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Abstract⎯The finite-element method has been employed to calculate the photophoresis velocity of solid
aerosol particles, the sizes of which are much larger than the mean free path of molecules in a gas. The ther-
mal electromagnetic radiation from the particle surface and the temperature dependences of the density, vis-
cosity, and thermal conductivity of the gaseous medium and particle material have been taken into account.
The photophoresis velocity has been numerically calculated for a number of axially symmetric particles mov-
ing along their rotation axes. Cylindrical particles, particles having a shape resulting from rhomb rotation
around one of its diagonals, and spheroidal particles have been considered.
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INTRODUCTION
Nonuniformly heated aerosol particles are affected

by forces that result from the thermal slip of a gas on
their surface. When the nonuniform heating of parti-
cles is due to the absorption of an electromagnetic
radiation by them, the motion induced by these forces
is referred to as the photophoresis. This term was pro-
posed by Ehrenhaft [1], who detected the motion of
dust particles illuminated by a high-power lamp.

In the case of so-called “large particles,” the sizes
of which are much larger than the mean free path of
gas molecules, the near-particle gas f low may be
described within the framework of the continuum
model. As a rule, when calculating the distributions of
gas temperatures and f low velocities, the Reynolds
and Peclet numbers are assumed to be almost equal to
zero. For this case, the photophoresis of solid particles
was considered in [2, 3]. In these works, the particle
heating was believed to be rather weak and the tem-
perature dependences of the molecular-transfer coef-
ficients and gas density were ignored. The velocity and
direction of particle motion have been shown to essen-
tially depend on the distribution of internal heat
sources [2], which, in turn, depends on the particle
size [4]. For metal particles, the absorption of an inci-
dent radiation may be believed to occur in a thin sur-
face layer. In this case, the particle velocity is, as a first
approximation, independent of the particle size [5],
although it is affected by the particle shape [6, 7].

At a rather high intensity of incident radiation,
when the temperature dependences of gas-transfer
coefficients and density cannot be ignored, the parti-
cle velocity becomes size-dependent [8].

Many works, a review of which has been reported in
[9], have been devoted to photophoresis. In this study,
we shall confine ourselves to a brief review of commu-
nications in which the dependences of particle velocity
on its shape and degree of heating have been taken into
account. In [6], the photophoresis of a particle having
the shape of an infinite cylinder and moving in a direc-
tion perpendicular to its axis was considered taking
into account some corrections for the Knudsen num-
ber (the ratio between the mean free path of gas mole-
cules and the characteristic size of a particle). The
authors of [10] studied a particle having the shape of a
spheroid of revolution and moving under the action of
an electromagnetic radiation directed at an arbitrary
angle to the spheroid rotation axis. It was supposed
that the radiation was absorbed in a thin surface layer
of the particle. It has been found that, as the ratio
between the lengths of spheroid axes tends to infinity,
the velocity of a particle moving under the action of
radiation along the major axis also infinitely grows.
This result seems questionable, because it entails
infinite velocities of the thermal slip on the particle
surface. The same problem as in [10] was considered in
[7, 11] for f lattened spheroids and radiation directed
along their rotation axes.

As will be shown below, the photophoresis veloci-
ties calculated by the equation derived in [7] coincide
with those obtained in this work but differ from the
data of [10]. This indicates the invalidation of the
results obtained in [10]. The influence of the heating
of a particle and, as a consequence, the heating of an
ambient gas on the photophoresis velocity of the par-
ticle was taken into account in [8, 12–14]. The photo-
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phoretic motion of spherical and spheroidal particles
was considered in thesis [12] for the case, in which the
axial ratio of a f lattened spheroid was no higher than
two. The calculations were performed for copper par-
ticles. For spherical particles, analogous calculations
were performed in [8]. In [8, 12], the calculations were
carried out using exponential approximations for the
temperature dependences of the gas viscosity and the
thermal conductivities of the gas and particle material
with taking into account the heat radiation from the
particle surface. The authors of [13] used the same
approximations for the thermal conductivities and vis-
cosities in the case of spherical particles and addition-
ally took into account corrections for the Knudsen
number. A similar problem was solved in [14] for a
wide range of variations in the Knudsen number with
no allowance for the temperature dependence of
transfer coefficients but taking into account the heat
radiation from the particle surface.

