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Abstract—Analytical derivations of the second order of smallness with respect to dimensionless amplitude €
of oscillations of an uncharged electroconducting droplet in an external electric field have yielded an analyt-
ical expression for the intensity of its dipole electromagnetic radiation related to the oscillations, with this
expression enabling one to study the radiation intensity as depending on the physical parameters of the prob-
lem. This problem is of interest in connection with radio-locating probing meteorological objects, such as
clouds, fogs, and tornados. The time evolution of the electromagnetic radiation intensity and its components,
i.e., the magnitude of the induced charge and dipole moment, of the droplet has been studied. The dipole
radiation intensity has been determined in the second order of smallness with respect to the squared ratio
between the characteristic linear size of the droplet and the wavelength of the emitted radiation. The intensity
has appeared to be higher by a value of ~¢ than the intensity obtained by the calculations linear with respect
to €. However, a correction (quadratic with respect to €) to the radiation of the droplet is realized in another

frequency range, thereby affecting the spectrum of the electromagnetic radiation.
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INTRODUCTION

In the below-presented consideration performed
within analytical asymptotic calculations of the sec-
ond order of smallness with respect to the dimension-
less oscillation amplitude, we calculate the intensity of
the dipole electromagnetic radiation of an uncharged
electroconducting droplet, which is subjected to non-
linear oscillations with a finite amplitude in an exter-
nal electrostatic field.

It is well known that field-induced charges arise on
the surface of an uncharged electroconducting droplet
subjected to an external electrostatic field. The charges
have opposite signs, i.e., negative ones on the droplet
side facing the field and positive signs on the opposite
side [1]. Capillary waves always take place in a liquid
droplet. Such waves are associated with the thermal
motion of molecules [2] and perturb the equilibrium
droplet shape in an electrostatic field, with this shape
being nearly spheroidal [3, 4]. Capillary waves differ
from ordinary gravitational ones only in the fact that
they have markedly shorter lengths and are realized
under the action of surface tension forces (capillary
forces) rather than the gravity force. The amplitude of
thermal capillary waves (which are realized in a drop-

let) is rather small: ~/xT / o, where ¥ is the Boltz-

mann constant, 7" is the absolute temperature, and ¢
is the surface tension coefficient [2]. For all liquids,
including liquid metals, their amplitude is no larger
than 0.1 nm. However, it is of importance for the
below-presented consideration that, moving with
acceleration together with the surface of an oscillating
droplet, the charges induced in the droplet by an exter-
nal electrostatic field will radiate electromagnetic
waves [1, 5—7].

The theory of electromagnetic waves emitted upon
the accelerated motion of electric charges has been
well developed [8, 9]. According to the multipole ideas
[8, 9], the total electromagnetic radiation of a system
of charges moving with acceleration, as measured at
large distances from the radiating system, may be rep-
resented as the sum of the dipole, quadrupole, and
magnetodipole components. These components have
greatly different intensities. For example, in the case of
a water droplet oscillating in an external uniform elec-
trostatic field, the intensity of the dipole radiation

from the droplet is nearly 10" times higher than the
intensity of the quadrupole and magnetodipole radia-
tions [10].
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In the theory of electromagnetic radiation, small
parameter & is introduced, i.e., the squared ratio
between the characteristic linear size of the system and
the length of the emitted wave [8, 9]. It is this param-
eter that is used to classify the entire radiation into the
multipole components.

For an oscillating conducting liquid droplet, which
carries induced charges, one more small parameter €
should be used, i.e., the ratio between the oscillation
amplitude and the droplet radius.

The problem concerning the fact of the existence of
electromagnetic radiation emitted by an oscillating
droplet in thunderstorm clouds was for the first time
formulated previously [5] in connection with the study
of electromagnetic interference, which is caused by
convective clouds, and the distant electromagnetic
probing of such clouds [11—13]. In [5], a method was
proposed for the determination of radiation intensity
using a model of an oscillating and radiating charged
droplet of an ideal liquid, with this method being
based on the solution of the electrohydrodynamic
problem concerning the oscillations of a charged
droplet and the energy conservation law.

In [14], we considered the problem of calculating
the intensity of the dipole component of the total radi-
ation of an oscillating charged droplet in an electro-
static field, while, in [15], we solved the problem con-
cerning the intensity of the quadrupole component of
the total radiation. In this work, the intensity of the
dipole component of the total radiation emitted by an
uncharged droplet oscillating in an electrostatic field
of a thunderstorm cloud will be qualitatively estimated
within the framework of the asymptotic analytical
approach using a model droplet of an ideal incom-
pressible electroconducting liquid within the second
order of smallness.

MAIN SECTION

1. Problem formulation. Assume that we have an
uncharged oscillating droplet of an ideal incompress-
ible liquid, which has ideal conductivity and density p
and is subjected to a uniform electrostatic field with

strength EO. Suppose that a medium surrounding the
droplet may be simulated by vacuum, and its volume is
equisized with the volume of a sphere having radius R.
In the linear approximation with respect to the ampli-
tude of stationary deformation, the equilibrium shape
of the droplet in an electrostatic field may be consid-
ered to be spheroidal [16]. Such a spheroidal droplet
will be used to simulate a droplet in a thunderstorm
cloud.

The numerical values of the droplet sizes and the
intracloud electric field strengths, which are necessary
for qualitative assessments, will be taken in accordance
with [17, 18].
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All calculations within the problem will be carried

out in a spherical coordinate system (r, 6, @), the ori-
gin of which is placed into the mass center of the drop-
let, and in dimensionless variables, in which

R=p=0=[4ne,| =1 (g, is the electric constant).
The other parameters of the problem will be expressed
in the fractions of their characteristic values:

[E)] _ [43'[80]_1/2 R_I/ZGI/Z, [t] _ R3/2p1/2(5_l/2’

[V]=R"p"?",[r]= R,and[P] = R"'s.

The equilibrium droplet eccentricity (the ratio of
the interfocal distance of a spheroidal droplet to the
length of its major axis) is determined in the afore-

2

. . . . 2 9E; .
mentioned dimensionless variables as ¢” = =2 j.e.,

16w

el ~ Eg [16]. The equation for the generating line of
the spheroidal droplet surface is written as

r(e)zl+%e2Pz(u)+0(e4), U = cos6, (1)

(0] is the [19]
5(0086)5%(300526—1) is the second Legendre

polynomial [8, 16]. The equilibrium spheroidal shape
ofthe droplet will be used in the subsequent qualitative
calculations.

order symbol and

Strictly speaking, in the quadratic approximation
with respect to €, a deviation of the equilibrium shape
from the spheroidal one takes place, with this devia-
tion being proportional to the third Legendre polyno-

mial P (cos6) = %(5 cos’0 — 3cos6) [16]. However,

first, the amplitude of this deviation is rather small (an
order of magnitude smaller than the correction that is
proportional to the second Legendre polynomial),
and, second, there is an obvious advantage of using a
spheroidal shape in analytical calculations: in the case
of this shape, analytical solutions are available for the
electric potential distribution in the vicinity of a drop-
let in diverse situations [20—22].

It should be noted that the correction to the asymp-
totically exact solution of the first order with respect to
€ takes place in another frequency range, as compared
with the first-order solution, provided that the correc-
tion is quadratic with respect to €. Although this cor-
rection is not quite adequate (according to all of the
mentioned in the previous paragraph), it should be
taken into account if for no other reason that, in the
total radiation intensity, it is 10'3 times higher that the
intensities of the quadrupole and magnetodipole radi-
ations [10].

Let the equilibrium spheroidal shape of a droplet
with eccentricity e is, at initial time moment 7 =0,
subjected to virtual axially symmetric perturbation



142

€(0) of a fixed amplitude. The € = (%j ratio

between max [§(0)| and radius R (in the dimensional
form) will be used as a small parameter.

