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Abstract—Modeling of heat exchange processes in water-saturated rock mass during shafting with artificial
freezing is performed. The problem of adjusting thermophysical properties of rock layers by the
experimental measurements of temperature in the check thermal wells spaced from the freezing perimeter is
analyzed. In terms of the abuilding shafts at Nezhinsky Mining and Processing Plant, significance of
adjusting the the thermophysial parameters borrowed from the geological engineering survey data is
illustrated. The number of independent adjustment parameters is determined from the analysis of the system
of equations in two-dimensional two-phase Stefan problem in the dimensionless form. An inverse Stefan
problem is formulated for a horizontal layer of rocks. The numerical algorithm is proposed for the inverse
Stefan problem solution based on the gradient descent method. The algorithm minimizes functional of
discrepancies between the model and measurement temperatures at the locations of the check wells. The
functional of discrepancies in the phase space of the thermophysical properties and the algorithm
convergence are analyzed.
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INTRODUCTION

Implementation of complex process systems in any industry and, in particular, mining is not
complete without prior mathematical modeling of related physical and engineering processes,
forecasting of system parameters in the future. This is done to minimize material costs and risks
of accidents.

In this paper, heat exchange processes are simulated mathematically in water-saturated rock mass
during shafting by artificial freezing of rocks [1]. When applying this method, wells are drilled along
the contour of shaft designed for sinking, into which freezing pipes are lowered. Due to the operation
of freezing stations, a cooling agent (brine) is circulated through the pipes. As a result of cooling brine
circulation in the freezing pipe, the surrounding rock mass is gradually cooled, and the water
containing in the rock mass crystallizes. After some time, single ice cylinders are formed around the
freezing pipes, which subsequently close in to form a frozen wall. The latter serves to prevent the
groundwater penetration to the opening of abuilding shaft during the entire construction process, up to
the building of tubing columns and sealing of their joints (Fig. 1).

Shafting with artificial freezing of rocks requires systematic monitoring of their condition [2].
There are a number of control methods, the most advanced of them is continuous monitoring of the
rock mass temperature using check thermal wells located at some distance from the contour
of freezing pipes (Fig. 1) [3].
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Fig. 1. The system of rock mass artificial freezing near abuilding shaft, the system for monitoring frozen wall

condition.

Before shaft construction starts, engineering and geological surveys are carried out on the industrial
site: investigations of physico-mechanical, thermophysical, mineralogical and petrographic properties of
rock samples taken from wells. Thermophysical parameters of rock layers obtained as a result
of engineering and geological surveys often have high inaccuracy, and mathematical models
describing heat and mass exchange processes in rocks and constructed using these parameters are
ineffective in solving practical problems.

The results of the data analysis on rock mass freezing obtained in monitoring of the temperature near
abuilding shafts nos. 1-2 at the Nezhin Mining and Processing Plant (GOK) show a significant
difference between the initial values of thermal parameters taken from engineering geological surveys
and their adjusted values on the measured temperatures of rocks in check thermal wells. Figure 2
presents a comparative analysis of discrepancies between the initial and adjusted properties of different
rock layers in terms of dimensionless thermophysical complexes (Fourier numbers Fo and Stefan
numbers Ste) determined by the formulas:

— Aty

(T, —-T
Foi_ , Stei:M,

pcl’ wL

(1

where p is the rock mass density, kg/m’; ¢ is the rock mass heat capacity, J/(°C-kg); A is the rock
mass thermal conductivity, W/(°C-m); w is the moisture content in the rock mass, kg/kg; L is
specific heat capacity of the phase transition, J/’kg; 7, is the temperature of undisturbed rock
mass, °C; T, is the freezing temperature, °C; ¢, is characteristic time (modeling time), c; / is
characteristic dimension of computational domain, m.

From Fig.2 it is evident that relative discrepancy reaches 70%. It was difficult to reliably
determine the relative discrepancy of individual physical properties, since the temperature field
depends on the combination of thermophysical properties in (1).
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Fig. 2. Relative discrepancies of thermophysical properties of rock layers for the conditions of industrial site of
Nezhinsky GOK mine: Fo;, Ste,—Fourier and Stefan numbers for frozen rock mass; Fo,, Ste,—Fourier and
Stefan numbers for thawed rock mass.

Adjustment was made by minimizing the temperature discrepancy criterion / at check wells
measured experimentally and calculated theoretically by solving direct Stefan problem:

N, Iz

1= [(12-1")dt. )

i=l ¢
Here, 7" and T, are the model and experimental temperatures at an i-th well, °C; N, is the number
of check wells; ¢ is the freezing time, days. The formulation of direct Stefan problem used in [3] will

be considered further.