Thus, the effect of the shape of particles on the
velocity of their photophoretic motion has been stud-
ied only for some particular cases, while the tempera-
ture dependences of the transfer coefficients have been
taken into account only under the approach implying
the use of the exponential approximations. As has
been shown in [12], this approximation may be used
for describing the temperature dependences of the
thermal conductivity and viscosity of a gas. However,
for solid bodies, it appears, as a rule, to be either too
rough or inapplicable at all. Therefore, it is of interest
to develop a method for calculating the photophoresis
velocity that would enable us to consider particles of
complex shapes and avoid limitations on the pattern of
the temperature dependences of viscosity and thermal
conductivity.

The finite-element method is one of the methods
free of tight limitations on the particle shape and the
pattern of the temperature dependences of transfer
coefficients. In this work, the finite-element method
has been used to calculate the photophoresis velocities
of solid aerosol particles, the sizes of which are much
larger than the mean free path of gas molecules, under
the conditions of the Reynolds and Peclet numbers
equal to zero.

FORMULATION OF THE PROBLEM 
AND DESCRIPTION OF THE METHOD

According to the considered problem formulation,
the distribution of temperature  inside an aerosol
particle and the distributions of temperature , veloc-
ities , and pressure  in a near-particle gas are
described by the following equations [15–17]:

(1)

(2)

(3)

pT
gT

u p

( )g g 0,T∇ ⋅ κ ∇ =

( )p p ,T f∇ ⋅ κ ∇ = −

( ) 0,∇ ⋅ ρ =u

(4)
where the points denote the scalar products of vectors;

 and  are the thermal conductivity coefficients of
the particle material and gas, respectively;  is the
power density of heat sources inside a particle;  is the
gas density; and  is the viscous stress tensor of the gas,
which may, in the case under consideration, be
expressed as follows:

Here,  is the dynamic viscosity coefficient of the gas,
I is the unit tensor, and symbol ⊗ denotes the tensor
product of the vectors. In this work, an agreement is
used, according to which the sign of the scalar multi-
plication may, sometimes, be omitted only upon the
scalar multiplication of vectors and the multiplication
of a scalar by a vector. The tensor and double scalar
products are always denoted explicitly.

The gas density is assumed to be inversely propor-
tional to the absolute temperature, while its depen-
dence on pressure is ignored. The latter circumstance
is due to the fact that, in the considered problem, the
gas moves at velocities much lower than the velocity
of sound, and variations in its pressure are small to
compare with its average value. The following bound-
ary conditions are imposed on the particle surface
[17–19]:

(5)

(6)

(7)

(8)

Here,  is the normal directed from the surface of an
aerosol particle inward it, i.e., out of the gaseous
medium;  is an arbitrary unit tangential vector drawn
from a considered point of the surface;  is the ther-
mal slip coefficient of the gas;  is the gas tempera-
ture at an infinite distance from the particle, this tem-
perature being a constant preset value;  is the Ste-
fan−Boltzmann constant;  is the integral degree of
blackness; and ϕ is the surface density of internal heat
sources. The penultimate term in Eq. (6) takes into
account the heat radiation from the particle surface,
and, in this form, it is applicable only in the absence of
the energy transfer with the heat radiation from one
regions of the surface to others, which imposes corre-
sponding limitations on the possible shape of particles.

Let us consider in greater detail the ϕ value,
which enters into Eq. (6). The radiation of widely used
industrial lasers is absorbed by metals in a layer nearly
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10–7 m thick [20]. For large aerosol particles, the layer
thickness appears to be much smaller than their cha-
racteristic sizes. In this case, as will be shown below,
the particle heating is more convenient to describe by
the finite-element method, with the radiation absorp-
tion being taken into account in boundary condition
(6) rather than using the bulk density of heat sources in
Eq. (2). In this situation, the use of this term is a pecu-
liarity of this work. This peculiarity has not previously
been considered in the literature. This method of
allowance for the surface heat sources may appear to
be useful for solving the problems of evaporation, con-
densation, or combustion of aerosol particles.

The value of ϕ for a given particle material depends
on the angle of incidence of the radiation onto the par-
ticle surface and the radiation wavelength. This value
is calculated by the following equation:

where  is the f lux-density vector of electromagnetic
radiation incident onto the particle surface and  is
the absorption ability of the particle material. The 
values of some metals with respect to the electromag-
netic radiation of different lasers can be found in [21].