Since the initial perturbation of the equilibrium
droplet surface is axially symmetric, it is obvious that
this symmetry will also remain preserved at ¢ > 0,
while the equation for its generating line in the spher-
ical coordinate system, with its origin being placed
into the mass center of the droplet, will, in the dimen-
sionless variables, have the following form:

r(6,1) = r(0) +£(0,) = 1+ e’h () + &(6,1),
h(e)—ng . lg=1.

The motion of the liquid in the droplet is supposed
to be potential, while field V (7,7) = Vy(F,#) of the
liquid motion velocities in the droplet is assumed to be
completely determined by velocity potential y(7,7)
[23]. Since the liquid flow in the droplet is generated
by the surface perturbation, the value of the flow
velocity field for the liquid in the droplet has the same
order of smallness as the amplitude of the capillary
waves in it. In other words, all three aforementioned
values have the same order of smallness:
V(70 ~w(Fr) ~

The mathematical formulation for the problem of
the electromagnetic radiation emitted by an
uncharged droplet in an external electrostatic field is
as follows:

A7, 1) =0, AD(F, 1) =0, 3)

r—0: y(#,1) =0, (4)

r—o: E(F,t) > Ey=Eg@, E=-V®, (5
ror@)+£(0,): 50D _ V(T

()

3 LBw(F,t)(ar(6)+8§(6,t)j
rr 00 00 0 )
VL4 P =
AP al 2(V‘~|’) +PE Pca (7)
D(F,1) = Dy(1), )]

where @ (7,7) is the electric potential [9]; @, (7) is the
electric potential, which is constant along the droplet
surface; and €, is the unit vector of the z coordinate.

The above-written set of equations is closed by
introducing the following integral conditions: the con-
stancy of the total volume (the consequence of liquid
incompressibility), the immobility of the mass center,
and the uncharged state of the droplet.

[rdrsindode = %n, [rrdrsinededg =0, (9
|4 |4
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=[0<r<r(®)+&(6,/),0<0<m0<¢< 2w,

1
E)dS =0,
4Tl2 (n)

S=[r=r(0)+ &(e,t),osesfc,os@szn],

where 7 is the unit vector of the external normal to the
droplet surface; V' and S are the droplet volume and
surface area, which result from the rotation of the gen-
erating line determined by Eq. (2) around the droplet
symmetry axis; and the regularities of variations in
angles 0 and ¢ are determined by Eqgs. (9) and (10).

In the general case, the initial conditions are spec-
ified by an initial deformation of the spheroidal drop-
let shape and the zero initial velocity of the surface
motion as follows:

t=0: é(e)—éoﬂ)(u)+§P( )
+e> P ( Zh @

JjeE JjeE

(11)

where E is the set of the values of numbers of initially
excited oscillation modes, P; (u) is the j-order Legen-
dre polynomial, ;j is an integral number, and
U = cos®.

The following denotations have been introduced in
expressions (6)—(11): AP denotes the drops of the
constant pressures inside and outside of the droplet at
equilibrium; E is the electric field strength vector;

)
Py = E is the electric field pressure; P, = div# is the
capillar@ pressure (note that, according to [23, p. 334],
P, is the Laplace pressure defined as the product of
the surface tension coefficient and the doubled aver-
age curvature of a liquid surface at a given point deter-
mined as the divergence of 7i [24, p. 179]); # is the unit
vector of the external normal to the liquid surface
described by expression (2); h; refers to the coeffi-
cients that determine the partial contributions of jth
oscillation modes to the total initial perturbation; &,
and &, are constants (amplitudes of the zero and first
oscillation modes, respectively), which are equal to
zero in the first-order calculations and, in the calcula-
tions of the second-order of smallness with respect to

¢, are determined from the conditions of the constant
volume and quiescent mass center at the initial time

moment and, with an accuracy of terms ~ge” and ~82,
are equal to

—Z{

JES

Ly
‘2{ 2;—1 2]+1)

JE=

2
2J +1 eezghjaj,z} +0(),

(12)
239 hsj3}+0(e ),

where 9, , is the Kronecker symbol.

COLLOID JOURNAL Vol. 84 No.2 2022



CAPILLARY WAVES AND DIPOLE ELECTROMAGNETIC RADIATION GENERATED 143

Note that there are two small parameters in the for-

mulated problem: squared droplet eccentricity ¢’ and

max [§ ()|

dimensionless amplitude € = (—) According

R
to [25, 26], freely falling oscillating rain droplets are
subjected to spheroidal oscillations with an amplitude
as large 60% of their radii. In other words, it is reason-
able to consider a situation, in which small parameters

¢’ and € have the same order of magnitude e’ ~¢.
This will somewhat simplify the cumbersome calcula-
tions, but will make narrower the range of applicability
of the results obtained, with this circumstance being
insubstantial for the qualitative assessment being per-
formed. Confining the consideration of the formu-
lated problem to the quadratic approximation, the
subsequent calculations will be carried out retaining

terms ~&” and ~e’c. To be more specific, we take

el ~ ¢, thus reducing the problem to single small
parameter €.

The assumption made in the previous paragraph is
accepted because the intracloud electrostatic field
strength is, as a rule, low [18, p. 440] (Table 1). How-
ever, the electrostatic field strength determines the
eccentricity values of droplets, which are, in turn,

small. Thus, the value of squared eccentricity e’ may
be comparable with dimensionless amplitudes € of
oscillation modes of a cloud droplet blown around
with an ascending air flow.

Taking into account that the deviation of the equi-
librium spheroidal shape of a droplet from the spheri-
cal one is due to the presence of an electric field, we

take E, ~ e. Thus, terms having the order of ~¢7?
must be taken into account in the subsequent calcula-
tions of the electric potential in the vicinity of a per-
turbed charged spheroid, which is subjected to an
external field, and the value of the charge induced on
the perturbed droplet surface. These terms are related
to the nonlinear interaction of excited oscillation
modes with both stationary droplet deformation

~ E0628 ~ e’ ~ ¢/* and with each other, as well as
with stationary droplet deformation
- E()82 - el/2£2 - 85/2.

Let us introduce formal parameters B, and [, in

accordance with expressions £, = 3 Eel/ *and e’ = B.g,
to have opportunity to distinguish between contribu-

tions from £, and ¢’ in the final expressions. To get rid
of formal denotations in the final result, we take

BE = Be = 1
2. Asymptotic expansions of the desired values. We
shall solve the problem with an accuracy of e’ by the
method of many time scales [19]. Let us present
desired functions &(6,7), y (7,), and ® (F,7) as power
COLLOID JOURNAL Vol. 84
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expansions in terms of € and consider them to be not
dependent just on time ¢, but rather on its different

scales determined as 7, = £"¢, where m is an integral
number: m = 0; I; 2:

E(0.1) = YEE (BT, 7)),

v (71) = Sy (o1, 1),

m=1
@ (7,1) = @V (r,0) + £/0) (r,0,T;)
+ "0 (r,0,T,) + 0(").

(13)

Here, the electric field potential is expanded in
terms of the half-integral powers of parameter €,

because E, ~ £/?. Asa result, the expansion for elec-
tric potential ®°Y (r,0) in the vicinity of an equilib-
rium uncharged spheroid in an external field is also

carried out in terms of the half-integral powers of
parameter € and is written as

9 (r,0) = ¢’ 2|3Er[rl3 - 1} A (u)

et 2 n 3 (14
Ee52 1“)+22 3(“)
r r

The time derivatives will be calculated taking into
account the entire set of different time scales accord-
ing to the following rule [19]:

)
o

d_g0 0 ¢
ot oT,

11_’_
oT;

e’ -2+ 0(¢').
Substituting expansions (13) into relations (3)—
(10) and equating the terms of the same order of small-

ness in each equation, we isolate the problems of the
consecutive determination of unknown functions

£ (6,1), " (7,1), and @) (7,1). In these expres-
sions, parenthetic superscripts m and k& denote the
expansion orders of smallness and are integral and
half-integral numbers, respectively.