The modeling results of frozen wall formation dynamics obtained from the initial engineering-
geological and adjusted values differ significantly from each other. This indicates the need for
adjustment of thermophysical parameters of rock layers obtained from engineering-geological
surveys, before using them to predict the formation time for frozen wall of the required thickness and
determine the energy-efficient operating modes of the freezing stations.

The issue of thermophysical rock properties adjustment applicably to the problem of controlling
frozen wall formation has not previously been considered. The available works on frozen wall are either
dedicated to solving the direct Stefan problem using the preset thermophysical rock properties, which
are accepted as true [4-8], or contain a description of experimental studies on frozen wall condition and
shaft sinking technology [1, 5, 9, 10].

This paper is dedicated to the selection of adjustment parameters from a variety of thermophysical
properties of rock layers and construction of an automated method for adjusting thermophysical
properties, based on solving coefficient inverse Stefan problem.

1. SELECTION OF ADJUSTMENT PARAMETERS

The adjustment parameters are thermophysical properties of the rock layers—heat capacity, thermal
conductivity, density, moisture content. An increased inaccuracy of their determination in the course
of engineering and geological surveys is caused by the following factors [11]:

1. Insufficiency of core sampling and insufficient quantity of check wells drilled before the shaft
construction;

2. Heterogeneity and anisotropy of the real rock mass.
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The additional factors leading to inaccuracy in the mathematical model and also requiring
adjustment of the model parameters are the following process factors:

3. The presence of voids between the rock mass and walls of the freezing wells due to poor quality
cementing of well annular space;

4. Deviation of well axes positions from the vertical due to the imperfection of well drilling
procedure and inaccuracy in the measurement of this deviation (well survey inaccuracy).

The third factor worsens the intensity of heat transfer, while the fourth factor leads to an
inaccuracy in localizing heat sources for each rock layer. Consideration of the process factors 2—4
indicates that thermophysical properties of the medium, which are required to be determined during
adjustment, will not be true thermophysical properties of this medium, but will have some effective
values.

The number of parameters, which can be used to adjust a mathematical model, is determined
according to the type of mathematical model, i.e. the number of independent dimensionless
complexes on which the resulting solution depends—temperature distribution and concentration
of the frozen phase.

To select the adjustment parameters, let us formulate a mathematical model of heat exchange
processes occurring in a water-saturated horizontal layer of the rock mass with isotropic and
homogeneous properties during its artificial freezing (Fig. 3). It is assumed that the heat transfer in the
vertical direction is negligible compared to the horizontal direction [7], which makes it possible
to proceed to a two-dimensional formulation. The moisture migration under the action of pressure and
temperature gradients is not taken into consideration. It is also assumed that the phase transition takes
place in a preset temperature range according to a linear law [12, 13], which is expressed by the
following functional dependence of specific enthalpy A on temperature T:

PuCsT =T, )+ p,wL, T,<T,
H(T)=1p,wL®.,, T,<T<T,, 3)
puc,(T=T,), T<T,.

Here, p is the density, kg/m’; ¢ is the specific heat of soil per unit mass, J/(°C-kg); w is the moisture

content in soil, kg/kg; L is the specific heat of phase transition, J/kg; T

oand T, are the

temperatures of the beginning and end of crystallization, °C; ¢,

ice

is the solid phase concentration of
groundwaters. The index “th” corresponds to thawed rocks, “‘fi"—to frozen rocks.

Check well —@

— ~~o

Fig. 3. Horizontal layer of the rock mass, loop of freezing pipes, check wells.
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It is assumed that ice concentration in porous rock mass increases linearly with decreasing
temperature, since this is in good agreement with laboratory tests for samples of the rocks in question.
In some cases, the ice concentration may increase according to a more pronounced nonlinear law [14].

In accordance with (3), the formulation of mathematical model is made in enthalpy form [3, 15-17]:

0H 9 or]. al, .or
—=—|AD)— |+=—| AUT)=— 4
ot 8x{ ( )ax}_ay_ ( )ay}’ ®)
{ﬂ(T)a—T—MTF—T) -0, )
on o,
T, =T (6)
Tl =T 7
1, H<O,
H
@..(H)= , 0<H<p,wL, (8)
WL
0, p,wL<H,

where A(4,,) =¢,.A, +(1-8,)4, is thermal conductivity function of the rock mass from ice phase

concentration, W/(°C'm); ¢ is physical time, ¢; ¢ is the heat transfer coefficient, W/(°C-m?); T, 1s the
temperature of undisturbed rock mass, C; T,. is the brine temperature in freezing pipes, C; (x, y) are

the physical coordinates, m; Q, =UQ,, are the boundaries with all freezing pipes i =1,...,N; Q_, is

out

the outer boundary of modeling domain; 7 is the coordinate along the normal to Q. , m.

