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Abstract—New results on the asymptotic behavior of the probabilities of large deviations of combina-
torial sums of independent random variables satisfying the Linnik condition are obtained. A zone,
where these probabilities are equivalent to the tail of the standard normal law, is found. Such results
were previously obtained by the author under Bernstein’s condition. The new results are proved by the
truncation method.
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1. INTRODUCTION

We suppose {(X,;), | <i,j<n,n=2,3,..}isasequence of matrices of independent random variables
and {%, = (%,(), ®,(2), ..., ®,(n)), n =2, 3, ...} is a sequence of random permutations of the numbers 1,

2, ..., n. Let ®, have a uniform distribution on the set of all permutations of 1, 2, ..., n and be independent
of (X,;) for any n. We define the combinatorial sum S, by the relation

n
Sn = ZXninn(i)'
i=1

We note that if the distributions of X,; coincide forall 1 < j < natall n, then §, has the same distribution
as the sum of independent random variables. Although this case is well studied, we should take it into
account when estimating the optimality of the obtained results.

Under certain conditions, the sequence of distributions of normalized combinatorial sums weakly con-
verges to the normal law. Any similar result is called a combinatorial central limit theorem (CLT).
Research in this direction started long ago. The combinatorial CLT has been studied by Wald and Wol-
fowitz [1], Noether [2], Hoeffding [3], Motoo [4], Kolchin and Chistyakov [5]. Later on, nonasymptotic
bounds of the type of Berry—Esseen and Esseen inequalities were found. Bolthausen [6], von Bahr [7],
Ho and Chen [8], Goldstein [9], Neammanee and Suntornchost [10], Neammanee and Rattanawong
[11], Chen, Goldstein and Shao [12], Chen and Fang [13], and Frolov [14, 15] obtained similar results.
A.N. Frolov obtained the results for a random number of summands in [16].

Bounds in CLT allow the asymptotics of probabilities of large deviations in logarithmic zones to be
found. Usually, in this case, they speak of moderate deviations. We obtained such results for combinatorial
sums in [17].

In our work [ 18], we first obtained results on the asymptotic behavior of probabilities of large deviations
of combinatorial sums in power zones. In that work, we assumed that random variables satisfy some ana-
logue of Bernstein’s condition. But for separate particular cases, combinatorial sums do not have indepen-
dent increments. This makes it difficult to use classical methods of summation theory for independent
random variables. In [18], we obtained the bounds of the moment-generating function and its logarithmic
derivatives of the normalized combinatorial sum rather than of its particular summands. This is what led
to those results.
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Bernstein’s condition is one of the forms of the existence condition for the exponential moment. A nat-
ural problem is to obtain new results on the asymptotics of probabilities of large deviations if it is violated.
This is what we discuss in this work. We replace Bernstein’s condition with the weaker Linnik condition.
To prove the results, we use the truncation method.

2. RESULTS

We suppose {(X,;), | <i,j<n,n=2,3,..}isasequence of matrices of independent random variables
such that

D EX,, =Y EX, =0 (1)
i=1 7=
for any n. We suppose {%, = (%,(), «,(2), ..., T,(n)), n =2, 3, ...} is a sequence of random permutations

of the numbers 1, 2, ..., n. We assume that 7, has a uniform distribution on the set of permutations P, and
is independent of (X ,,,,) for any n.

We put

S, = Z X im0y
i=1
It is not difficult to check that

=3 ®x,,y+1Y X,

i,j=1 =

ES,=0, DS,=ES.—(ES,)’

Thus, condition (1) ensures centrality of the combinatorial sums. Replacing DX, = EX,; — (EX, mj)2 inthe
latter formula, we have

S (X, +IZE

i,j=1

n(n =)
If DS, — <o, the principal part of the variance is the normalized sum of the second moments

=1 Z EX2,

n; ,J=1
Therefore, in what follows, we use {B,} as the norming sequence for .S,,.
Further, we assume that the summands have all moments. We put

Y, = max {maxr nij|» MAX Z m/ x ZEXm/ Z \/’B}Zj/z} 2)

n

We note that y, = 1. This follows from the fact that nB, = Z Xy < nmax Z EX.,

The result below was obtained in our work [18].

Theorem 1. We suppose {M,} is a nondecreasing sequence of positive constants such that fors =1, 2, 3 the
inequalities

‘E

< Dk!M,E|X,

3)

nij nij

holdforallk = s,all1 < i,j < n,and all n = 2, where D is the absolute positive constant.