Solutions of Laplace equations (3) for the correc-

tions to hydrodynamic \p('") (F,7) and electric o (F,1)
potentials satisfying conditions (4) and (5), as well as
corrections to equilibrium droplet surface shape

gt (6,7) are written as series in terms of Legendre
polynomials:

VT = 20 (6T R (W), (o
n=0

(m=1;2),
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o Egs. (6), (7), and (9) yield the following set of equa-
(r,6,Ty) ZF,,(k r8,Ty)r ”H)Pn(u), 16) tions:
n=0 aé(l) aw(l)
k=3/2;5/2, r=1 8—76= 3
= 8w(1)_ Faem ;o 1 E)(. 8)

( =1;2).
3. Problem of the first order of smallness with

T T
j&f‘) sin0do = 0, jg(" cos 0sin 6d0 = 0.
respect to €. For determining amplitude coefficients ° °

m) (m) Expressions for the first-order corrections to the
D,” and M, in the first order of smallness with  coefficients of expansions (15) and (17) are easily
respect to € in solutions (15) and (17) (at m =1), found from set (18) as

M (1, 1) =0, M (za,T) =0, D{(T,,T}) =0,

19M(T,,T;) (19)

D\ (7,,17) = e (n21),
0

To find coefficients M ,(11) (Ty,T}) at n > 2, it is necessary to solve the following second-order homogeneous
differential equation:

2
M1, 1) + @ M (T, ) =0,
oT; ’ (20)

w,, =n(n—1)(n+2),

where @, is the frequency of intrinsic oscillations of The solution of Eq. (20) is represented by harmonic
an uncharged sphere surface. functions of time 7; with coefficients, which depend
on time 7;:
M, (T, T;)
= A" (T})exp (10) T +cc., (n22), 1)
A)(1) = (T)exp| it} (T3) |-

Abbreviation “c.c.” denotes terms that are complex 4. The problem of the 3/2 order with respect to €.

conjugates of the written ones. The dependences of @ The set of equations for determining coefficients £*/>

and 5" on parameter 7] is determined in the subse- insolution (16) is derived from conditions (8) and (10)
quent orders of smallness. by grouping terms ~&3/? :

r=1 % -3B,.EVR () = 0’?,

T ) 22)
ja‘p $in 040 = 0.

Here, @' (3/2) is the 3 /2-order correction to the value of k = 3/2 and first-order solution (17) into set of equations

the droplet potential. Substituting expansion (16) at (22), we determine coefficients £/* (T, ) in the form of

COLLOID JOURNAL Vol. 84 No.2 2022
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3/2( ) O q)3/2
FYP(Ty) = 3B,

23

X(H;—IMS—)I(T(M )+u~n+1 n+l(T(')aT))’ (}’121), ( )
w:n_ﬂ __n_
"o+ m+1

The expressions obtained for desired values &(6, 1),

vy (7,1), and @ (F,7) may be used to find the analytical
expression for the dipole radiation intensity of an
uncharged droplet oscillating in an external electro-
static field in the first order of smallness, as was done
in, e.g., [10]. However, since the goal of the work is to
determine the nonlinear correction revealed in the
approximation quadratic with respect to the small
parameter, we shall below solve the electrohydrody-
namic problem of the second order of smallness with
respect to €.

5. The problem of the second order of smallness with
respect to €. To determine the corrections of the sec-
ond order of smallness to the found solution (i.e., to
find the 5';(2) (6,7) and \|1(2) (7,1)) functions, we present
the set of equations that is derived from Egs. (6)—(10)
by equating the terms at €%

r=1:

a&@) . aé(l) _ 2) N aZW(l)
oT, 0T, or 8r2
1

x[&" +B.h(0)] - Fﬁ +p, 240 )}ag’e :

aw 8 \|I (2)
- 0)|+ P,
aT ara% |:E.' + Be ( ):| + E

—(2+ L) &% + 28" (1+ L) &Y
+ 2B,h(8) (Lo —4)E",

369 +3€") + 2L R, (W) sin 00 = 0,

aw(2)
-3 T

(24)

Ct— 1

4 3E") +2B.EVA (1) [cosBsindd = o,

Ol 3
1
[\S)
LN

(3/2)

PO _ 3 P 0D
E an BrA (1) o

+ 62 (R (W)’ aﬂ.

Substituting expansions (15) at m = 1; 2 and the
3/2-order solution from Eq. (23) into set of equations

(24), we derive expressions for coefficients M " (T5)

and D\? (7)) as
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Doy ol (1) 2
(1) = =2 ey (M4 (@ T)

2
- —BeMé” (Ty,T;),

9%
(@) = _Z(2k+1)(2k—1)
x M (1, 13) MY (1, 13) = 2o BoM (T3, T).

oy (1,) =0, D (Ty)

\ T, oT, 37t
— ZZ (m—l m,k.,n _(xm,k,n] (25)
m=0k=
LM (T T)) o 7 ol s ),
m 9T,
M), (T, T) [y 0,
,= +2 (75, 1) 0 i, - Ky pan(n+1)
oT, (n+2) s
(1)
N oM, (To»Tl)[al”," -K,,,(n- 1)}
T, n N
(1)
M T’T o n—z,n
2 (75, T1) | G2, - Ky, (n=3)],
o,  |(n-2)

n 2
Km,k,n = [Ck(()),mo:' s
(xm,k,n = _\/m (m + 1) k (k + l)crqut%,kocrzo—l,kla

where C,; ,, denotes the Clebsch—Gordan coefficients
[27], which are nonzero, only provided that the indi-

ces satisfy relations |m - l| <n<m+l, m+Il+nis
even,and k + p = q.

Using first-order solution (21), let us write the
inhomogeneous differential equation for determining

amplitude coefficients M ” (T;) at n > 2 in the follow-

ing form:
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0’ )
T,
Y (Ty)

= G, exp(io,1) + L, A\, () exp (i, T,

+ 1, 2A5,22 () exp (i,.2T3)

IR

m=0k

2 MP(T,) + oM}

(26)

1) A (1) expli (o, + o, ) Ty]

+ Moknds) (1) A (T;) expli (o,

cok)ﬂ)]}+c.c.

1)
G, = —2iw, % + Lo A (T),
1
= iﬁin [(n=2) ks + sy |
+ Be wi&*- nsKZnn 5
(n-1)(2n+3) -

L, = 2BZE” (n— 2)P~;—ll~t:—2
47

(n-1)
(n=3)(n-2)(2n-3)(2n-1)

+ lBen |:90)f,_2
3
+ Kyn, (307 =110+ 12)]

9 — —
Ln,2 = BZEnzun+lun+2
4r

(3n+1)
T3 B{ "2 (2n+3)(2n +5)

+ Ky (3% + 70— 8)}

7\’(i?’c,n = [(Ym,k,n + ’Yk,m,n) * ('om(‘ok (nm,k,n + T]k,m,n )] H
’Ym,k,n = Km,k,n

X [(of,,(n—m+1)+2n(m(m+1)_1)]+06m,k,nwi’
m

(Q—m+1)+(xmk,, 1 (1+—)
2 T m 2k

The horizontal line above A, in (26) denotes the
complex conjugation.

