes their production affordable. The authors
of [4] note that this field has been insufficiently stud-
ied and requires a broadening of the possibilities of
using ABHs.

An alternative to a plate or bar with a power-law
profile is a notched bar [14], i.e., a bar with a rectan-
gular cross section in which notches are cut normal to
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Fig. 1. Diagram of profile of a notched bar.
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the bar axis and the depth of which increases accord-
ing to a power law (Fig. 1). The local stiffness of such
a bar decreases with an increase in notch depth. In
particular, this structure is preferable because it does
not require high-precision manufacturing of the bar
end. If we compare the sizes of two similar types of
ABHs, namely, a bar with a power-law profile and a
notched bar with the same length, another advantage
of the latter is that its critical frequency is reduced by
five times compared to the more conventional ABHs
with a power-law profile. The mass of the correspond-
ing sample of the notched bar will be higher than that
of the bar with a power-law profile. However, the
author of [14] clarifies that the question of the number
and location of notches remains open.

For a notched bar, it is impossible to obtain an
exact analytical solution; therefore, to obtain the dis-
tribution of displacement fields, it is necessary to
either simplify the problem or use numerical simula-
tion. The author of [14] proposes using the commonly
accepted equation of f lexural oscillations of a bar non-
uniform along its axis. As a result of calculations, a for-
mula was obtained for the local thickness of the bar at
the site of notches:

(1)

where  is the the gap width between opposite
notches, H is the bar thickness, L is the length of the
notched bar, and α is the exponent.

The bar begins to exhibit the characteristics of an
ABH at frequencies above the critical frequency:

(2)

Here, Е is the Young’s modulus and ρ is the density
of the bar material.

For this type of ABHs, there are insufficient exper-
imental studies and modeling results. In this study, we
present the results of numerical simulation and exper-
imental studies of the peculiarities of the propagation
of f lexural elastic waves in a notched bar with a rectan-
gular cross section and notch depth varying according
to power law (1), as well as with a gradually decreasing
distance between notches. In addition, it is compared
a control notch-free sample.
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NUMERICAL SIMULATION
Here, two bars with dimensions of 3.9 × 6.8 × 200 mm

were studied: a control notch-free sample and a sam-
ple with 28 notches. The distance from the free end of
the bar to the center of the corresponding notch was
set by the following expression:

(3)

where i = {1, 2, …N}, N = 28 is the number of notches
and L is the length of the notched part. According to
(1), the depth was varied according to a power law:

Here, the formula for s(x) is artificially limited to
the minimum thickness to prevent fracturing of the
samples upon their physical realization. The total
length of the bar L0 = 200 mm, the length of the
notched part L = 90 mm, H = 6.8 mm, Z = 3.9 mm
(the bar width) (Fig. 1).

The sample dimensions were selected based on the
operating frequency range (in this study from 10 to
100 kHz) and a set of the following conditions:

(а) the approximation of a thin bar (the length
should be several times higher than the transverse
dimensions of the bar, and in the selected frequency
range, only zero f lexural modes should occur in the
notch-free part);

(b) according to (2), the critical frequency of the
ABH should correspond to the operating range of the
source of acoustic waves (according to (2), for a bar
with the given dimensions, the critical frequency is
942 Hz);

(c) the size of the notch-free part should make it
possible to distinguish several wavelengths in the
selected range.

The width of the notches is 0.75 mm (these are the
minimum technically possible dimensions). Coordi-
nate  is counted from the edge of the bar to the mid-
dle of the notch. The inner parts of notches are
rounded (d = 0.75 mm).

The elastic characteristics of the sample material
correspond to D16 grade duralumin: the density is
2680 kg/m3, the propagation velocity of longitudinal
waves is 6400 m/s, and that of transverse waves is
3130 m/s. Piezoceramic elements with longitudinal
polarization were considered as the acoustic wave
sources (Fig. 2a), mounted at the end of the bar in a
notch-free zone on opposite surfaces of the bar and oper-
ating in phase opposition: the density is 4700 kg/m3, the
velocity of longitudinal waves is 6562 m/s, and that of
transverse waves is 3582 m/s.

Numerical simulation of possible oscillatory pro-
cesses in the ABH model was achieved using the finite
element method in the COMSOL Multiphysics 5.3
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Fig. 2. (a) Example of set geometry of sample, (b) finite element mesh.
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Fig. 3. Examples of shapes of f lexural oscillations of bars in horizontal projection: control sample at frequencies (a) 12.8, (b) 22.7,
(c) 54.6, and (d) 99.9 kHz; notched bar at frequencies (e) 10.4, (f) 21.8, (g) 52.9, and (h) 99.5 kHz.
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Fig. 4. Dispersion curves of notch-free bar (error of exper-
imentally obtained data is less than size of symbol and
increases from 2 to 9% with decreasing velocity).
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Fig. 5. Amplitude distribution of f lexural mode in
notched bar.
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software code (license no. 9600341) with the con-
nected Structural Mechanics unit. Numerical simula-
tion was done using the approach of determining
eigenfrequencies in a three-dimensional formulation
without using any symmetry, since this option makes
it possible to identify all possible types of oscillations.
In the studied samples, four types of such oscillations
are observed: a longitudinal and a torsional modes,
and two flexural modes in different projections.