Then, for any sequence of real numbers {u,} such that u,, — oo, u,, = o(\/;/yn), and u, = o(\/E,, /M,) as
n — oo, the relation

P(Sn = un\/En> ~1-®(u,) as n—oo (4)

holds, where ®(x) is the standard normal distribution function.
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The condition u = o(\f /v, is natural for relation (4), which is the exact (not logarithmic) asymptotic
of large deviations. If we assume that all X,; are identically distributed, this condition turns into the opti-
mal condition u, = o(n'/°).

Condition (3) is similar to Bernstein’s condition, which is a form of the exponential-moment condi-
tion. In [18], we give some variants of this conditions and the examples of random variables that satisfy the
hypothesis of Theorem 1. In particular, these include bounded random variables. In the latter case, Spear-
man’s rank correlation coefficient is an important example of a combinatorial sum.

The theorem below is our principal result. In it, we replace Bernstein’s condition by the weaker Linnik
condition, thus expanding the theorem’s application domain. For instance, the Weibull distribution with
the parameter o that arises, in particular, as a limit distribution in the theory of extreme order statistics
satisfies the Linnik condition and does not satisfy Bernstein’s condition when o < 1.

Theorem 2. We suppose for some 3 € (0, 1) the inequalities

X,
e

! < cE|x,,[

hold fors=1,2,3,alll <i,j < nandalln =2, where Cis an absolute positive constant.

(5)

We suppose {u,} is a sequence of real numbers such that u, — o, un = 0(\/;/7”), u, = o(BE /P ))), and

BBB/z

In(nc, +1) = o(u, ) as n — oo, where

1 N 1 N
Cn :_m.axz(pnij +_maXZ(Pm'j Z(pmj’
no T = i,=1
X,.f
0y = B 1]|X,;| = u,/B,}.
Then, relation (4) holds.
Condition (5) holds if for any /, j, and n the random variable X,,; can have one of k given distributions.

Moreover, if there exist positive constants A and B such that Ee‘ ouf < AandE |X i
s, then condition (5) holds.

= Bforalli,j, n,and

If X,,; have the same distributions for any 7, /, and n, then by Theorem 2 relation (4) holds for u, = = o(n®),
where oc min{1/6, B/(2(2 — B))}. From Linnik’s work [19], we know that in this case, for § € (0, 1/2],

the Linnik condition is optimal to fulfill for relation (4) in the zone u, = o(nB/ (2(273))), while for > 1/2 it
requires additional conditions. Thus, the hypotheses of Theorem 2 cannot be improved in this case.
Remark 1. Theorem 2 still holds for p = 1. One should replace c, by zero.

3. PROOFS
We now prove our results.
Proof of Theorem 2. We put y, = u,\/B,, X, = X, I{|X,; b X —X,WI{ il = v} and T, =
i=1 A_/vm‘n,,(i) - We suppose BO = ﬂi:l {Xnin,,(i) - mn (1)} and Bl U { nim, (i) nm (1)} We have

P(S, = y,) = PUS, = y,} 0 By) + P(S, = y,; 0N B) < P(T,, = y,) + P(B)

<P, = y)+ Y P(Xumo| = 5) =PT, = y)+1 ZP (X5 = 7).
i=1 1/
Similarly, we have
P(T, = y,) < P(S, = y,,)+}lZP(Xm,- = y,)

ij=l

Hence, the inequality

P(S, = y,)—P(T, = y,)| < i P(X, =) (6)

i,j=1
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holds.

For all 1<i,j<n, we put a, =EX,, 6,=DX,, @, = lleEnij, a,, = ]z G

nij nijs mj nij»

1 _ . _ _
z Ay > and Wy = Gy + @, — @, - We designate Y, i = mj L R, Z _Yain iy

1
;Zi, j=1 ”"f :
First, we show that the relation
P(R,=uB,)~1-®@u,) as n— (7)

holds. To do this, we apply Theorem 1 and use the following result to check its hypotheses.
Lemma 1. We supposey > 0,B € (0, 1),ue (=1, 1), x>0, and a € (0, 1). Let X be a random variable

and X = XI{|X|< y}. We assume that £ < 0cE|A_’ - u|sfors =1, 2, 3 and |y < M In2, where M =
¥ P/a.
Then,

‘E()? - u)k‘ < C(a,B)ok! M*E|X —

forall k> sfors=1,2, 3, where C(a, B) = 822 + 3"*((1 = a)B)"P).