A number of computer programs are, at present,
available for numerical solution of an initial set of dif-
ferential equations by the finite-element method with
the use of a weak form of the formulation of such set.
Freeware package with open software key freefem++
[22], which will be used in this work, is among such
programs. In order to determine the temperature dis-
tribution and the gas velocity field in the vicinity of an
aerosol particle using this approach, it is sufficient to
find the corresponding weak forms of the formulation
of the problems described by Eqs. (1)–(8). It is natural
that the obtained expressions are desirable to be repre-
sented in a form convenient to use in the employed
program. The program entails that an expression
describing the problem formulation in a weak form
may comprise only first-order derivatives of desired
functions of coordinates. This limitation is relevant to
the fact that the solution is sought as an expansion into
a series in terms of basic functions that belong to the
Sobolev first-order space.

Let us initially consider the procedure for calculat-
ing the temperature distribution inside and in the envi-
ronment of an aerosol particle. According to the
finite-element method, the distribution of any value is
always sought in some finite region. Therewith, the
entire region under examination is divided into a set of
subregions. As a result, a computational grid is
obtained, which is used to generate a set of basic func-
tions. The computational grid must be selected in a
manner such that the particle surface coincides with
the boundaries of some subregions, which taken
together form internal boundary . Assume that the
studied region is a sphere, with the particle located in
its center. Therewith, constant temperature  is pre-

,Aϕ = ⋅w n

w
A

A

SΓ

T∞

set at external spherical boundary  of this region. In
this way, a constant temperature is simulated at a large
distance from the particle. It is obvious that the sizes of
the calculation region must be rather large as com-
pared with the particle size for the resulting velocity to
be approximately equal to that reached in an infinite
medium.

Now, we shall derive the weak form for the problem
of temperature distribution. For this purpose, Eqs. (1)
and (2) are written as the following unified equation:

(9)

where  is the thermal conductivity;  is the substance
temperature at the considered point, which may be
located in both the gas and the particle; and  is the
power density of the heat sources, which is nonzero
only inside the particle.

Following the traditional approach [23], let us
multiply the right- and left-hand sides of Eq. (9) by
some test function φ, which is smooth in each subre-
gion ; use the Green equation for each subregion;
and, assuming that desired distribution of  is also
described inside each subregion by a smooth function,
we obtain the following [24]:

(10)

where  is the boundary of subregion ;  is the
volume;  is the area; and  is a vector external with
respect to subregion , with this vector being normal
to the subregion boundary. Note that, upon the sum-
mation, each boundary between the subregions is
taken into account two times. As has been mentioned
above, the distributions of the desired values are com-
monly sought as expansions into series in terms of
basic functions with unknown coefficients.

The test functions are used to obtain a set of equa-
tions for the calculation of the unknown coefficients.
This set of equations is derived by consecutively substi-
tuting the test functions into the resulting expressions.
If the test functions have been selected from the basic
ones, while the basic functions are orthogonal, we deal
with the Galerkin method [25].

In accordance with the conventional approach
[25], a desired value distribution, which is preset for
some parts of the calculation region boundary, is
directly taken into account when constructing the set
of equations, while the values of the test function in
these parts are taken equal to zero. Therefore, at the
external boundary with preset temperature , the φ
value is equal to zero. As a result, all terms of the sum
that are relevant to external boundary  are omitted
in the last term of the right-hand side of Eq. (10). All
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other terms of this sum may be divided into pairs in a
manner such that the integrals of each pair may be
united into one integral, the integrand of which will be
the product of the test function and a change in the
density of the heat f lux through the interface between
the subregions. At all internal boundaries, with the
exception of the particle surface, this change is equal
to zero. Therefore, the corresponding terms also van-
ish. At boundary  the aforementioned change is
specified by condition (6). Therewith, the use of the
Sobolev function space for the approximation of the
desired solution automatically ensures the continuity
of the temperature distribution and, hence, the fulfill-
ment of condition (5). As a result, we obtain the fol-
lowing weak form for determining the temperature
distribution inside and in the vicinity of a particle:

(11)

When writing this expression, we have passed to the
following dimensionless variables:

Here,  is the gas thermal conductivity at tem-
perature  and  is the characteristic particle size. The
tilde symbol over the operators, volume, and area
indicates that the coordinates have been normalized
with respect to characteristic size l.

