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Abstract—A method has been proposed for determining interfacial free energy from the data of molecular
dynamics simulation. The method is based on the thermodynamic integration procedure and is distinguished
by applicability to both planar interfaces and those characterized by a high curvature. The workability of the
method has been demonstrated by the example of determining the surface tension for critical nuclei of water
droplets upon condensation of water vapor. The calculation has been performed at temperatures of 273–
373 K and a pressure of 1 atm, thus making it possible to determine the temperature dependence of the surface
tension for water droplets and compare the results obtained with experimental data and the simulation results
for a “planar” vapor–liquid interface.
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1. INTRODUCTION
According to the classical understandings [1], a

first-order phase transition begins with the appear-
ance of new phase nuclei. At the same time, size n of
arising nuclei is of great importance. The term “size”
implies the number of structural units (atoms, mole-
cules, particles, etc.) that compose a nucleus. In
accordance with the classical nucleation theory, nuclei
are formed as a result of random fluctuations, but only
nuclei with sizes larger than some critical size  can
grow stably [2]. The formation of a new phase nucleus
with a small (subcritical) size  requires work, the
majority of which is consumed for the formation of an
interface between the nucleus and a mother phase.
The work of the interface formation is referred to as
“interfacial free energy” [1–3]. Thus, interfacial free
energy is a key characteristic of nucleation, with this
energy directly affecting both the latency period of the
formation of a nucleus with the critical size and the
nucleation rate, that is the term which characterizes
the number of critical nuclei formed in unit volume of
a system per unit time [1, 2, 4–9].

Direct experimental measurement of the interfacial
free energy is a rather complex problem. On the other
hand, the indirect estimation of this quantity on the
basis of other measurable characteristics of nucleation
(such as the critical nucleus size, nucleation rate, etc.)
is, in the case of homogeneous nucleation in a bulk
system, quite difficult as well [10], because only rather
large nuclei, the sizes of which as a rule substantially
exceed the critical size, can be detected in experi-

ments. Moreover, adequate methods are unavailable
for calculating the interfacial free energy of a surface
characterized by a high curvature in the case of a very
small object.

It should be noted that a significant progress has
been achieved in the use of the classical molecular
dynamics [11–17] and coarse-grained model interpar-
ticle interaction potentials for studying the properties
and structural characteristics of water [18–21]. For
example, Molinero and Moore were the first to show
that a coarse-grained model of water can be employed
to study water crystallization, with intermolecular
interactions being described in this model by the mod-
ified Stillinger−Weber anisotropic potential [18, 19].
This modification of the Stillinger−Weber potential
can be used to simulate the molecular dynamics of liq-
uid and solid water due to the existence of a spatial-
angle-dependent contribution that enables one to
construct a tetrahedral structure, which is formed by
hydrogen bonds in water [19, 22]. At the same time,
this model has appeared to be able to restore the equa-
tion of state for water and to yield the values of differ-
ent parameters, such as melting temperature, thermal
conductivity, compressibility, density, enthalpy, and
surface tension, more reliably than do the SPC/E and
TIP4P atomistic models [18–20].

It will be shown in this work that the interfacial free
energy can be calculated within the framework of the
thermodynamic integration method on the basis of
molecular dynamics simulation data. The calculations
will be performed for homogeneous droplet nucle-
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ation in water vapor, where water droplets playing the
role of new phase nuclei, and the interfacial free
energy being related to their surface tension. Supersat-
urated water vapor will be considered at fixed tem-
peratures lying in a range of 0–100°C and at the pres-
sure  atm.

The work design is as follows. In the second sec-
tion, the approach will be considered to the calcula-
tion of the interfacial free energy (surface tension) by
means of the thermodynamic integration. This
method will be discussed as applied to calculating the
surface tension of critical water droplets at the
vapor−liquid interface. In the third section, the details
of the used simulation method will be described. The
obtained results will be discussed in the fourth section.
The obtained dependences of water surface tension on
temperature and critical nucleus size will be presented,
and the results will be compared with available exper-
imental data and the results of molecular-dynamic
simulations performed by other authors.

