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Abstract—In the present work as the second part of the research work on wave propagation characteristics of
helically orthotropic cylindrical shells, the main aim is to use the developed solution for resonance isolation
and identification of an air-filled and water submerged Graphite/Epoxy cylindrical shell and quantitative
sensitivity analysis of excited resonance frequencies to the perturbation in the material’s elastic constants. The
physical justifications are presented for the singular features associated with the stimulated resonance fre-
quencies according to their style of propagation and polarization, induced stress-strain fields and wave type.
For evaluation purposes, the wave propagation characteristics of the anisotropic shell and the far-field form
function amplitude of a limiting case are considered and good agreement with the solutions available in the
literature is established.
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In order to illustrate the nature and general behaviour of
the solution, we consider some numerical examples. Our
particular example is a Graphite/Epoxy (AS4/3501-6) heli-
cally filament wound composite cylindrical shell sub-
merged in water and filled with air at atmospheric pres-
sure and ambient temperature with their physical proper-
ties as given in the table. As it is concluded from the given
material properties, the transversely isotropy condition
governs for the present unidirectional orientation fiber-
reinforced composite material; i.e. equivalent properties in
isotropy ts-plane:  and

. Notice that our proposed solu-
tion is organized for general monoclinic condition of
anisotropy.

A MATLAB® code was constructed for computing
the global modal transfer matrix,  considering
boundary conditions, calculating the unknown total
and background scattering coefficients, and ulti-
mately, the wave propagation characteristics. All the
calculations are done for a unit amplitude incident
plane wave . The computations were per-
formed on a Pentium IV personal computer with a
maximum number of sublayers  and a max-
imum truncation constant of ,

selected to guarantee the convergence of the solution
in the high frequency range. The interested frequency
range is selected as  with a frequency res-
olution of , in order to make uncompli-
cated the developing and identification process of
main resonances and to avoid the appearance of ultra-
narrow resonances. Since the convergence and stabil-
ity of the proposed solution is significantly dependent
to the number of assumed sublayers , we need to
particularly examine the steadiness of the numerical
calculations as function of . Therefore, Fig. 1
shows the changes in the back-scattered form function
amplitude of our Glass/Epoxy shell with thickness,

 and at the maximum limit of selected
frequency range, , angle of incidence 
for different values of maximum sublayers, .
Apparently, proper convergence with the truncation
error of  is achieved with  and obviously,
the selected value of  in our numerical cal-
culations is over satisfactory.

First of all, in order to check the overall validity
of the scattering formalism, we computed the varia-
tions of the backscattering form function amplitude
with dimensionless frequency for oblique incidence
(α = 9°) upon an air-filled boron/aluminum unidi-1 The article is published in the original.
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rectional composite cylindrical shell submerged in
water by setting ,  kg/m3,

, , c13 =

, , c44 =

, , 1000 kg/m3,
1469 m/s, 1.2 kg/m3 and  340 m/s in our

general MATLAB® code. The numerical results, as
shown in Fig. 2a show good agreement with those dis-
played in Fig. 7a in [1]. For further check, we com-
puted the wave propagation characteristics associ-
ated to the dipole mode of vibration (n = 1) of a
monoclinic cylindrical shell with normalized thick-
ness as , normalized material properties
as , ,

,  and filament
angle . For this purpose, we used our general
formulation to determine the wave propagation char-
acteristics by setting the determinant of the coefficient
matrix in Eq. (21) of part 1 [2] equal to zero, i.e.,

 and searching for its frequency roots. Figure
2b shows excellent agreements between the computed
normalized modal frequencies,

, as a function of dimen-
sionless axial wave length, , with those dis-
played in Fig. 1 of Ref. [3].