To write the system of equations (3)—(8) in the dimensionless form, the respective variables are
introduced:

x=2 y=2 n=" =t e=L17h -

[ / / ts T.-T, P WL

)

The index i takes the value “th” or “fi”’; t; is total modeling time, s; / is characteristic length (the
radius of design contour of freezing pipes can serve as this value), m.

Two-dimensional two-phase Stefan problem (3)~(8) in dimensionless coordinates for the
horizontal layer of rocks has the following form:

— ﬂ l
aH(G)) = FothSteth i 1 + ¢ice = - 1 8_9 + i 1 + ¢ice - - 1 a_® > (10)
ot ox | A, Jlax oy 4, J|or

00 .

— —Bi(©®, -0 =0, 11

N (0, )L‘ (11)
e, =0, (12)
e|_, =0, (13)

JOURNAL OF MINING SCIENCE Vol. 55 No.1 2019



162 LEVIN et al.

Ste,(0-0,,)+1, 0,<0,

H©)={¢., ©,<0<0,, (14)
Ste . (©-0O ,
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where 7 is the dimensionless time variable; X, Y are the dimensionless coordinates; ©, =1 is the
dimensionless freezing temperature; ©, =0 is the dimensionless temperature of undisturbed rock
mass; Q, =UQ,, are the boundaries with all freezing pipes i =1,...,N; Q_,, is the outer boundary of

: Bi:al//lfr is the

F o

t

modeling domain; N is dimensionless coordinate along the normal to

dimensionless Biot number.

The system of equations (10)—(15) allows finding the distribution of temperatures © as a function
of two dimensionless coordinates X and Y, two dimensionless temperatures of phase
transition © ,,, 0, and six dimensionless complexes Fo,, Ste,, Ste,, Bi, p,./p,, 4,/4,.

Under high hydrostatic stress of rocks at a depth, the rock density changes insignificantly, and the
complex p, / p, canbe excluded from consideration.

Since moisture migration is absent in this model, the moisture content of water-saturated rock mass
in the solid and liquid phases will be the same. In this case, instead of the criterion 4, /4, , we can

take Fo . expressed in terms of other criteria:

7/?7;'& ¢, (Tr =Ty)

- Crir o)
Fo, Ste, _ pc,l wL ___ P (16)
Fo, Ste, Aty ¢, T =T) 4,

pe,l? wL

This expression is written under the condition of equal rock mass density in thawed and frozen states.
Taking into account the accepted simplifications, the solution of problem (10)—(15) depends on

5 dimensionless complexes, which contain the information about thermophysical properties of the

medium under consideration: Fo,, Fo,., Ste Ste ;. , Bi, and two dimensionless temperatures

0,,, ©,, characterizing phase transition.

th > th >

i

In the simplest case, up to 5 thermophysical properties included into dimensionless complexes
presented above can be taken as adjustment parameters of the heat transfer model in the “rock mass—
freezing wells” system. In a more complex case, the condition of minimum integral deviation of
ajustable thermophysical parameters p, from their initial values p” obtained from engineering and

geological surveys can be additionally considered. For example, the following functional can be
chosen:

F=\/ Z(pi -p”) — min. (17)

In this case, a greater number of adjustment parameters can be selected.
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In this study, the conditions for minimum integral deviation of adjustable thermophysical
parameters from their initial values will not be considered. It is also assumed that the temperatures
of the beginning and end of the phase transition © , and © ,, are unalterable.

2. FORMULATION OF THE OF INVERSE STEFAN PROBLEM

The purpose of the analysis of direct Stefan problem in dimensionless quantities was to determine
the number of dimensionless complexes on which the solution—the temperature field depends. This
objective has been accomplished, so for convenience we will make the transition back to the system
of dimensional values.