The boundary conditions of the model corre-
sponded to the free outer edges of the sample, except
Fig. 6. (a) Eigenfrequencies of f lexural mode propagating in notc
distance to free end in frequency range from 10 to 100 kHz. Und
dinates.
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for the outer boundaries of the piezoceramic elements,
the coordinates of which were fixed.

The mesh of finite elements (Fig. 2b) was sepa-
rately constructed in two regions: in the notch-free
sample part close to the piezoceramic elements, a
structured mesh of elements in the form of rectangular
parallelepipeds was used, and the region with notches
was filled with elements in the form of triangular
prisms. The size of these elements was certainly much
smaller than the studied wavelengths; therefore, it was
determined by the features of the geometry and was of
0.05–0.1 of the height/width of the sample, namely,
0.35–0.39 mm. The total number of elements was
about 400000 (a slight deviation from this number was
due to variations in the notch structure in samples).
This choice of finite element mesh allowed an accu-
racy in estimatinng eigenfrequencies of up to 50 Hz.

The solution to the problem was reached by study-
ing the eigenfrequencies in the 0−100 kHz range. For
ACOUSTICAL PHYSICS  Vol. 70  No. 3  2024

hed and control bars. (b) Dependence of f lexural wavelength on
er plot is profile of a notched bar, which corresponds to x coor-

50 100 150 200

Hz

Hz

Hz

Hz

Hz

z

Hz

Distance, mm

(b)



PECULIARITIES OF FLEXURAL WAVE PROPAGATION 413

Fig. 7. (a) Samples of bars, (b) mounting of sample and transducers.
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further analysis, we used the components of particle
displacement on the notched surface of the sample as
a function of the coordinate and a graphical represen-
tation of the shape of oscillations (Fig. 3).

As expected, the distribution of the oscillation
amplitude along the control bar is uniform over its
entire length regardless of frequency; the wavelength
also does not change with distance to the end of the
bar (Figs. 3a–3d). Based on the simulation results for
this bar, the dispersion curves were calculated for all
modes in the frequency range from 100 Hz to 100 kHz
(Fig. 4).

For the notched bar, a series of distributions of the
normalized amplitude of the displacement of the hor-
izontal f lexural mode along the sample was plotted as
a function of the distance to the free end of the bar
with envelopes following the profile of the notched bar
(Fig. 5). The Hilbert transform was used to calculate
the functions orthogonal to the original modes, and to
reconstruct the shapes of their envelopes. Frequencies
are plotted along the y-axis, where the zero amplitude
of mode oscillations corresponds to its eigenfre-
quency. Amplitudes are normalized to the initial value
of each curve. The profile of the notched bar is shown
below the x-axis.

After crossing the interface between the uncut and
cut parts of the bar, the wavelength decreases as it
approaches the free end; i.e., the ABH effect occurs.
In this case, the shape of its envelope follows the pro-
file of the notched bar. In addition, at frequencies
above 52.9 kHz, closer to the end of the bar, the half-
ACOUSTICAL PHYSICS  Vol. 70  No. 3  2024

Fig. 8. Example of visualization of surface oscillation of
notched bar recorded using a scanning vibrometer.
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wavelength becomes comparable with the distance

between notches, and the wave stops to reach the end

of the bar. It should be noted that, despite the fact that

the f lexural wavelength acts similarly to the Lamb

wavelength in a plate with a parabolic profile [11], the

amplitude slightly increases except for the boundary

mode at a frequency of 52.9 kHz, when the amplitude

increases by ten times.

Figure 6a shows the spectra of the eigenfrequencies

of the control and notched bars in the range of up to

100 kHz. The spectrum of the notched bar is more

enriched than that of the control sample. This is

explained by that as the f lexural wave approaches the

end of the notched rod, the wavelength decreases

(Fig. 6b), and a larger number of wavelengths for a

similar frequency fits the notched part (Fig. 3).
Fig. 9. Amplitude-frequency response of (a) control and
(b) notched bar in frequency range from 10 to 100 kHz.
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Fig. 10. Amplitude distribution of f lexural mode in (a) control and (b) notched bar.
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A similar decrease in the wavelength in a notched
bar and its tendency to a fixed value was predicted in
[14] and is due to a gradual decrease in the local stiff-
ness of the bar. The wavelength and corresponding
velocity do not reach zero at the end of the bar due to
that it was decided to limit the minimum thickness of
the gap between notches to 0.85 mm for the possibility
of further physical implementation of such a sample.

EXPERIMENTAL

For experimental studies, two samples of bars with
dimensions of 3.9 × 6.8 × 200 mm were made of D16
alloy: a notch-free control bar and notched bar (Fig. 7a).