Figure 3 shows the wave propagation characteris-
tics (i.e., dispersion curves: dimensionless frequency,

, with respect to the dimensionless axial wave-
length, ) of an air-filled and water submerged
Graphite/Epoxy cylindrical shell with 
thickness and the filament angle , for selected
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mode numbers  (Fig. 3a) and  (Fig. 3b),
respectively, in the dimensionless frequency range of

. The resonance branches associated to
partial waves on the anisotropic cylindrical body are
observed. The resonance branches associated to heli-
cally circumnavigating resonances are designated by
the integers  where  specifies the fundamental
mode number and the second, l = 1, 2, 3, …, is to iden-
tify the overtones associated with the fundamental
mode of the vibration. The superscripts “+” and “–”
refer to the anticlockwise and the clockwise types of
circumnavigating, respectively. As it is seen, an inter-
esting bifurcation phenomenon is emerged in fre-
quency spectra as the axial wave number  takes non-

zero values; e.g., the resonance spectra of and

,  and ,  and  are
branched from identical frequencies for which an
entirely circumnavigating type of wave propagation
(i.e., zero helix angle, ) is anticipated. This
observed splitting behavior is interpreted in this way
that for the cases of a zero helix angle, both clockwise
and anti-clockwise propagating partial waves experi-
ence a symmetric condition with respect to the elastic-
ity of the cylindrical structure; but for the non-zero
helix angles, both of the wave propagation types meet
different states of the material effective elasticity.

Before we start the resonance classification and
identification process for the current scattering prob-
lem, it would be helpful to present a brief review on the
concepts in Resonance Acoustic Theory (RST). Con-
sidering the exposed physics associated to the scatter-
ing phenomena from RST, we know that the scattered
acoustic field from the targets consists of resonance
spectra superimposed on relatively f lat background
which can be attributed to the target material density
and geometrical parameters. The resonance spectra is
a cumulative of the excited resonances of the target
linked to the constructive interference of propagating
surface waves making multiple encirclements of
body’s periphery due to the phase matching phenom-
enon. The surface waves are launched from the strike
points on the object boundary and travel over the body
in spiral or helical trajectories, depending to the inci-
dent angle. In the case of the normal incidence, the
waves travel in entirely circumnavigating trajectories
and for the oblique incidence, the waves travel in heli-
cal ones making helix angle which depends on their cor-
responding phase velocity of propagation [4, 5] (i.e., the
helix angle, , and the phase velocity,

, are simply related as

 where ).
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Fig. 1. The changes in the backscattered form function
amplitude of Glass/Epoxy shell with thickness of

, and at the maximum limit of selected fre-
quency range, , and at angle of incidence, ,
for different values of maximum sublayers, 
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Fig. 2. (a) The variations of the backscattering form function amplitude with thickness , dimensionless frequency for

oblique incidence,  9°, upon an air-filled boron/aluminum unidirectional composite cylindrical shell submerged in water
compared with the results of Kim and Ih [1]. (b) The wave propagation characteristics associated to the dipole mode of vibration,

, of a monoclinic cylindrical shell with normalized thickness as , normalized material properties as

, , ,  and filament angle , compared

with the results of Soldatos and Ye [3].
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The special case of the normal insonification; i.e.,

, may represent special features which distin-
guish the monoclinic cylindrical body from the lower

0α °=

anisotropy cases (e.g., isotropic, transversely isotro-
pic, orthotropic). The non-trivial solution of the prob-
lem, Eq. (4) of part 1 [2], reduces to
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It could be easily found out that there is no contri-

bution of  and  in the dynamics of the

body or in a simple word, , which

along with , implies that there is no wave prop-
agation (guided waves) along the z-axis, but the exis-

tence of  and  indicates the polarization of

circumnavigating wave motions along the z-axis.
In comparison with the case dealing with isotro-
pic, transversely isotropic and orthotropic cylin-
drical structures, the normal insonification of a
generally monoclinic cylindrical shell leads to a
non-zero value and asymmetric pattern of the axial
component of the displacement vector; i.e.,

. In addition to the

above wave polarization analysis, a practical note
comes into mind that in the non-destructive evalua-
tion of a generally monoclinic anisotropic cylindrical
structure, the oblique incidence is essential to take into
account all the elements of the stiffness matrix, [6, 7].