1
2
nm,k,n = Km,k,n

The requirement to exclude the secular terms from
the solutions of Eq. (25) indicates that a,(,l)
dent of 7}, while b,(,l)

is indepen-

linearly depends on 7;:

L
b (1) = —2L’0Tl + 5, where 8" is a constant,
o,

which is determin’éd from the initial conditions.

Hence, the general solution of Eq. (26) at n > 2 will
be as follows:

N(—) _ Ln,l N(+) _ Ln,z
n =73 2 no =73 2
w, -0, ®, — 0,
+
W =k

After expansions (13) are substituted into initial
conditions (11), the latter are transformed into a set of
equations for functions of the first and second orders
of smallness:

r=0 EY( z ;et) 0,
& (e’t)zgoi)o(u)-'-&l})l(u)s
05? (0,1) __2£"(6,1)
oT,  oT,

with this set making it possible to determine real con-
stants a,(,l), b,sl) , a,(f), and b,(lz) in solutions (21) and (27).

Satisfying the initial conditions, we, under the first
approximation with respect to €, obtain

=0, (e & n=0,12,.);(28)

_ _Zh 8, b

Je._

in the second approximation with respect to € we
derive

a” =——Zh (N8, + Ny 3,00 )

JE"

_ZZ jq( /qn /(q),n), b,(,z)ZO.

JjEEqeE

(29)

As a result, using expressions (28) and (29), we
write the amplitudes of the first and second orders of

COLLOID JOURNAL Vol. 84 No.2 2022
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smallness in solution (17) for the perturbed droplet r=1
surface as follows: o2
N o) 4 [&“ +1p.p (u)}
MY (1) = Zhj cos(wjt), £ ¢ 5 A
= x R (n) = 0",
W) = ;- 82cjoo. a0 50t e
' ! FERREL
= cos (D-Z))2 3/2) 2.1(3/2)
;[@1 +1) " (zagr +9 g’ - ja“) (32)
+ —[32hj5j2 cos (mjt)} 1 00?2t/
> s — 2 P
+ 3Be ar + arz 2 (H)
— = (30) G2 9p
j;{(zj—l 2]+1) —a‘g—e%
x cos(m;_j7)cos(m;f) + gﬁehﬁm cos((ojt)} 3B, (( (4P, (L) + P () = P (1 )&(1))81)
) -)
t)= > h;|N,’d,,, cos(m,t
)= L oo 0200 oo o

+ N9, ., s cos (1) 5
Here, ©,”~ is the correction of the 5/2 order of small-

- (N 98, Gt NYS,L, j)cos (0,7) ] + ZZ fhy ness to the value of the droplet surface potential.
JeEqeE Substituting expansions (17) at m = 1; 2 and solu-
X [qun (cos (0, + ®,)1t) - cos (m,1)) tion (16) at k = 3/2; 5/2 into relation (32), we obtain
: (5/2)
+ Nj( q)n (cos((w; —®,)7) — cos (wnt))], (n>2). expressions for £, (T;) as
2
B (1) =

Thus using relations (2), (13), and (17), we derive o0 — _gp z n(n-2) MO (1, 7))
an analytical expression that describes the shape of the s fl & (2n-1)(2n+1) " 0
perturbed surface of an uncharged droplet oscillating

in an external electrostatic field with an accuracy of X M, ,Sl,)] (T, 7)) + —BeM3 (TO,TI)},
the terms of the second order of smallness in the 52 35
form of F77(T,) =B
{ (M2 (0, + MU (T,T)] (33)
r(0,1) =1+ 16’ (1) ( (
’ 2 + B[ M2 (1)1 (n) + ML, (1) s ()
o 31 o) )
+ M,/ (t)! + M, 5 ()]
e S (07 (0 + €3 (1), (1), o () () + My (1) ()]
+3Y SK, M (T, T5)

k
X [ ML (T, 1) + o Mi (T, ) |} (n21),

. - (m) .
where amplitude coefficients M,™ (¢) are determined .. oo I, (n)—1, (n), which depend

by Egs. (30). only on n, being presented in the Appendix.
6. The problem of the 5/2 order with respect to €. To 7. Surface charge density. Let us determine surface
find coefficients F’? in solution (16), let us present density v (F,z) of charges, which are induced by an

the set of equations obtained from conditions (8) and external electrostatic field and distributed over a per-
turbed surface of a nonlinearly oscillating conducting

(10) by grouping tems ~85/ 2. droplet, by the following known equation:
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v(F,1) = E"ir’t)
T r—r(e,l‘) (34)
=-LG@EnvoEn)| .
41 r=r(0,)

where r(0,7) is determined by relation (30).

Substituting expansion (13) with account of rela-
tions (2) and (14) and the vector of the normal to the
perturbed droplet surface in the form of the power
expansion in terms of small parameter € with an accu-

racy of terms ~85/ 2

i (Fo1) = [1 _12 [Be oh(0) N oe® (e,t)Jz} .

\S]

20 20

o[, 21(0), 2" 0.0
° 90 00

+82[( 1)(6,t)+Beh(9))
Bah(e) 9" (8,1)) 9t (0.0)]| .
e ae ee,

00 00
into Eq. (34), we derive the surface density of the in-
/2

(35)

duced charge with an accuracy of terms ~¢
~ 1
V(F1) = {3Bee R () + e
(3/2)

1 [
X {6[35 (— B.P (W)~ "R (u)) -9 }
5 or

+¢”? {—

+Bup (-2 (R4 + 158 (0)E"

oD (3/2) aP2 (H) azq) (3/2)
= - P
" 3( 0 90 or’ 2 ()

M2
+ 38R (u)£4(§(”)2 —%(%j J

1) 3 3,(3/2) 1) 2.2(3/2)
+ &a(b _ &-’(1) 3BE aPl (M) aE'. " d (1)2
00 00 00 00 or

In Eq. (35), €, and &, are the unit vectors of the
spherical coordinate system.

aq)(5/ 2)

66562)131 (W)

r=1

Taking into account the pattern of the & (6,7) and

é(z) (6,7) functions from relation (31) and the solution
for the corrections of the 3/2 and 5/2 orders to the
electric potential:

O (70) = 3,37 [l M (1) + 7 2 (1)

JjeEE

x r P (w),
o) (7.1) = BEZ|: (HZ er(12)l( f) + Mo M2, (f))
+ 32 ZKMM

jE_. i€z

(M, 1 ()+H1+1 /(1421 (t)ﬂ
Xr—(nn)Pn(u)JrBez[ W04 () + MY ()5 ()

JjeE

+ ML ()5 () + M (01, () ]r VP ()

(36)

we write the surface charge density as the expansion in
terms of the Legendre polynomials:

Wr>;3w
<R+ 28R 1)
+Z@¢mmoHMﬂ0@meﬂ

Ook]rw

+ZQ HMmUhW]
+ZZ

JjEE i€E

x[MP40@<Lm+AdmuwuszRxm}.

Numerical coefficients &, (j)—ks(/), Wwhich
depend only on j, and &, (j,n) and kg (j,n), which
depend on j and #u, are presented in the Appendix to

avoid overloading the text with trivial expressions.

It follows from the pattern of relation (37) that, in
the absence of perturbation, the surface density of an
induced charge is determined by the two first terms in
the curly brackets.

8. The values of induced charges. The values of the
opposite induced charges on different halves of a per-
turbed droplet surface r(6,7) are determined by the
following equations:
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Here, g, and g_ are the positive and negative
induced charges, respectively, while r (6,7) is specified
by expression (30).

The induced charge is expanded in terms of the

half-integral powers of parameter €, because £, ~ g2
In this way, we determine relation (38) with an accu-

racy of the terms of the ~85/ ? order.

Since the induced charge distribution is symmetric
with respect to the equatorial plane, let us consider
positively charged half S, of the perturbed spheroidal
droplet.