2. CALCULATION OF THE SURFACE 
TENSION FOR NUCLEI WITH CRITICAL SIZE

In the case of a two-phase system with a planar
interface, the interfacial free energy may be deter-
mined by comparing the diagonal components of the
pressure tensor, with these components being calcu-
lated using the Irving−Kirkwood microscopic expres-
sion [23, 24] and the Kirkwood−Buff approximation
[5, 23, 25]. However, when a new phase is represented
by a small compact nucleus, another approach must
be used.

1p =

It is known that surface energy ω may be deter-
mined as excess energy per unit surface area [1]. In the
case of a droplet occurring in a supersaturated vapor,
the excess energy arises due to a lack of “neighbors” at
surface particles as compared with particles occurring
in a bulk phase. Confining ourselves to the consider-
ation of neighbors at each particle within the
first coordination sphere, we obtain the following
relation [1]:

(1)

Here,  is the average distance between neighboring
particles of a new phase;  is the number of surface
particles per unit surface area; z and  are the first
coordination numbers for bulk and surface particles,
respectively.

Let us introduce the dimensionless parameter

(2)

which becomes equal to zero in the absence of new
phase nuclei in a system and to unity when a nucleus
(the largest one) reaches the critical size  The
dependence of the parameter λ on the nucleus size n is
schematically represented in Fig. 1.

Since the surface energy depends on the nucleus
size, its calculation by formula (1) yields a λ-depen-
dence:

(3)
The surface tension may be determined directly by
thermodynamic integration [20, 23, 24] as follows:

(4)

Here, the denotation  implies averaging over an
ensemble of independent trajectories  at a
specific value of λ.

3. SIMULATION DETAILS
Molecular dynamics simulation is performed using

the following Stillinger−Weber coarse-grained model
potential adapted for water [19, 20, 26]:

(5)

where the pair intermolecular interaction energy is
determined by the contribution

(6)

while the energy of the interaction between three mol-
ecules is described by the term
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Fig. 1. Dependence of parameter λ on new phase nucleus
size n.
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(7)

Thus, the intermolecular interaction is directly
taken into account in this anisotropic potential [26].
For water, the potential parameters have been found to
take the following values [18, 19]: 

   , and
 At these values of the parameters, the

Stillinger−Weber potential enables one to describe
rather correctly the characteristics and physical prop-
erties of water in a temperature range of 273−350 K at
the pressure  atm [18, 20]. Here, effective diam-
eter of water molecule σ and potential well depth ε are
2.39 Å and 6.19 kcal/mol, respectively. Note that
potential (5) is a short-range one with the cutoff radius

The system under simulation consists of 
identical molecules placed into a cubic cell, with peri-
odic boundary conditions being used in the simula-
tion. The classical equations of motion are integrated
using the velocity Verlet algorithm with the time step

 fs [27]. Initially, 100 independent samples are
prepared at the temperature  K and the pres-
sure  atm and equilibrated for 50 ps. Then, each
sample is cooled at the rate  K/s to a
required temperature lying in a range of 273−373 K
and exposed at the constant pressure  atm for
10 ps. The temperature and pressure of the system are
controlled using the Nose−Hoover thermostat and
barostat, respectively [20, 27].

4. RESULTS

The affiliation of molecules to a liquid phase was
identified using the Stillinger criterion [20, 28],
according to which two molecules belong to the liquid
phase when the distance between their centers is

 where  Å corresponds to the posi-
tion of the main maximum in the radial distribution
function of molecules in liquid water [29, 30]. Figure 2
illustrates fragments of the simulation cell corre-
sponding to water (water vapor) at  K and

 atm at different time moments. For example, at
time moment  ns, the system occurs in the
vaporous state (Fig. 2a). In this case, the structural
analysis shows no compact clusters that could be iden-
tified as liquid-phase nuclei. However, at  ns
(Fig. 2b), such nuclei are already detected. Although
the sizes of nuclei at this stage reach two or three tens
of molecules, the nuclei are unstable and, as a rule,
rapidly disappear. At time moment  ns, individ-
ual nuclei containing 70−80 molecules arise in the
system. Note that the statistical interpretation of the
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curves for the growth of individual nuclei has revealed
that n ≈ 75 at  K and  atm corresponds to
critical size  (Fig. 2c) [20]. Later, over a short period
of time, these nuclei begin to grow rapidly due to both
the attachment of individual molecules and the
coalescence of the nuclei (Figs. 2d, 2e); by moment