Figure 4 illustrates the variation of the modal form
function amplitude, the modal background scattering
amplitude and the isolated modal resonance scatter-
ing amplitude (which is obtained from the subtraction
of the modal background component from the modal
form function spectrum) of an air-filled and water
submerged Graphite/Epoxy cylindrical shell with

, filament angle , at the angle of

incidence , with respect to dimensionless fre-

quency, , for selected mode numbers 

(Fig. 2a) and  (Fig. 2b), respectively. As it is
clear in these figures, the modal scattering coeffi-
cients perfectly coincide with the inherent back-
ground coefficients, except in the resonance region
where the resonances are clearly isolated. Each
peak in the resonance components are associated
to a certain resonance which by comparing to the
intersection of dispersion curves of Figs. 5a and 5b

with the scattering line of , leads to

the identification of the stimulated resonance fre-

quencies as  and

.
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Fig. 3. The dispersion curves (frequency spectra) associated

to an air-filled and water submerged Graphite/Epoxy cylin-

drical shell with , filament wound angle

 for selected mode numbers  (a) and  (b).
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Figure 5 depicts the back-scattered form function
amplitude of mentioned example of Graphite/Epoxy

cylindrical shell, at the angle of incidence . Fol-
lowing the procedure of resonance isolation, classifi-
cation and identification described above, the excited
resonance frequencies are labelled.

Here, our aim is to discover the attractive feature of
the resonance bifurcation (doubling) which was
emerged in dispersion curves of wave propagation
characteristics, in the present resonance scattering
problem. In this twinning process, the foundation sur-
face waves, which have been circumnavigating the
cylindrical body in both clockwise and anti-clockwise
with zero helix angle for the case of the normal inci-

dence (i.e., ), begin to take helix angles with

respect to the rθ-plane; 

for the clockwise wave propagation mode, , and

 for the anti-clockwise

wave propagation mode, . Figure 6 illustrates the
frequency variation of the resonance scattering ampli-

tude corresponding to mode number , for
selected values of the angle of incidence,

. As the incidence angle deviates

5α = °

0zk =
tan ([ a ] sin )

1 +

res

+ −Ψ = αqk n

( )n,l
+

tan ([ a ] sin )
1

res

− − −Ψ = αqk n

( )n,l
-

2n =

0 ,1 ,2 ,3 ,4 ,5α = ° ° ° ° ° °

from the normal insonification state, the single reso-

nance curve, , starts to divide to  and

. For lower incident angles; i.e., , they
demonstrate an interfering frequency zone (i.e., twin
resonances). For greater incident angles; i.e.,

, two completely separated resonance
branches are observed. Figure 7 illustrates the reso-
nance doubling phenomenon for selected mode num-

bers  (Fig. 7a),  (Fig. 7b),  (Fig. 7c),

 (Fig. 7d).

As mentioned before, the resonances are the fin-
gerprints of materials, and the materials with different
structure and geometry have their own set of reso-
nances. For material characterization or on-line mon-
itoring applications, these resonances are used to eval-
uate the various properties of the cylindrical structures
by solving the inverse acoustic problem or organizing
a numerical inverse model; however, it is important to
categorize the resonances which show a sensitive
behavior with regard to the parameter that is to be
evaluated or monitored. Here, a quantitative sensitiv-

ity analysis is presented for the case of 

Graphite/Epoxy cylindrical shell at oblique incidence

, whose resonances are identified in Fig. 5. To
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do this, the main independent fiber-reinforced com-

posite material constants,  and  are

perturbed so that the first signatures of variations are

detected. The dimensionless sensitivity parameter is

defined as  which means

, , ,l t lt ltE E G ν tsG

( ) ( ) %100q qka ka P Pδ δ ×

the percentage of the normalized shift in the reso-

nance frequency with respect to the normalized per-

turbation in the objective parameter. Figure 8 displays

the sensitivity parameter of the main stimulated reso-

nance frequencies in Fig. 5 with respect to parameters

 (Fig. 8a),  and  (Fig. 8b),  and  (Fig. 8c),lE tE sE ltG lsG

Fig. 5. The normalized backscattered form function amplitude of an air-filled and water submerged Graphite/Epoxy cylindrical

shell with  thickness, , excited at angle of incidence . The resonance frequencies are isolated and iden-

tified according to their fundamental mode, overtone number, direction of corresponding propagating wave mode.
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 and  (Fig. 8d), respectively. The most important

observations are stated in the following: considering

the fact that an exact physical interpretation associated

to each emerged feature may need to the analysis of the

stress-strain polarization, displacement field imaging,

and the wave propagation characteristics associated to

each resonance mode of vibration. Therefore, only

some practical observations are presented here. It is

noteworthy that any variation of the resonance fre-

quencies is physically related to the variation of the

corresponding phase velocities of the resonances

which are affected by the perturbation of material con-

stants.