Let us now derive the weak form used for determin-
ing the distribution of gas f low velocity in the vicinity
of an aerosol particle and calculating its photophoresis
velocity. When writing the corresponding expressions,
the following dimensionless variables will be used:

(12)

where  is the dynamic viscosity and  is the density

of the gas at temperature  while 

Using these variables, boundary conditions (7) and (8)
may be represented in the form of the following uni-
fied expression:
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is more convenient than expressions (7) and (8) in the
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temperature distribution, the subregions correspond-
ing to the internal parts of the particle may be
excluded, and the velocity distribution may be calcu-
lated on the basis of a newly-constructed computa-
tional grid.

At the external boundary of the calculation region,
the force applied to the gas from the side of the bound-
ary is taken to be zero. Since the gas f low is assumed to
be steady, its momentum remains unchanged with
time. However, since conditions that do not affect the
gas momentum have been imposed on the boundaries
that do not concern the particle surface, the particle
also does not change its momentum. Hence, the total
particle–gas interaction force is equal to zero. There-
fore, under these boundary conditions, we obtain a gas
flow that results from the steady movement of the par-
ticle, with this f low being described in the reference
system related to the particle. Since the sizes of the
considered region are much larger than the particle
size, we may conclude that the absolute value of the
gas velocity at the boundary of the calculation region
is equal to the absolute value of the particle velocity
relative to the quiescent gas far from the particle.

From the formal point of view, expressions (3) and
(4) are the Navier −Stokes equations for a compress-
ible liquid [15, 16]. Note that, in the general case of
using the finite-element method for a compressible
liquid, another, so-called conservative, form of these
equations is preferable. It yields a weak form, which
does not comprise the density in the explicit form,
with the kinematic viscosity and the momentum flux
density of a liquid or a gas rather than the dynamic vis-
cosity and velocity being used for this purpose [27].
Expressions (3) and (4) yield the weak form, the use of
which for a compressible liquid may, in the general
case, lead to multiple or incorrect solutions [27].
However, since the density–pressure dependence is
not, in our case, taken into account, the same method
may be employed to obtain the weak form as that used
for an incompressible liquid on the basis of the written
equations, while the density may be excluded with the
help of relation (12). In this work, the above approach
will be employed, because it is simpler than the general
method based on the conservative form.

Multiplying Eqs. (3) and (4) by scalar  and vector
 test functions and using the standard transforma-

tions [25] with allowance for Eqs. (12) and (13), we
arrive at
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CALCULATION OF PHOTOPHORESIS 
VELOCITY FOR AXIALLY SYMMETRIC 

PARTICLES

Let us formulate the above-described general cal-
culation scheme more specifically for the photophore-
sis velocity of axially symmetric particles. As has been
mentioned above, according to the finite-element
method, the distribution of any value is searched for in
the form of the expansion into a series in terms of basic
functions, while entire studied region  is divided into
a set of subregions. Therewith, each basic function is
nonzero only in some neighboring subregions. There-
fore, the more accurately the desired distribution is to
be extrapolated the larger number of subregions is
required. Hence, rather large computational resources
are needed to find such distributions. If the desired
distributions are axially symmetric, which is the case,
the requirements for computational resources may be
decreased many times by passing to cylindrical coordi-
nates and reducing the three-dimensional problem to
the two-dimensional one, in which all distributions
depend only on polar radius  and applicate  of a
cylindrical coordinate system. The relations necessary
for the passage to the cylindrical coordinate system in
Eqs. (11) and (14) have been presented in [25], while
the examples of the calculations with the use of this
approach are reported in [22]. In view of the simplicity
of these transformations, they are not described here.