 ns, the system completely passes to the liquid
state (Fig. 2f). A similar scenario of supersaturated
vapor condensation is also observed at a higher tem-
perature, although, as the temperature is elevated (in
our case, this corresponds to a reduction in the level of
the supersaturation), the time scale of the liq-
uid−vapor transition enlarges.

Note that the scenario observed for the phase tran-
sition qualitatively corresponds to the classical con-
cepts of condensation via the homogeneous nucle-
ation mechanism [1, 2]. According to the classical
nucleation theory, a stable growth of new phase nuclei
is only possible after they reach a critical size. Indeed,
as can be seen from Fig. 3, which presents the growth
trajectory for the largest nucleus in the system at

 K, at an initial stage, the size of the nucleus
fluctuates in a certain range and begins to grow rapidly
only after reaching the critical size  molecules.
The critical size of the nucleus was found by the statis-
tical method of inverse averaging of growth curves,
which had been described detail in works [31, 32]. In
order to estimate the  values for each considered

-state, the averaging was performed on the basis
of results of the structural analysis for 100 independent
samples. The obtained  values are listed in Table 1.

The surface tension of water droplets of the critical
size was determined using the algorithm described in
the second section. The calculations were performed
on the basis of the data obtained for the largest (first)
nucleus in the system. When forming this nucleus, the
following values entering into relation (1) were found:
potential energy  per molecule of the new (liquid)
phase; the number of molecules  of the nucleus per
unit surface area; and the first coordination numbers z
and  for bulk and surface molecules of the nucleus,
respectively. These data were used to calculate the 
curve, which was, then, transformed (at a known value
of the critical size) into the  curve, where

Figure 4a exhibits the curves  of the surface
energy plotted on the basis of the simulation results
obtained for 15 independent samples. The samples, in
turn, corresponded to a supersaturated vapor at

 K and  atm. Figure 4a indicates that all
 curves have a feature in common: the absolute

value of  increases with reduced nucleus size λ.
For each  curve, the derivative  was
numerically calculated in the range ; then,
averaging was performed over the results obtained for
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100 independent samples. For example, Fig. 4b illus-
trates the averaged  curve obtained for the
system at  K and  atm. In accordance
with expression (4), the surface tension  of a criti-
cally-sized nucleus is determined by the area a nucleus
(water droplet) of the shaded region in the figure.
Here, the critical size is  molecules. The values
obtained for the surface tension coefficient  at dif-
ferent temperatures are given in Table. 1.

As can be seen from Table 1, the critical nucleus
size  and the surface tension of this nucleus (water
droplet) at the liquid–vapor interface correspond to
each temperature value. Moreover, the table presents
nucleus surface areas  which have been calculated
under the condition that a nucleus is spherical, and the
values of number density ρ, which determines the
number of molecules per unit volume of a nucleus.
Note that values of  and  can be used to
find the nucleation barrier  (the Gibbs free

( )∂ω λ ∂λ
273T = 1p =

sσ

c 75n ≈
sσ

cn

f ,S

s( )Tσ f ( )S T

c
( )nG TΔ

energy required to form a nucleus with a critical
size ) within the framework of the classical nucle-
ation theory as follows:

(8)

For the states corresponding to, e.g.,  and
373 K, we obtain  =  kcal/mol
and  =  kcal/mol, respectively.

The dependences presented in Fig. 5 attest to a cor-
respondence between the values obtained for the crit-
ical nucleus size  and the surface tension  An
increase of value of  with the size  observed in the
figure is quite expectable. Nevertheless, direct inter-
pretation of this dependence with the use of the known
Tolman relation [33–35], which takes into account
the size-dependent correction to the surface tension,
seems to be impossible, because each  value pre-
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Fig. 2. Configurations of the studied system at different time moments: t = (a) 0.3, (b) 0.8, (c) 1.1, (d) 1.2, (e) 1.25, and (f) 1.3 ns.
Temperature and pressure are  K and  atm, respectively.
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sented in the figure corresponds to a specific tempera-
ture value.