Figure 8a examines the sensitivity parameter with

respect to the perturbation of . This figure shows the

sensitivity of the 3rd and particularly the 4th overtones

ltν lsν

lE

of the stimulated resonance modes, ,

despite to indifferent behavior of the 1st and 2nd over-

tones of all resonance modes with respect to the per-

turbation of . In spite of the effects associated to the

perturbation in , Figure 8b illustrates the sensitive

manner of the 1st and particularly the 2nd overtones of

the resonance modes, , with respect to vari-

ations in , and in addition, the indifferent

behavior of the 3rd and particularly the 4th overtones.

The paradoxical behavior of the 1st and 2nd overtones

of the resonance modes may lead to this conclusion

that the excitation of these resonance branches are

more affected by the generally orthotropic material

property in the s-direction. In other words, they are

sensitive to  rather than to  or . For the case of
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a perturbation in  as shown in Fig. 8c, all res-

onance modes are rather susceptible which indicates

that these resonance modes belong to the propagation

of a shear type wave. In general, the lower overtones

illustrate greater sensitivity for each resonance mode

(e.g., 0.28% for , 0.13% for , 0.08% for

 and less than 0.01% for ). Considering the

fact that one of the main differences between the over-

tones of a specific resonance mode is the difference

between their helix angle of propagation, which gets
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greater values for higher overtones (i.e., as 

increases for higher overtones,

 increases as well), it is

roughly concluded that for the mentioned  fil-
ament angle composite cylindrical body, the shear

moduli,  and , are more influential for the com-
pletely circumnavigating wave propagation modes. In
a simple word, as the wave trajectories deviate from

the rθ-plane, the effect of  and  becomes smaller.
Despite the sensitivity of resonance frequencies with

respect to the shear moduli  and , the variations

of  (i.e., between the large range of  to

) has no effect on the resonance frequencies.

Considering that  only appears in  and 
elements of the stiffness matrix of the mentioned

example of  filament wound cylindrical struc-

ture (i.e., ,

), where these elements affect the

rθ- and rz-stress and strain components, this singular
feature along with the above observations lead to this
conclusion that the shear type wave propagation along
the mentioned anisotropic cylindrical shell is polar-
ized mainly in the principal θz-plane, as is schemati-
cally shown in Fig. 9. Eventually, the effects associated

to the variations of  on the resonance frequen-
cies are studied in Fig. 8d. As this figure displays, the

3rd and 4th overtones of the dipole  and quadru-
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Fig. 9. Shear type wave propagation along the anisotropic
cylindrical shell polarized mainly in the principal θz-plane.
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ple  resonance modes illustrate a positive nor-
malized sensitivity (i.e., positive correlation or direct
relationship between the variations of the object
parameter and the variations of the resonance fre-

quencies) with respect to variations of , while

the 1st and 2nd overtones of the resonance modes
(excepting the dipole and quadruple modes of vibra-
tion which do not show any sensitivity) depict a nega-
tive normalized sensitivity; i.e., negative correlation or
inverse relationship between the variations of the
object parameter and the variations of the resonance
frequencies. In this figure, it is clear that the normal-
ized sensitivity with respect to Poisson ratios is
approximately one order smaller than what happens
for the other material elastic constants.

CONCLUSIONS

The novel methodology of part 1 of the research
work on the wave propagation characteristic of heli-
cally wounded cylindrical shells is used to study the
wave propagation characteristics of an air-filled and
water submerged Graphite/Epoxy cylindrical shell.
The singular phenomenon of the resonance bifurca-
tion is unveiled and is tracked in the results of the scat-

tering problem in which the ordinary circumnavigat-
ing resonance wave propagation modes (resonance
branches) start to doubling as the wave takes a nonzero
axial wavelength. Particularly, an attention is paid to
the sensitivity analysis of resonances associated with
various modes of the wave propagation appearing in
the backscattered amplitude to the perturbation in the
material constants of composite material. The results
illustrated the capability of the resonance spectros-
copy technique for non-destructive evaluation of the
wounded composite structures.
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