Substituting surface charge density (37), normal
vector (35), and perturbed droplet surface shape (31)
into expression (38) and integrating the obtained
expression over surface §;, we find the value of the
positive induced charge as the power expansion in
terms of small parameter € with an accuracy of terms

5/2
~£—:/:

q,(t) = iBEel/z

X {1 + s[
JjeE

B, + 2gZM1
+ 26 {BEZMP (1)G, ()

JjeE

bt

JjeZ ieE

Gl (]))

(39)

(w0 G
M0 )|+ 106,

where numerical coefficients G, () and G, (j), which
depend only on j, and L, (j,i,n) and L, (j,i,n), which

depend on j, i, and n, are presented in the Appendix,
because their expressions are cumbersome.

As a result, taking into account expressions for

amplitude coefficients Mf-l) (t) and M (¢) from rela-

COLLOID JOURNAL Vol.84 No.2 2022

tion (30) and passing from formal parameters 3, and

B to physical denotations, we derive the following
analytical equation for the opposite induced charges in
the dimensional form:

_ .3 2 1 2
= i—\/nsoEOR {1 te 26> h;

[Gl( )cos(m t)+e {Gl
+G, () )cos( I 2f)+G3( )COS( j+2t)}]

+ 82222[5', (J,i, n){cos [((o,- + (oj_l)t]

n=0 jeE ieZE

+ cos |:(0)i - wj_l)t]} + 8, (J,i,n)

(J)cos(w;r)

(40)

x {cos[ (@, + @, )]+ cos[ (o — )]}
+ 85 (j,i,n){cos[(®; + ;) 1] — cos (1)}

+ 8, (jin) {cos [((,3, j)t] —cos (03,,1)}]},

where g_ is written with sign minus. The time depen-
dences for the values of the charge induced in the
droplet are presented in Fig. 1 in the dimensional
form. Note that all subsequent plots will also be pre-
sented in the dimensional form.

The dependences in Figs. 1a and 1b have been cal-
culated for different droplet radii, because a change in
the radius causes noticeable quantitative changes in
the plots along both the ordinate and abscissa axes.
This fact deserves attention, because it affects both the
width and intensity of radiation emitted by a real
cloud.

Numerical (depending only on j) coefficients
G/ (j)—G; (j) and coefficients S, (j,i,n)—S, (J,i,n),
which depend on not only j, i, and », but also initial
amplitudes #;, h;, and h;,,, are presented in the
Appendix.

Figure 2 illustrates the dependences of deviation

Ag, (t) in the value of the induced positive charge of
the droplet from its stationary  value

(EQ) 3\/1t£ E\R (1 + —Se ) on time 7. It is seen that
the asymptotlc calculations of the second order of

smallness with respect to € lead to an insubstantial
nonlinear correction to the value of ¢, (7).

9. The model of an oscillating dipole. Let us replace
equal opposite induced charges g, and g_ by equal
point charges (the values of which depend on time)
spaced from each other at some distance, which is
smaller than the droplet diameter. These charges are
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Fig. 1. Time dependences ¢, (¢) of the positive charge
induced in a droplet in an electrostatic field at an initial
excitation of the equilibrium droplet surface shape having

the form of e[P (1) + P (w)]/2, 6=73x10" N/m,
p=10> kg/m’, and E, =50 V/em (~4x10*Eq,).
Curves [ and 2 correspond to linear and nonlinear droplet
oscillations, respectively: R = (a) 10 and (b) 30 um.

located in the symmetry axis of a spheroid at the posi-
tions of the “effective” centers of the positive and neg-
ative charges, with these positions being determined
by the following relations:

R, (1) = L IFin -1 re.dq,.
= 5, 45,

The capillary oscillations of the spheroid surface
will be accompanied by the oscillations of the values of
the “effective” induced charges and the distance
between the centers of thereof. As a result, we obtain
“effective” dipole

J(t) = Q+(t)(

. (1) =R, (1)); (41)

GRIGOR’EV et al.

g.(H, 10714 C @

WAL

) W\// W i
A /\ A
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Fig. 2. Time dependences Ag, (#) of deviations of the pos-
itive charge induced in a droplet from its equilibrium value
in an electrostatic field. The dependences have been calcu-
lated at the values of the physical parameters the same as
in Fig 1: R=(a) 10 and (b) 30 um.

which will oscillate and radiate electromagnetic
waves in accordance with the following known expres-

sion [8, 9]:
2 [(ddw)
1 == > .
3c dt

According to Eq. (42), it is easy to write an analyt-
ical expression for the electromagnetic radiation
intensity of a single droplet taking into account
Eq. (41). To do this, we only need analytical expres-

sions of radius vectors R, () for the displacements of

the “effective” centers of the charges induced in the
spheroidal droplet.

(42)

Note that the expansions for the displacements of
the centers of the opposite induced charges are per-
formed in terms of the integral powers of small param-
eter €; therefore, subsequent calculations of f?qi (¢) will
be carried out with an accuracy of terms on the order
of ~ €2,
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To determine the position of the “effective” center
of the induced charge on a half of a droplet, we take

into account that radial unit vector €, in the spherical
coordinate system is related to unit vectors é,, €, €, of
the Cartesian coordinate system as follows:

(43)

o

=€, sinBcos@ + €,sinBsin@ + €, cosb.

Since the electric field strength vector is directed
along the z axis, the centers of the opposite induced
charges of the droplet are not displaced in the x,y
plane:

Taking into account relation (43), we determine
the projection of the displacement vector for the cen-
ter of the positive induced charge along the z axis as

cos0sin0d0d .
r=r(6,t)

Calculating the integral over the half of the spher-

oid surface area S, with regard to expressions (31),
(35), and (37) and substituting the value of the positive
induced charge from Eq. (39) into the obtained rela-

tion, we determine R, as a power expansion in terms
of small parameter € with an accuracy of terms on the

order of ~g*:

R, (1) = {1 + e{—ﬁ + SZM 2 )]

jeE

e [BezMﬁ” ()7, ())

JjeEE

+ ZZM

JEEIER

(1), (n) + ZZM

JEEIER

J3 J,)

{ - 2(1 Ly (j,i,n)

+ Mjl (t)L4 (j:ian)-l_M/(‘lJzZ (I)LS (j’i’n)

+ Mj(l—)l (t)j4(j,i,l’l) + M;IBI (t)jS(j’i’n):|\]]}’

+§[

n=0

with numerical coefficients J, (), J,(j), and J; (j),
which depend on j, and L;(j,i,n)—Ls(j,i,n),
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J, (j,i,n), and Js (j,i,n), which depend on j, i, and n,
being presented in the Appendix.

Finally, using the expressions for amplitudes

MY (t) and M
from formal parameters 3, and B, to physical denota-
tions, we determine the position of the “effective”
center of the positive induced charge of the droplet in

the dimensional form as

() from relation (30) and passing

R, (1) = ZR{I + %ez + gZhj {J, (j)cos((n);t)

4z 3 =
+e [J2 )cos (m;1)
+ J5 () cos () + Iy (J)cos(w, 1) |}

+ 822.0: > > s (Guin) (cos[(w; + ;)1]

n=0 jeZieZ
+cos[(w; — ;) t]) + J¢ (J,i,n)
x (cos[(w; + ;)] (44)

+ cos [(0),. - coj_z)t]) +J5(Jj,i,n)

(’3/‘+2)t])

)]+ cos[ (o, - ;_,)7])

+ Jy(J, i,n)(cos [((o,- + (x)_m)t] + cos [(0),- - (1).,“)1])
+ Jyo (Joi,n){cos[(o; + ;) 1] - cos (1)}

+ J,, (Jj,i,n){cos[(m; — ®,)t] - cos ((ont)}]}.

x (cos [(co,- + (oj+2)t] +cos [(03

+ Jg (j,i,n)(cos [(0),» +O;_

Numerical coefficients J(j)—J,(j), which
depend only on j, and coefficients Js(j,i,n)—
J11(j,i,n), which depend not only on j, i, and n, but
also on initial amplitudes #;, 4;, h;,, and h;,, are pre-
sented in the Appendix, because the expressions for

them are very cumbersome.