Figure 6 shows the temperature dependences of the
surface tension values obtained for nuclei of water
droplets with the critical sizes in temperature range
T = 273−373 K and at pressure  atm. In addition,
the figure illustrates the experimental temperature
dependences of the surface tension coefficient for a
planar water−vapor interface [36–40], which are
known to be adequately interpreted by the following
expression:

(9)

where  is the critical temperature of water. The val-
ues of the parameters entering into Eq. (9) are listed in
Table 2. Moreover, Fig. 6 shows temperature depen-
dences  which were obtained in [36, 38] within
the frameworks of SPC/E, TIP3P, TIP3P/Ew,
TIP3P/C, TIP4P, TIP4P/Ew, TIP4P/2005,
TIP4P/Ice, TIP5P, and TIP6P atomistic model
potentials. It should be noted that works [36, 38]
report the values of  for a planar liquid−vapor inter-
face, where the surface tension was determined via the
difference between the normal and tangential compo-
nents of the pressure tensor in the surface layer of
water.

In spite of the fact that the function  can be
adequately and quantitatively compared with experi-
mental data and the results of calculations performed
using the atomistic model potentials only taking into
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account the size effects (in this case, additional molec-
ular dynamics calculations must be carried out for a
planar interface), even the direct comparison leads to
the following important conclusions.

Figure 6 indicates that the values of  obtained
for liquid phase (water) nuclei with critical sizes
throughout the considered temperature range repro-
duce the experimental data for a planar interface.
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Fig. 3. Growth trajectory of the largest droplet in the sys-
tem at  K and  atm.
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Table 1. The values of characteristics for nuclei with critical sizes at different temperatures:  is the size,  is the surface
area, ρ is the water numerical density, and  is the surface tension calculated by expression (4); in parentheses are the
experimental values [36–38]

 K ,  m2  Å–3   N/m

cn fS
sσ

,T cn fS 1810− ,ρ s,σ 310−

273 75 25± 8.30 0.35± 0.0333 76.9 2.7 (75.6)±

283 71 27± 8.31 0.34± 0.0333 73.1 2.5(72.8)±

293 65 27± 7.56 0.34± 0.0333 73.1 2.5(72.8)±

303 58 22± 7.02 0.32± 0.0332 72.2 2.5(71.2)±

313 55 21± 6.79 0.28± 0.0331 71.1 2.2 (69.6)±

323 52 18± 6.56 0.29± 0.0329 69.1 2.1(67.9)±

333 50 15± 6.41 0.25± 0.0328 67.6 1.9 (66.2)±

343 45 13± 5.99 0.24± 0.0326 65.5 1.8(64.5)±

353 42 12± 5.75 0.23± 0.0324 64.9 2.1(62.7)±

363 41 12± 5.68 0.23± 0.0322 62.2 1.9 (60.8)±

373 40 10± 5.62 0.22± 0.0319 60.1 1.8(58.9)±
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At the same time, the data of  obtained with
atomistic model potentials of water are underesti-
mated as compared to the experimental data (with the
exception of the TIP4P/2005 and TIP4P/Ice models).
Taking into account that the surface tension coeffi-
cient decreases as the curvature of the liquid−vapor

s( )Tσ interface increases (according to the Tolman formula
[35] and its different modifications [33, 34]), it may be
expected that the water model based on potential (5)
may yield somewhat overestimated values of 
On the other hand, it is of interest that both our 
values and those calculated using atomistic model

s( ).Tσ
s( )Tσ

Fig. 4. Panel (a):  curves obtained for 15 independent samples by molecular dynamics simulations of condensation of super-
saturated water vapor at temperature  K and pressure  atm and panel (b):  curve resulting from averaging
over 100 independent samples at  K and  atm. The area of the shaded region determines surface tension  of a
water droplet with the critical size  molecules.