Proof. For all z from the circle |¢| < o’ =1/Mands=1,2, 3, we have

E(X - )’ ez()?—u)‘ <E[X -y HEHD 55—t el (| X+ |H|S) X
< SE(|x[ +1)e""" < 8E|x] e + 8RN

< 8EM sup x4+ 8ET 1{|X] < 3} + 8P (|X] = y)

x=0

SI/B \X\B —
<8 W+2 Ee SC(a,B)O(E -

By the Cauchy inequalities for the coefficients of expansion of the analytical function E(X —p)’e
we obtain what is required.

2(X-p)

O
We show that condition (3) is fulfilled for Y,; with M, I_B /a. Given condition (5), it is sufficient to
show that |u,;| < M, In2 and E ij < oE ij um-j| fors=1,2,3.
The functions xe_xﬁ, xze_xﬁ, and x’¢™ decrease for x = X, > 0. Further, we take that y, > x,.
Given condition (10), for all 7, we have
nla,| < ZE ZE ) = ZEW 1{1X] = 5} < ne” " 0 ®)
Jj=1
Similarly, we have
8 n
nj = yn z(pmj fOI' all .] and nz |En| = yne_y” Z (pmj (9)
i,j=l
Hence,
max || < c,y,e”" =€, = o). (10)
5]
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Further, for s = 1, 2, 3 and all i and j, the inequalities

_p
E|X,,[ =E[X,; [{|Xnij = Y} < Ve Qg (11)
< yle YICE X, < 0.05E|X,,[
Il < 005" < 0.05¢'Ee™!" < 0.05E|x,,|
hold for all sufficiently large n. Therefore,
_1 - Ky el
E|X,,[ <37 (EX,, —pyl + E[X,[ + |l ) < 9E[X,, —p,,| +0.9E|X,,[.
Hence, E|X,,;[ X,; —W,;| - Moreover, E|X,; — ( | X, 43) < SE|X,;[ . Thus,
fors =1, 2, 3 and all / andj, the inequalities
0.2E[X,; — | < E[X,,[" < 90E[X,; —p,[ (12)
hold for all rather large n. Hence, by Lemma I, condition (3) holds for Y,; with M, = ,',_B /a.
Now, we estimate the difference of the variances B, and B,. We have
_1 RN 2 = >
Z( nij ,,,j)—;Z(EX,,ij—E(X,,U—u,,,-j) )
i,j=1
1 n
== ( m/ 2p'ijij + “*m/)
gy
1N g2 2 1
=- nl/ Z Mm/ nij Z umj
l’l lj =1
Further,
1 v - . Iv- - - Ilve-
nif@Qnij = — Ay Qi + = a, Qpy — Q. — a,;
I;M ijnij ”,; ij nis J“nij = i
=) @y + .4, —na,
i=1 j=1
By relations (8)—(11), we have
Enzt = nsis Erzj = nefw nc_ln2 = l’lgi, Z Mi{] = nzgia
=1 Jj=1 ij=1
D EX,; <y, (13)
i,j=1
Hence,
ne,,.
Moreover,
Y, (1 — ®(u,))” = exp {—y,, +2Iny, + In(nc, )+ + ln(\/_rcu )}
= exp{—yg + o(ung/z)} —0 as n—>oo (14)

In particular, B, ~ Z_B Given inequalities (12), we can conclude that the variable ¥ specified by
formula (2) with X, ; replaced by Y,; satisfies the relation v, = O(y,) asn — o°.

By Theorem 1, relation (7) holds for any sequence of real numbers {u,} such that u,, — oo, ui = o(x/ﬁ/?n) =
o(n/y,), and u, = o(/B,/M,) = o(B}** ) as n — co.
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Further, we have

P(T, = y,) = P(R, +na, =y,)=P(R,=v,B,),

where
v, = Y _i,lan.. — unVBn + O(ynzen) + O(HSn) ~u, as N —> oo,
B, VB,
Since

,2  u (B, +0(y,ne,))+0 (un\/?nne,,) Wl
£ = — =—L+0(l) as n—> oo,
2 2B 2

n

we can conclude that 1 — ®(v,,) ~ 1 — ®(u,) as n — . Given (7), we obtain

It

e

P(T,=y,)=P(R,=vB,)~1-®,) as n-— e
follows from inequalities (6) and (13) and relation (14) that
P(S, = y,) =PT, = y,) +O0y,ne,) =1 -P,))(1+ol)) as n—> oo
The theorem is proved completely.
U

Proof of Remark 1. If = 1, then by Lemma 1 with X = X and p = 0 (truncation and centering are not
quired in this case) condition (3) holds with M, = 1/a. Remark 1 follows from Theorem 1. The condi-

tions on ¢, are superfluous in this case.

21
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