Adjustment of the thermophysical parameters from problem (3)—(8) represents the solution to
coefficient inverse Stefan problem [18, 19]. To formulate the inverse problem, let us redefine the direct
problem (3)—~(8) by introducing preset measured temperatures 7,’(¢) to the location place (x,, y,)
of each check well no. i:

Tt x,y)=T%, i=1,.., N, (18)
N, 1s the number of check wells.
The solution to inverse Stefan problem is to determine the temperature field 7'(¢, x, y) and the

values of thermophysical parameters of the rock mass satisfying the system of equations (3)—(8), (18).
Instead of stringent condition (18), the functional of discrepancies between the theoretical and
experimentally measured temperatures in the check wells was considered in this paper: (2). The
solution to the inverse Stefan problem consists in minimization of functional (2) subject to conditions
(3)—(8) [18, 20].

3. STUDY OF TEMPERATURE DISCREPANCY FUNCTIONAL

The type of functional / in the phase space of rock mass thermophysical properties was investigated.
A multiparameter numerical calculation of direct two-dimensional Stefan problem for horizontal layer
of rocks was carried out. The finite difference method, an explicit scheme for the enthalpy formulation
of the Stefan problem on a regular inhomogeneous Cartesian grid with condensations near freezing
wells was applied (Fig. 4). The choice in favor of the Cartesian grid in this case is due to the fact that
with increasing depth, the freezing pipes are significantly shifted relative to the initial ideal circular
contour, as a result of which the advantage, for example, of polar grid disappears.

The grid size at a distance from the wells and condensation near the wells were selected on the
basis of preliminary calculations in such a way as to ensure temperature distribution that does not
depend on the grid properties. At the boundary with freezing wells, the heat flow was calculated from
the effective heat exchange area, formed by the faces of the cells bordering the wells (Fig. 5). When
calculating the value of heat flow through the effective area, a reduction factor, equal to the
physical/effective heat exchange area ratio, was used.

I Ili Il T 7
I T T».“; Seff
- -~ '—7
E { Sphys
- \ )
N/
i mmm A
bl iR
Fig. 4. Finite-difference grid. Fig. 5. Physical S, . and effective S

surfaces of heat exchange of freezing wells.
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The number of cells in the final grid adopted for calculations was 172040. The grid quality was
estimated according to the Maximum aspect ratio criterion, which is equal for the case of a regular
grid to the maximum ratio of two characteristic cell sides. The value of the criterion for all grid cells
is not more than 20, which is admissible. In the numerical solution of system (3)—(8), an explicit first-
order in time and second-order inspace schemes were used. To speed up the calculations,
parallelizing was performed on the CPU cores using the TPL.Net Framework library.

As a result of multiparameter numerical calculation of direct Stefan problem, the dependences of
temperature discrepancy functional on thermophysical properties—thermal conductivities and heat
capacities of the frozen and thawed rock mass, and moisture content were obtained (Fig. 6). The
calculation was carried out for the following set of parameters: freezing wells radius—0.073 m; the
number of freezing wells—41; the radius of circular contour of freezing wells—8.5 m; width and
height of the computational domain—30 m; rock mass density in thawed and frozen state—
2000 kg/m’; moisture content in the rock mass in the thawed and frozen state—0.2 kg/kg; brine
temperature in freezing wells— —20°C; brine consumption in freezing wells—10 m’/h; the
temperature of undisturbed rock mass— +10°C; chilling temperature of groundwater—0°C;
temperature of complete crystallization of groundwater— —1°C; the number of check wells—I1.
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Fig. 6. Temperature discrepancy functional of rocks in check thermal wells: (a) as a function of thermal conductivity
of the thawed and frozen rock mass; (b) as a function of thermal conductivity of the thawed rock mass and moisture
content; (c) as a function of heat capacities of the thawed and frozen rock mass; (d) as a function of moisture
content and thermal conductivity of the frozen rock mass.
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Fig. 7. Time dependence of rock mass temperature in model check well.

The function 7,(¢) obtained as a result of solution to direct Stefan problem was accepted as the

temperature measured in check well, for parameters: heat capacity of the thawed so0il—900 J/(kg-°C);
heat capacity of the frozen soil—700 J/(kg-°C); thermal conductivity of the thawed soil—3 W/(m:°C);
thermal conductivity of the frozen soil—4 W/(m-°C) (Fig. 7).

The temperature discrepancy functional has a pronounced minimum on the phase plane of
variation in soil thermal conductivities (Fig. 6a). With increasing time, the isolines of discrepancy
functional on the plane of soil thermal conductivities tend from an elongated ellipsoidal shape
to a circular one, which is caused by an increase of the frozen soil zone and increased effect of
thermal conductivity of the frozen soil on the temperature field [21]. At short modeling times, when
the ice zone occupies a relatively small part of the computational domain, the effect of thermal

conductivity of frozen soil is manifested in the boundary condition at the wells, determined by the
Biot number, and at the phase transition front in Fo ,Ste, complex. In the range of parameters under

study (Fig. 6), a small modeling time is a time in the range from 0 to 30 days.