Figure 3 illustrates displacements AR, () of the
center of the positive charge induced in the droplet
from its stationary equilibrium position

Réz )= gR(l + 1e2) as functions of time ¢. It is clearly
3 3

seen that the nonlinear correction to the R, (t) value
determined by the calculations of the first order of
smallness makes no substantial contribution to this
value.
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The analytical expression for the position of the AR (7). us (a)
“effective” center of the negative induced charge is %
found in the dimensional form for the other half of the 0.4
spheroidal droplet in a similar way:
0.2 -
! 4 8 Y12 J16 |20 /24 |28 f 32
_ 2
R, (1) = —gR{l + ge + 8Zhj {Jl* (j)cos((o;t) —02F \Z b
JjeE 2
[]2 (j )cos (w;1) —0.4 1+
+J5 (/) cos((n)j+2t) + J4 (/) cos(o)j_Qt)J} AR (1), us (b)
+ 32;;;[J:(j,i,n)(cos[(w, + ;)] L0
+ cos (o, — @) 1]) + J§ (j.i,n)(cos[ (o, + ®;_,)1] 0.5
+ cos[ (0, — ;)1 ])+ IS (j.in)  (45) s
><(cos[(co,»+(0j+2)t]+cos[(0),-—wj+2)t]) 05| V \/ V I, us
+ Jg (J,i,n) (cos[(mi + coj_l)t] + cos[(mi - wj_l)t]) —10}

+ Jy (joi,n) (cos[(mi + coj+1)t] + cos[(m,- - wj+1)t])
+ Jo (jyisn){cos[(o; + ®,) 7] - cos (w,7)}

® ..
+J5 (]s L n){COS [(O)i - (‘)j) t] —Cos (mnt)}:|} > Fig. 3. Time dependences AR, (¢) of displacements of the

center of the positive charge induced in a droplet from its
equilibrium position. The dependences have been calcu-
lated at the values of the physical parameters the same as

in Fig. 1. Curves / and 2 correspond to AR, (1) functions
at linear and nonlinear droplet oscillations, respectively:
. . * . = (a) 10 and (b) 30 um.
where the sign of function J,, in Eq. (44) differs from
that of J,, only for the odd values of initially excited
oscillation modes ;.
Substituting expressions (40), (44), and (45) into
relation (41), we find the projection of the dipole + cos[(m» _ co-)t])
moment onto the z axis as follows: b
+ £ (J,i,n) (cos[ 0) + (x)j_z)t} + cos[(u),. - c)j_z)t])

+ fs(J,i,n (cos[ ; +0)j+2)t:|+cos[(o),~ —0)j+2)t1)

\/EEO { (1+3e )(1+le2) + f5(J,i,n) cos[ ; +0)j_,)t]+cos[(0)i —(oj_l)t])

15
+ gzh { cos(m t) + fio (j,i,n cos[ 03 +0)j+1 t]+cos[ m- — 1 t]
je= + f1 (J,i,n)(cos[(®; + ;)] — cos (w,¢) 46)

+e [fz cos (1) + f3(J )cos( j+2t) ) (cos eont
+ )cos( j-zf)]} + fia (40 )( [(0) 0) t] 0)1‘ }}

{ZZ . fs (J,i) cos () cos(w;r)

L) =0()+ 7 () + 4G, (),

£0) =L 0)+ 77 )
+ ;ZZ[k(j,i,n)(cos[(wi+c0,~)t] + 0, (J)+ 3 () + 4G () + ‘5‘01 (),
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Fig. 4. Time dependences d, (¢) of dipole moment projec-
tion onto the z axis. The dependences have been calculated
at the values of the physical parameters the same as in Fig. 1.

Curves 7 and 2 correspond to d,, (¢) functions at linear and

nonlinear droplet oscillations, respectively: R = (a) 10 and
(b) 30 um.
£() = Ja () + 73 () +4G; (),
£ (1) = J5(J) + 5 (J) + 4G5 (J),
f5(Ji0) = 2G1(i)(J1(J)+J1 (J)s
S5 (o) = J5 (Guin) + 5 (oin),
£ Gisn) = Jg (Guin) + Jo (Juisn),
fiGoisn) = J; (Joiyn) + J7 (juisn),
fo nivn) = Jg (Jui,n) + Jg (J,i,n) + 28,
fio Gnin) = Ty (Goiyn) + Iy (Jsi,n) + 285,
FisGniyn) = Jyo (i n) + Jig (i, n) + 28,

fia Gisn) = 0y, (i, n) + I3y (Jyisn) + 28,

Figure 4 shows projections d,(f) of the dipole
moment onto the z axis as functions of time 7. It is seen
COLLOID JOURNAL Vol. 84

No.2 2022

Ad(5,107% Cm @

Fig. 5. Time dependences Ad, (¢) of the correction to the
stationary projection of the dipole moment onto the z axis.
The dependences have been calculated at the values of the
physical parameters the same as in Fig. 1. Curves / and 2

correspond to corrections Ad, (¢) of the first and second
orders of smallness with respect to €, respectively: R = (a)
10 and (b) 30 um.

that nonlinear oscillations of the droplet give a small
correction to the d, (¢) value, which is related to the
linear droplet oscillations.

In particular, it is distinctly seen in Fig. 5
that the correction of the second order of
smallness with respect to € to stationary value

= Jane,E R’ (1+3 )(1+%e2) in Eq. (46) is

determlned by higher frequencies than the correction
of the first order of smallness.

Figures 6 and 7 show the dependences of the drop-
let oscillation frequencies on the droplet radius for the

linear and nonlinear corrections to the dieq) value. It is
seen that, as the droplet size increases, its oscillation
frequencies decrease according to a nearly hyperbolic
law.

Proceeding from relation (42), taking into account
Eq. (46), and replacing the cosines and sines in the
functions by their maximum values for the qualitative
analysis being performed, we obtain the following
dimensional analytical expression for the intensity of
the dipole radiation of an uncharged droplet nonlin-
early oscillating in an external electrostatic field:
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w3, MHz

25 30
R, um

Fig. 6. Droplet oscillation frequency u);r as depending on
the droplet radius for the correction to dgeq) having the
first order of smallness with respect to €. The dependence
has been calculated at the values of the physical parameters

the same as in Fig. 1.

1= 20 BRI ()o)
+ A0+ /()0 + £ ()]

+¢€ {222;1,@ fs (i) oo,

ieZ jeE
+ ZOZZ [fs (J, i,n){(m,. + ;) + (0 - (,3/.)2}
n=0jeziex
+ AR+ 0,,) + (0 -0) @D

+ f5(J,i,n) {

+ £ j,i,n){(m,- +
+ flo(j,z‘,n){(w,+mj+1) +(m, com)z}
+ fu(j,i,n {((o + o))

+ o (in(@ - 0,) —wiﬂ}}z-

Equation (47) enables one to estimate the intensity
of the background noise electromagnetic radiation of
various artificial and natural liquid-droplet systems,
such as convective clouds.