The experimental studies were performed using a
setup developed for the study of a wedge with a para-
bolic profile [11]. The sample was held at the uncut
end by a specially designed mounting system (Fig. 7b).
Two piezoelectric transducers were attached on oppo-
site sides of the sample. At the four corner points of the
clamp, rigid clamping of the sample is provided by
screw fastening. The transducers are spring-loaded
with a soft material and are not involved in the mount-
Fig. 11. Dependence of f lexural wavelength in bar on dis-
tance to free end in frequency range from 10 to 100 kHz.
Curves, simulation results; points, experimental data.
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ing system, but provide boundary conditions. The
inner planes of the transducers are shifted in phase
opposition in a piston mode in such a way that a f lex-
ural wave is excited in the sample.

A Polytec PSV-300 laser scanning vibrometer was
used to scan the surface of the notched bar in such a
way that the image of the vertical displacement of the
surface (Fig. 8) obtained using a laser vibromometer
upon the experiment corresponds to the bending of
bars in the horizontal plane in Fig. 3. Scanning was
performed only for some frequencies to make sure that
the conditions of a thin bar in this frequency range are
fulfilled. Then, the values of the amplitude of the
vibrational velocity were determined at the selected
points on the centerline of the surface. The number of
points was selected in such a way that the spatial reso-
lution was sufficient for visualization of the wave,
namely, at least five points per half-wavelength.

At the beginning of the experiment, the ampli-
tude–frequency response was measured for each of
the samples in a continuous sweep mode in the range
from 10 to 100 kHz (Fig. 9).

The distribution of the eigenfrequencies of samples
is similar to the pattern of the spectra obtained as a
result of modeling (Fig. 6a). In the control sample at
frequencies from 55 kHz and above, more efficient
generation of eigenfrequencies occurs. The amplitude
distribution along the bar is more uniform taking into
account the nodes and crests of standing waves than at
low frequencies (Fig. 10a). At the same time, the
wavelength does not depend on the distance along the
bar, and the dispersion curve for this bar qualitatively
repeats the shape of a simulated curve plotted using
numerical simulation (Fig. 4).

In the notched bar, the spectrum is “smoothed”;
i.e., the amplitudes of resonance modes at frequencies
below 55 kHz are comparable to the amplitude of the
peaks at higher frequencies. The pattern of the oscillation
amplitude of a flexural wave in a notched bar (Fig. 10b)
qualitatively replicates the modeling results: as it
approaches the end of the rod the wavelength
decreases, and as soon as the distance between the
notches becomes equal to the half-wavelength, the
ACOUSTICAL PHYSICS  Vol. 70  No. 3  2024
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wave does not propagate further (Fig. 5). Only a slight
shift in the frequency spectrum (±3 kHz) is observed
compared to the simulated one (Fig. 5). The simulated
and experimentally obtained values of the f lexural
wavelength in a notched bar as a function of the dis-
tance to the end of the bar are presented in Fig. 11 for
different frequencies. Closer to the end of the bar, the
error in determining the wavelength increases from 1
to 4 mm.

For all studied frequencies, a decrease in the f lex-
ural wavelength in the bar is observed as a function of
the passed distance. However, at a distance of about
30 mm from the end, there is almost no decrease in the
wavelength and even a nonmonotonic behavior of the
wavelength as a function of the distance is observed,
because this bar has five notches at the end, which are
equal in depth. The discrepancy between the modeling
results and the results of experimental studies may be
due to inaccuracy in the manufacture of the bar
(including making notches), incorrect accounting for
the location and method of mounting.

CONCLUSIONS

In this study, we present the results of simulation
and experiment, which confirm the appearance of the
ABH effect in the range from 1 to 100 kHz in a
notched bar, the depth of the notches in which varies
according to power law (1). In addition, the results are
compared with a control notch-free sample. For this
purpose:

(1) a sample of a notched bar with 28 notches was
calculated and made of a D16 aluminum alloy; the
distance between notches decreases towards the end of
the bar and their depth increases according to (1);

(2) a numerical method was used to simulate the
propagation of a f lexural wave in the notched and
notch-free bars;

(3) laser vibrometry was used to visualize the distri-
bution of the vibrational velocity amplitude in the
samples as a function of the distance to the end of the
bar in the frequency range from 10 to 100 kHz.

For all studied modes, a decrease in the f lexural
wavelength in the bar as a function of the passed dis-
tance is observed. However, a change in the wave-
length in the vicinity of the end is step-wise due to
both the presence of notches of equal depth at the end
of the bar and to the effects of coincidence or mis-
match of the f lexural wavelength in the bar with the
sizes of the cut pieces. Therefore, the mode at
52.9 kHz (numerical simulation) and at 55.7 kHz
(experiment) stands out, the wavelength of which

sharply decreases and reaches an average value of
about 4.8 mm at a distance of 8 mm from the end.

The results of the studies provide information on
the peculiarities of the propagation of f lexural waves in
notched bars and can be useful in developing noise-
damping devices based on them.
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