The temperature discrepancy functional is almost independent of the heat capacity of frozen rock
mass for the case under consideration, due to the fact that at short modeling times the temperature
distribution in the ice zone is established much faster, than the phase transition boundary moves
(Fig. 6¢). Hence, thermal conductivity of the frozen soil as an inertia measure of heat distribution in it
does not play a significant role in this range of values.

At small modeling times, ambiguity is also observed in determination of moisture content and
thermal conductivity of frozen rock mass (Fig. 6d). When considering the moisture content and
thermal conductivity of thawed rock mass, such ambiguity was not revealed and the functional (1)

had a clear minimum (Fig. 6b). This is stipulated by the fact that at small modeling times, the solution
depends on the complex Fo,Ste, (heat flow to the frozen soil), in which moisture content and

thermal conductivity of frozen rock mass are present only in the form of relationship.

4. SOLUTION ALGORITHM FOR THE INVERSE STEFAN PROBLEM

Minimization of the functional (2) in the phase space of thermophysical properties of the rock
mass was carried out using a modification of the gradient descent method. At each iteration of
N +1 time algorithm, a direct Stefan problem is solved to determine partial derivatives of the
functional F using N different minimization parameters.
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Let p=(p,,....p,) be the vector of adjustable problem parameters; / is the current value of
discrepancy functional also representing the error of inverse problem calculation; & _ 1is the
maximum admissible error of inverse problem solution. Then the algorithm proposed includes
the following steps:

1. Determination of the initial approximations of p°.

2. Calculation of direct Stefan problem, determination of the current error / by the formula (2),
comparison with the maximum admissible error ¢ . If I<¢g then the required accuracy

is obtained and calculation should be completed, otherwise return to step 3.
3. Selection of small deviations of the adjustable parameters Ap”" at -kth iteration of the algorithm.

Calculation of direct Stefan problem for each component of the vector Ap*. Calculation of partial
derivatives of the functional 7 :
A _ I +8p)=1(pD) g :(N—k,..., Azkj_
Ap, Ap, Ap, Ap,

1 L

(19)

4. Calculation of the new values of adjustable parameters at (k+ 1)th iteration of the problem using

the formula;
k

_ VI .
Apk zﬂApk 1 +(1_ﬂ)1k , pk 1 =pk +O-Apk, (20)

\Vz"

where s €[0,1) is the parameter characterizing the past history factor; o >0 is the parameter

determining the velocity of gradient descent.
5. Check for the entry of adjustment parameters into the range of admissible values:

p;‘ke[pimin’pimax]’ izl""’NC' (21)

6. If the maximum number of iterations is exceeded, then calculation should be completed,
otherwise return to step 2.

Figures 6a, b present the solution to inverse Stefan problem using this algorithm for the parameters
1=04and o =1.

The solution algorithm to inverse Stefan problem is implemented in the C# language in Visual
Studio medium and included as the basic axial module into Frozen Wall software system developed
by Mining Institute of the Ural Branch of the Russian Academy of Sciences.

CONCLUSIONS

The two-dimensional two-phase direct Stefan problem in dimensionless coordinates has been
formulated. Based on the fact that there are 5 different dimensionless complexes characterizing
thermophysical properties of the rock mass in this problem, it was concluded that in the proposed
statement of the problem, no more than 5 different independent thermophysical properties should
be adjusted. Adjustment of “water-ice” phase transition parameters was not considered in this
paper.

The formulation of the inverse Stefan problem consisted in minimizing the discrepancy
functional of the numerically calculated and experimentally measured temperatures in check
wells. The discrepancy functional properties have been investigated. It was obtained that at the
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initial stage of frozen wall forming at small times (up to 30 days), heat capacity of the frozen soil

should not be adjusted, moisture saturation and thermal conductivity of the frozen soil should not

be

adjusted simultaneously.
An iteration algorithm for solving the inverse Stefan problem has been formulated. The

presented algorithm as a part of FrozenWall software system was used to adjust thermophysical
parameters of the rock mass layers when sinking shafts of the Nezhinsky GOK mine by

artificial freezing. As a result of mathematical prediction of frozen wall condition using the

adjusted properties, a time period was determined during which a frozen wall of preset

thickness was formed, after which recommendations were given on the beginning of sinking

mine shafts nos. 1-2.
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