2

) +(
m,-+031+2)2+((o, oY
) + (o,

Large-amplitude oscillations of cloud droplets can
be caused by different reasons, such as coagulation,
disintegration into smaller droplets due to collisions or
realization of electrostatic instability, hydrodynamic
and electric interactions between closely flying drop-

GRIGOR’EV et al.

o,, MHz

Fig. 7. Droplet oscillation frequencies m,, as depending on
the droplet radius for the correction to the stationary value

of dgeq) having the second order of smallness with respect
to €. The dependences have been calculated at the values of
the physical parameters the same as in Fig. 1. Droplet

oscillation frequencies are (1) w3 — @,, (2) m,, (3) w;,
(4 203, (5) 04, (6) @, + 3, (7) 2003, and (8) os.

lets, and aerodynamic interactions with a developed
small-scale turbulence inherent in thunderstorm
clouds. According to the data of natural observations
[25, 26], oscillation amplitudes of cloud droplets may
reach several tens of percents of a droplet radius. In the
subsequent estimations, dimensionless oscillation
amplitude ¢ will be taken equal to 0.1. The value of

Taylor parameter w = 4n€0E§R/G in the electrostatic
fields of thunderstorm clouds [18] is much lower than
the critical value of parameter w,, [4]; i.e., the majority
of the cloud droplets are rather far from the limit of
instability with respect to the induced charge.

Figure 8 shows the dependence of radiation inten-
sity / on external electric field strength E,, with this
dependence being calculated by Eq. (47). It is seen that
the radiation intensity rapidly increases with E,,.

Figure 9 illustrates the dependence of / on droplet
radius R. This dependence is seen to be rather weak.

Figure 10 shows the dependences of radiation
intensity / on time ¢, with these dependences being
calculated at fixed values of R and E, by exact expres-
sion (42) taking into account Egs. (40) and (46) (with-
out replacing the cosines and sines by their maximum
values).

In Fig. 10, the scale of variations in time is rather
large, and the shapes of individual peaks are difficult
to guess. Therefore, the shapes of individual peaks pre-
sented in Fig. 11 have been taken from the initial part
of Fig. 10 (the very left-hand part of it).
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Fig. 8. Dipole electromagnetic radiation intensity / as
depending on external electrostatic field strength for an
uncharged droplet nonlinearly oscillating in a uniform
electrostatic field. The dependence has been calculated at
the values of the physical parameters the same as in Fig. 1.

CONCLUSIONS

Dipole electromagnetic radiation emitted by an
uncharged droplet in an external electromagnetic field
is caused by nonuniform time variations in the value of
its oscillating dipole moment, which is induced by the
field. Quadratic calculations of dipole radiation inten-
sity performed within the method of many time scales
have shown that the results obtained exhibit qualitative
similarity to the previously studied dipole radiation of
an oscillating charged droplet and some quantitative
difference from the latter [14]. It has appeared that the
frequency of the quadratic corrections to the frequen-

Expressions for coefficients /, (n)—/, (n) in Eq. (33):
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71,1073 uW

42624714 -
4.2624712

4.2624710

4.2624708

R, um

Fig. 9. Dipole electromagnetic radiation intensity / as
depending on the droplet radius for an uncharged droplet
nonlinearly oscillating in a uniform electrostatic field. The
dependence has been calculated at the values of the physi-
cal parameters the same as in Fig. 1.

cies for a droplet in an electric field is several times
higher than the frequency of the linear oscillations, as
well as it is for a charged droplet. However, the depen-
dence of the electromagnetic radiation intensity on the
radius of a droplet oscillating in an electrostatic field is
manyfold weaker than that for an oscillating charged
droplet. The study of the time evolution of the inten-
sity of the electromagnetic radiation emitted by an
individual droplet has shown that the radiation has the
character of “beats;” i.e., the pattern of packets com-

posed of elementary (carrier) waves.
APPENDIX

3n(n-2)(n—1)(n+1)

l(n) =

2(2n-5)(2n-3)(2n-1)’
n(SOn4 +n’ =103n" +39n — 27)

hL(n) =

10(4n> —9)(2n 1)
n(n+1)(50n* +321n° + 621n” + 2781 — 180)

I (n) =

Iy (n) =

10(4n” + 8n — 5)(2n + 3)’
_3(n+5)(n+3)(n+2)(n+1)

b

2(2n+7)(2n+35)(2n+3)

Expressions for coefficients k, (/)—k (/), k7 (J,n), and kg (j,n) in Eq. (37):
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Fig. 10. Dipole electromagnetic radiation intensities as
depending on time 7 for an uncharged droplet nonlinearly
oscillating in a uniform electrostatic field. The depen-
dences have been calculated by Eq. (42) taking into
account relations (4) and (46) and the values of the physi-
cal parameters the same as in Fig. 1: R = (a) 10 and
(b) 30 um.

(=200 () ~U U

)

(2/-1)

ky(Jj)=-

J(100/° +116;* —165;° = 205,” + 75/ - 81)

17,1073 W (a)
4
3L
2L
1k
1 1 1 1 1 1 L -
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Fig. 11. Dipole electromagnetic radiation intensities / as
depending on time ¢ for an uncharged droplet nonlinearly
oscillating in a uniform electrostatic field. The depen-
dences have been calculated at the values of the physical
parameters the same as in Fig. 1 for the first three peaks in
Fig. 10.

JG =1 =2) (27" +3j+7)
2(2j-1)(2j-3)(2/-5)

k4(j)=_

30(2/ —1)* (2 =3)(2) +3)
(j+1)(100/° + 756, +2159,° + 2591, + 704, - 600)

bl

ks(j)=-

30(27 - 1)(2) +3)° (2j +5)
G+ +2)(j+3) (2 +11j+21)

B

ke (J) =—

ks (j,n) =~

(2/-1)

) kg(j,n):_

2(2j+3)(2j+5)(2j+7)
J(7*+j=-in-1)

J+D)(j—-n+3)
2j+3)

Expressions for coefficients G, (), G, (j), L, (J,i,n) and L, (j,i,n) in Eq. (39):
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G (J) = pFj + paF,
J? () +2)
j+1)7 7 (2j+1)
Gy (/) = @Fjs + @ Fpy + @ F + @y,
5/ (J-1(ji-2)
2(2j +1)(2j-3)(2j - 1)
(14657 + 7357 — 246/ - 153)
30(2/-3)(2j+1)°(2j+3)
(J+1)(j +2)(26)° +65;” + 46, - 20)
30(2/ = 1)(2/ +1)*(2j +5)
G+D+2)(+3)(+4)
2(2j+1)(2j+3)(2j +5)

b=

q, =

q;

4 =

.. J . .
,i,n) = n+l-j)K;;,+o;,)F,
l’l(‘] ) (21_1)(-]( J) Jsls Jsls )
(j+1)

l/z(j,i,l’l) = (2]+3)

><((—(j+1)2+j(n+1))Kj,,.,,,+0c
/2
F,= [ P,(n)sin6d8

0

N (j=0)
GV EN ] _(j =2k +1).

rofY
0 (J = 2%)

)E.,

Jsin

Expressions for coefficients G, (j)—G; (), and S, (j,i,n)—S, (j,i,n) in Eq. (40):

G (j)= P Fis+ psFoy + py Fry + piFas,
pr = SUZDU=2 =TS 44 4)
4(2/-3)(2/ -1 (2/+1)(3/ - 4)
. J(180/7 —1212/° +251/° + 2985/ +25;° — 3453 + 324, + 540)
o 60(2/=3) (27~ 1)(2/ +1) (2 +3) (3 - 4) ’
. (D +2)(180/° +1572)° +47715" + 6319, + 2816, — 988, — 720)
B= 60 (2 —1)(27 +1)° (2 +3)(2/j +5)(3/ +2) ’