–0.20

0

–0.05

–0.10

–0.15

0.05

(а)

σs

1.50.5 1.00
λ

ω(λ), 103 kcal/mol

–0.20

0

–0.05

–0.10

–0.15

0.05

(b)

1.50.5 1.00
λ

〈∂ω(λ)/∂λ〉, 103 kcal/mol

( )ω λ
273T = 1p = ( )∂ω λ ∂λ

273T = 1p = sσ
c 75n ≈

Table 2. The values of parameters   , and m that correspond to the most adequate approximation by expression (9)
of experimental data [37], results of this work, and those obtained for different models of water

System  N/m , K m

Experiment

This work

SPC

SPC/E

TIP3P

TIP3P/C

TIP3P/Ew
TIP4P
TIP4P/Ew

TIP4P/Ice

TIP4P/2005
TIP5P
TIP6P

1,с 2,с cT

3
1, 10с −

2с cT

236 0.625 647 1.256
238 15± 0.628 0.028± 641 22± 1.222

139 10± 0.235 0.021± 621 19± 1.222

164 11± 0.312 0.021± 631 23± 1.222

140 11± 0.368 0.018± 619 20± 1.222

182 10± 0.725 0.025± 602 18± 1.222

157 8± 0.625 0.025± 612 18± 1.222
179 11± 0.484 0.024± 578 19± 1.222
182 13± 0.529 0.026± 638 21± 1.222

263 6± 0.695 0.017± 703 22± 1.222

231 8± 0.656 0.016± 640 19± 1.222
139 12± 0.235 0.019± 594 25± 1.222
139 13± 0.221 0.018± 696 24± 1.222
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potentials are adequately approximated by
expression (9). The approximated values of the
parameters that enter into expression (9) are presented
in Table 2. Finally, the good agreement between the
data under consideration (see Fig. 6) directly attests to
the efficiency of the method proposed in this work for
determining the surface tension of small nuclei of liq-
uid (droplets) and vapor (bubbles) phases.

5. CONCLUSIONS

Numerical simulation has been used to study phase
transitions for rather a long time beginning from the
groundbreaking work by Alder and Wainwright [41].
However, the determination of the phase transition
characteristics using the data of simulation still
encounters great difficulties because of the absence of
clear algorithms that could be used for this purpose.
Important parameters, such as interfacial energy and
nucleation barrier, are among these characteristics.
Works [13, 14, 17] are of great interest from this point
of view. In those works, computer simulation was
employed to determine the values of the parameters
that govern nucleation in water vapor under different
conditions, such as near critical temperatures and
nucleation on electrically neutral and charged
nanoparticles. In the cited works, the heterogeneous
nucleation has mainly been considered, while homo-
geneous nucleation remains to be studied and is of
great interest from the point of view of studying the
peculiarities of the initial stage of the phase transition.

In this work, a method has been proposed for
determining the interfacial free energy directly from
data obtained by molecular dynamics simulation. This
method is based on the so-called thermodynamic
integration, which enables one to determine a change
in the free energy of a system using a set of possible tra-
jectories of the potential energy upon a change in a
specified order parameter. The method makes it pos-
sible to calculate the interfacial free energy for an
interface with an arbitrary geometry. This is of impor-
tance for, e.g., studying small nuclei of a new phase.

The developed method has been used to find the
values of the surface tension coefficient for water
droplets condensing in supersaturated water vapor at
temperatures T = 273−373 K and pressure  atm.
Calculations have been carried out using the data of
molecular dynamics simulation of water, with the
adapted Stillinger−Weber potential being employed as
an effective intermolecular interaction potential. A
relation has been found between the critical size of a
water droplet and the surface tension. The tempera-
ture dependence obtained for the surface tension coef-
ficient has been compared with experimental data and
the results of simulation performed using different
atomistic model potentials of water. It has been shown
that the values obtained for the surface tension of
water droplets reproduce the experimental data
obtained for a planar interface.

1p =

Fig. 5. Dependence of surface tension  оn critical size  of water nuclei: (1) data of numerical simulation, (2) approximation

by the  =  dependence at  N/m and  which is identical to the Tolman formula
[34, 35].
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