Let us now consider the construction of the com-
putational grid and the procedure of calculations
based on the latter. To be more specific, we shall con-
sider that the particle has the shape of a spheroid. The
structure of the calculation region is shown in Fig. 1.
To make the representation of individual elements
more convenient, the ratios between their sizes differ
from the really used ones. Let symbol  denote the dis-
tance from the center of the particle to its surface along
the z axis, while symbol  reflects the distance from
the particle center to its surface in the direction per-
pendicular to this axis. When constructing the compu-
tational grid, distance  was taken as unity, while the
real value of this distance was used as characteristic
size  in Eqs. (11) and (14). At  the distance from
the particle center to the boundary of the calculation
region was assumed to be  in the opposite case,
it was  The region under consideration was
divided into subregions using the Delone–Voronoi
algorithm [28]. The freefem++ software performs this
dividing automatically in accordance with a preset
number of points at the boundaries. The number of
the points was selected to be sufficient for reaching
desirable calculation accuracy. Therewith, it was
assumed that relative error  in calculating the abso-
lute value of photophoresis velocity  of the particle
satisfied the following conditions:

Ω

r z
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b

l ,a b≤

1000 ;b
1000 .a
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The validity of these inequalities was confirmed by
test calculations (see below). In the calculations, the
sought absolute value of the photophoresis velocity of
the particle was taken equal to the average absolute
value of the gas velocity at the external boundary of the
calculation region. In order to control the accuracy,
the gas velocities were also calculated at the points of
intersection between this boundary and the  and 
axes. All these velocities must coincide with each other
within the selected accuracy, provided that the calcu-
lation is performed correctly. Moreover, the control
over the accuracy was implemented by performing the
calculations using different variants of dividing the
calculation region into the subregions, including dif-
ferent numbers of the latter. The desired temperature
distribution was approximated using basic functions
derived from the second-order Legendre polynomials.

Note that the temperature distribution may be
directly obtained using weak form (11), provided that
normalized thermal conductivity  is dependent only
on the coordinates and independent of the tempera-
ture. The calculation with regard to the dependence of
the thermal conductivity on temperature is performed
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determined the temperature distribution, the subre-
gions corresponding to the internal regions of the par-
ticle were excluded, and the velocity distribution was
calculated on the basis of the newly-constructed cal-
culation grid.

When considering radiation absorption by an
infinitely thin surface layer of the particle, it was
assumed that the radiation f lux is directed along the z
axis. Velocity and pressure fields were approximated
using the third- and second-order Legendre polyno-
mials, respectively. The calculation procedure for the
velocity and pressure fields coincided with that used in
[30] and is not described here.

CALCULATION RESULTS

Let us initially consider the results of test calcula-
tions that confirm the validity of the developed proce-
dure. An analytical equation describing the depen-
dence for the photophoresis velocity of a spherical
particle at low temperature drops was derived in [5].
To test the proposed method, the photophoresis
velocities were calculated by the formulas derived in
that work at different transfer coefficients for the case
of the complete absorption of an incident radiation by
an infinitely thin surface layer of a particle and for a
model situation, in which the volume density of inter-
nal heat sources is proportional to the value of the z
coordinate. The calculations were performed at radia-
tion intensity or volume densities of internal sources
that increased the mean temperature of the particle
surface by only a few fractions of a degree. In both
cases, the calculation results obtained by the equations
obtained in [5] and on the basis of the method consid-
ered in this work have appeared to differ by no more
than 0.1%. An equation derived in [7] was used to per-
form analogous calculations for a f lattened spheroid
under the condition of the absorption of an incident
radiation by an infinitely thin surface layer of a parti-
cle. The results of the calculations carried out on the
basis of this equation for the case, in which the major
semiaxis is longer than the minor one by no more than
ten times, have appeared to differ from those obtained
by the method considered in this work by no more
than 0.7%.

The authors of [8] have reported the results of cal-
culating the photophoresis velocity of a copper parti-
cle 25 μm in radius for high temperature drops with
allowance for the heat radiation from its surface. The
temperature dependences of the molecular-transfer
coefficients were described by power functions, and it
was assumed that  The data presented graphi-
cally in [8] have coincided (within their accuracy) with
the results of testing calculations performed in terms of
the method proposed in this work.