. _ 3(j+1)(j+2)(j+3)(j+4)
P4+ )27 +3)(2j+5)(3j+2)
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G, (J)= qu}—l + ngj—y
. JU=) (37 +9/ - 28/ +12)
T A )@ NG90 -
. =D =27 (377 +9/° - 28/ +12)
T 42i-1)(2/+ DB/ -4)(2)-3)
Gy (J) = _(m1+Fj+3 +m;Fj+1)v

LD +2

b

” (J+4)(+3)G/*+9j+98)
: 427 +1)(2+3)(3j +2)(2j +5)
L GHDG+2’ G +9)+8)
4(2j+1)(2j+3)(3/ +2)(2j +5)
S, (j,i,n) = hih; L (j,i,n), Sy(j,i,n) = hh,, L, (j,i,n),
S3(J ) than () 4(]%”) h,hNanGl()

~—

(
(
(

~ |~ ~—~

Expressions for coefficients J, (1), J, (j)» J5 (/) Ls (j,i,n)—Ls (j.i,n), J4 (j,i,n), and J5 (j,i,n) in Eq. (44):

51 =36,()-26,()),
(1) =~(£6.()+26,() +16:(1)=36,())). Js(i) = =261 1,1,
G;(j)= m,F/_ +myF; + myF;

_JG=DG+1) :(j+1)(4j +10/7 +2j -3)
Ci-nEi+) T 2+ D)(25-D(2+3)
_ U+ +2)(+3)

(2 +1)(27+3)
Gy (J) =k Fioy + ky Fiy + k3 Fy + kg Froy + kS Fy.

o U= =3)
L 2(2/-5)(27-3)(2 - 1) (2 +1)
. _j(j—])(376j5—736j4—1198j3+154j2+777j—45)
152+ 1 (27 -5)(27-3) (27 - 1) (2 +3)
2(j+1)(136/° + 4847 +106,* =925, 809, — 66, +90)
15(2) +1)° (2 - 5)(2/ - 3)(2/ = 1) (2j +3)
k+_(j+1)(j+2)(j+3)(136j4+936j3+1606j2+36j—365)
e 15027 + 1) (2 +7) (2) + 5)(2) +3) (2 - 1)
o UrDG+2)(+3)(+4)( +5)
T Qi+T)(2+9)(2)+3)(2/+1)

3J-1) 2 . .
m(_j (J —3j+ 1) Kjin+ (j-1) (X’j,i,n)En

ky =

Ly (j,i,n) =
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.5 4 3 2 .
L (i) = ! _3(4] +6, =277 — 4 —J+1)Kj’in+j(4j2_7)a“n E.
(2/-1)(2/j+3) (2j+1) ’ ’
.. (j+2) 2 . .
L (jiin)=——2"L (32 +10j+9)K,,, +(j+3)at,,,)F,,
s (Joism) (2j+3)(2j+5)<<] i+ 9) Ky + (4 3)000)

Ty (joisn) = 3Lg (j,i,n) = 2L, (j,i,n),

2 .2 . .

L6(j’i>n)= J ] Kjin—l+w1(jin+l Ez’
@i-D\@ji—) T ey
JS(j:ian):31’7(.].:1"”)_21/2(].3[.:”)3

o JUED(7 (J+1)(+2)
L, (j,i,n) = (2j +3) [(21 _ I)Kj,i,n—l + (2) +3) Kj,i,n+1]Fn-

Expressions for coefficients J, (j)—J4 (/) and Js (j,i,n)—J,,(j,i,n) in Eq. (44):

. 8 a1y, . .
12 (7) = =561 () = 565 (J) = 267 (/) + 3Gy (),
I3 (J) = =(2G5 (/) +3G5 (), J4(J) = 3G3 (4) = 2G5 (),
G (J)=pFia+prFiy+ pyFy+ pyFrn + psFiuy,
L 3= -2)(=3) (377 - 2777 +20j +12)
no=- ; ; ; ; :
1 4(2j-5)(2/-3)(2/ -2/ +1)(3/ - 4)
B (/-1
60(2)j = 5)(2/=3)(2j = 1)’ (2 + 1)’ (2 +3)(3/ - 4)
X (7207 — 8664,° + 20468, +9762,° — 56530,
+17109,* + 25712 —837,% — 4320, — 540),
- _ (j+1)
302/ -3)27 1) (2 +1) (27 +3) 3/ -4)(3) +2)
X (19584j'° + 84144 ° + 17104, — 3271367 —329116,° + 317277
+ 517866, +9421,° —176508,° —19116j+17280),
- _ (+D(j+2)(j+3)
b 60(2j —1)(27 + 12 (2 +3)*(2) +5) (2 + 7)(3) +2)
x (7207 +11544/° + 65836, + 166470 *
+180340,° + 47181, — 38771, —17520),
L UG+ +3)G 4 +5)(377 +21) + 16)
B T T ) (2 +3)(2 +5) (2 + 1) (3 + 2)
G, (J)=a F;+a:F,+a;F;_y,
GG (35 977 - 28 +12)
q =
4(2j 1) (2j +1)(3/ - 4)(2/ -3)

P =

>
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C (=137 +9/7 28/ +12) (47 — 14/ +10 +1)

S 2+ ) () -4 (2] -3)(2) - )
U= -3)(35 +95 28/ +12)
T a@i-1)(2j+ )3/ -4)(2/-3)(2/-5)

Gy (J) =m Fjoq+ myFy o+ myF,

DG+ A3 +9)+8)

42j+1)(27+3)(3/+2)(2j+5)(2j+7)
(F+3)(J+1)(J+2)(4/° +34)7 + 90/ +73) (37> +9, +8)
42/ +1)(27+3)(3j+2)(2j+5)(2j+7)
L GG+ (G +3)(3/7 49/ +8)
402/ +1)(2j+3)°3Bj+2)(2j+5)
=K, ()47 (J),
Js(diom) =2 by (6, (1), + 2 L4<J,z,n>)

Ts (o) = S ihyesla (o), I (1o} =yl (7o),

m2:

5

Js (oisn) = %h,-hj_l (3L (j,i,n) = 2L, (jui,n)),
Jo (juisn) = lhihj+1 (3L, (jui,n) = 2L, (j,i,n)),

.. .. 1
JlO(.]al’n)__hthjqn‘jl(n)’ Jll(J’l’n)__hth/qn ()

Expressions for coefficients J1 (J)— J4 (/) and J5 (J,i,n)— Jl*1 (j,i,n) in Eq. (45):

7 (7) = 260 (1)+ 3K (),
Ki() = (0" nF+ () paF
Ks())= <1>”m1F (1) o+ (1) o,
T3 () = LK ()= LK () + 2K7 () +3K; (),
K= U R+ )R+ (0 B+ () R
K ()= (0w Fa+ (207 ooy + (S o By ()7 5 Fa + () 5 Fs,

J3(J) = (2K3( )+ 3K (J )):
K3 ()= (=07 m{Fys + (1) my Fy,
ks (J) = (-1 my Fjy + (1) m; 2 Fjin + (-1’ ms F;,
i (J) = 2K3 (j) +3K; (),
K (G)= (0"l Fo+ (=) g F s,
Ky (J)=(=1) ai F; +(=1) " g Fy + (-1 g7 F

J;“(j,i,n)=h,.h( K () IF )+;L4(J,l n)(-1)"F,),
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J

Jé*(j,i,n):%h,-h

161

Ly (j,i,n)(-1)" F,,

I (iyn) = %hihjuLs (ji,n)(=1)" F,,

.. 1 .. .. n
Js(j,i,n) = Ehih'/_l (3L (j,i,n) — 2L, (J,i,n))(-1)" F,,

J9 (J: i: n) = %hihj+l (3L7 (jaia n) - 2L2 (j’i: n)) (_1)” Fna

I (in) = %hith

I (ion) = %hith
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