To illustrate the potential of the calculation
scheme, the photophoresis velocities were calculated
for particles of three shapes: a cylinder, a spheroid, and

1 1.σ =

a shape resulting from rhomb rotation around its diag-
onal (Fig. 2). We shall refer to this configuration as a
doubled cone. In all cases, it was assumed that the
radiation incident onto the particles was absorbed by
their thin surface layers. The particles were considered
to move in air at temperature  a pressure
at a large distance from the particles of 105 Pa,

 and  [19]. For air
thermal conductivity, the following temperature
dependence was used (here and below, the tempera-
ture was measured in absolute degrees):

which was obtained from the data of [31] and, within a
range of 300–1100 К, agreed with these data with an
accuracy of 0.6%. For air viscosity, the following
approximation [32] was employed:

which described the data presented in [33] for tem-
perature ranges of 270–900 and 900–1200 K with
accuracies of 0.4 and 2%, respectively. Copper and
vanadium particles were considered. For copper ther-
mal conductivity, the following approximation was
used:

which was obtained from the data of [34], and, in a
temperature range of 300–1200 K, agreed with these
data at an accuracy of 0.3%. For vanadium thermal
conductivity, the following dependence was
employed:

which was obtained from the data of [34], and, in a
temperature range of 300–2000 K, agreed with these
data at an accuracy of 0.7%. Particles with  and

 were studied in this work. As has been men-
tioned above, the effect of the heat radiation increases
with the particle size. To estimate this effect, the
velocities of spheroidal copper particles with 
and  were calculated. The calculations have
shown that, at a preset  value, the effect of the heat
radiation increases with a decrease in the  ratio,
and, for a particle with  heated by radiation
to 1200 K, allowance for the heat radiation leads to a
decrease in the particle velocity and surface tempera-
ture by 1.4 and 2.3%, respectively. Thus, for particles
with the sizes under consideration, the effect of the
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heat radiation is rather weak, and a specific  value
does not have an essential influence on the analysis of
the behavior of a particle. For metals,  value is, gen-
erally speaking, dependent on the temperature of a
body surface, its smoothness, and degree of oxidation.
Depending on conditions, it may vary from actually
zero to nearly unity. To be more specific, in all subse-
quent calculations it was taken to be 

The dependences of the particle velocity on the
incident radiation intensity and changes in the thermal
conductivity of particle material with temperature are
illustrated in Figs. 3 and 4. Figures 3 and 4 present the
data on copper and vanadium particles, respectively. It
should be noted that, as the temperature is elevated,
the thermal conductivity of copper and vanadium
decreases and increases, respectively. The particle
velocities were normalized with respect to the  value
found for a spherical particle with no regard to its heat-
ing and heat radiation from its surface [5]:

For copper and vanadium particles 25 μm in radius,
the values of this velocity normalized with respect to

 are  and
 respectively.

Figure 5 shows the dependences of mean tempera-
ture  of a particle surface on  This figure pres-
ents the data on copper particles; however, they are
similar for vanadium particles. In order to show the
effects of particle shape and size on the photophoresis
velocity, Table 1 presents the data calculated for cop-
per particles at . The velocity val-

1σ

1σ

1 1.σ =

sU

TS
s

g p

.
3(2 )

K AwU
T

∞

∞ ∞

μ=
ρ κ − κ

Aw −× 11 35 .02 10 m (W  s)
10 36.56 10  m (W s),−×

mT .Aw

6 25 10 W mAw = ×

Fig. 2. Cross-sectional shapes of particles under consider-
ation.

a
b

Fig. 3. Dependences of photophoresis velocity on radia-
tion power for spheroidal copper particles at different
semiaxial ratios: a/b = (1) 0.1, (2) 1, and (3) 10.
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Fig. 4. The same as in Fig. 3 for vanadium particles.
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Fig. 5. Dependences of mean temperature on radiation
power for spheroidal particle (b = 25 μm) at different semi-
axial ratios: a/b = (1) 0.1, (2) 1, and (3) 10.
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ues that could not be calculated with the required
accuracy are omitted in the table. As can be seen from
the table, at low a/b values, an increase in this ratio
leads to the growth of the velocity; however, at high
a/b values, the velocity may decrease as well. Note that
the main role in the decrease within the considered
range of a/b values and at the given radiation intensity
is played by a reduction in the mean particle tempera-
ture. To illustrate this fact, Table 2 lists the normalized
photophoresis velocities of copper particles at

 In this case, the maximum devia-
tion of the mean temperature from the ambient tem-
perature is no higher than 4 K. The particle velocities
were normalized relative to spherical particle velocity
calculated with no allowance for its heating and the
heat radiation from its surface.
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