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Abstract— Let Y be a random variable whose moment generating function exists in a neighborhood
of the origin. The aim of this paper is to introduce and study the probabilistic extension of Bernoulli
polynomials and Euler polynomials, namely the probabilistic Bernoulli polynomials associated Y and
the probabilistic Euler polynomials associated with Y. Also, we introduce the probabilistic r-Stirling
numbers of the second associated Y, the probabilistic two variable Fubini polynomials associated Y,
and the probabilistic poly-Bernoulli polynomials associated with Y. We obtain some properties, explicit
expressions, certain identities and recurrence relations for those polynomials. As special cases of Y, we
treat the gamma random variable with parameters a, 8 > 0, the Poisson random variable with parameter
a > 0, and the Bernoulli random variable with probability of success p.

DOI 10.1134/S106192084010072

1. INTRODUCTION

In recent years, we have witnessed that degenerate versions and A-analogues of many special polynomials
and numbers were investigated by employing various methods such as generating functions, combinatorial
methods, umbral calculus, p-adic analysis, differential equations, probability, special functions, analytic num-
ber theory and operator theory (see [6, 11-18, 21] and the references therein). Here we study by means of
generating functions probabilistic extensions of several special polynomials, including the Bernoulli and Euler
polynomials.

Let Y be a random variable satisfying the moment condition (see (8)). The aim of this paper is to study,
as probabilistic extensions, the probabilistic Bernoulli polynomials associated Y and the probabilistic Euler
polynomials associated with Y, along with the probabilistic r-Stirling numbers of the second associated Y, the
probabilistic two variable Fubini polynomials associated Y, and the probabilistic poly-Bernoulli polynomials
associated with Y. We derive some properties, explicit expressions, certain identities and recurrence relations
for those polynomials and numbers. In addition, as special cases of Y, we consider the gamma random variable
with parameters «, 8 > 0, the Poisson random variable with parameter « > 0, and the Bernoulli random
variable with probability of success p.

The outline of this paper is as follows. In Section 1, we recall the Bernoulli polynomials, the Euler
polynomials, the Stirling numbers of the second kind, the r-Stirling numbers of the second kind, the Fubini
polynomials and two variable Fubini polynomials. Assume that Y is a random variable such that the moment
generating function of Y,

B =30 B (i <)
n=0 "

exists for some > 0. Let (Yj);>1 be a sequence of mutually independent copies of the random variable Y,
and let
Sgk=Y1+Yo+---+Y, (k>=1), withSy=0.

Then we remind the reader of the gamma random variable with parameters o, 8 > 0 and the probabilistic
Stirling numbers of the second. Section 2 is the main results of this paper. Let (Yj);>1, Sk (k =0,1,...)
be as in the above. We define the probabilistic Bernoulli polynomials associated Y, BY (z) (see (12)). We
derive explicit expressions for BY (z) in Theorems 2.1, 2.2, and 2.6, and BY (z) = n! (“'Z_Q) in Theorem 2.9,
when Y ~ T'(1,1) (see (9)). In Theorems 2.3, 2.4, and 2.5, we get probabilistic analogues for the well-known
identities

m+1

Z <7> Bl - Bn - 577,,1 (TL 2 0)7

=0

- 1
Z ) {Bm+1(n + 1) — Bm+1} (TL, m = 0),
k=0
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and

d—1
k
B,= 'Y B, (d) (n>0,d>1),
k=0

respectively. In Theorem 2.8, we deduce an identity involving BY = BY (0), which gives an explicit expression

for the Bernoulli numbers
. (n) !
B, = —1)k,
> (i e

k=0

for Y = 1. We show that B} = ;Bn if Y is the Bernoulli random variable with probability of success p
in Theorem 2.10. We define the probabilistic r-Stirling numbers of the second kind associated with Y (see

(31)), ZI:}T v for which an expression in terms of E[S}, ] is found in Theorem 2.11. We introduce the

probabilistic two variable Fubini polynomials associated Y, FY (z|y) (see (33)). We obtain an expression in
terms of FY (z) for FY (z|y) in Theorem 2.12. In case y = r is a nonnegative integer, we show that

- n+r
FY (alr) = :k!{kﬂ} "
Y

k=0

in Theorem 2.13. In Theorem 2.14, we get an identity involving BY (r), which reduces to the identity

"R fn+r
B”(T)_k:OkJrl(_l) {k—l—r}r’

for Y = 1. We define the probabilistic poly-Bernoulli polynomials BY) (x) (see (40)) by making use of the
polylogarithmic function. In Theorem 2.15, we obtain an expression for B,(lk’y)(x) in terms of BY (z). We
define the probabilistic Euler polynomials associated with Y, £ (x) (see (43)). We get an expression for
EY (z) in Theorem 2.16 and that for for £ = £Y(0) in Theorem 2.17. In Theorem 2.18, we get an identity

which corresponds to the well-known identity

n

S (1) = ; (€Y (n+ 1)+,

k=0

n!

any fOT

for any integer m > 0 and any even positive integer n. We show that in Theorem 2.19, &Y =

Y ~T(1,1) and in Theorem 2.20,
gy =Y at{"te
n= o {k b

k=0
when Y is the Poisson random variable with parameter o > 0. For the rest of this section, we recall the facts
that are needed throughout this paper.

It is well known that the Bernoulli polynomials are defined by
bogmt = i Bu(z)" (see [1— 28)) (1)
et —1 — ") '
When z =0, B,, = B,,(0) are called the Bernoulli numbers. The Euler polynomials are given by

2 tr
L b= E En(a:)n' (see [5,7,11]). (2)
n=0 :

For x =0, &, = £,(0) are called the Euler numbers.
For n > 0, the Stirling numbers of the second kind are defined by

" = " (@), (m=0) (see[7,17,23]), (3)
;){k} ’
where (z)o =1, (2)p=a(z—1)---(x —n+1), (n=1).
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For r € Z with r > 0, the r-Stirling numbers of the second kind are given by

1, ., koot = (n+r) t"
Iy (ef —1)"e = nZ:k {k N T}Tn!, (k>0) (see[7,14,16,23]). (4)
If r =0, {ZII}T = {Z}, (n>=k>=0).
The Fubini polynomials are defined by
F.(z) = Z {n}k!xk, (n>0) (see[15,18]). (5)
k
k=0
Two variable Fubini polynomials are given by
! eVt = iFn(ﬂy) r (see [15,18,26]). (6)
1—xz(et — 1) o n! T
For y =r € Z with » > 0, we have
Fo(alr) = i TETL ek (> 0). (7)
k+r),

k=0
Assume that Y is a random variable such that the moment generating function of Y,
oo tn
E[ety] = Z n'E[Y”] (lt| <r), exists for some r > 0. (8)

n=0 "

Let (Y;);>1 be a sequence of mutually independent copies of the random variable Y, and let S, =Y; + Y5 +
-+ 4+Yy, (k>1)and So=0.
A continuous random variable Y whose density function is defined by

By (By)*~!
o) = Be By ( ;1()&) , fory >0, 9)
0, for y <0,

for some «, f > 0 is said to be the gamma random variable with parameters «, 3, which is denoted by
Y ~ T(a, B), (see [20, 24, 26-28]). The probabilistic Stirling numbers of the second kind associated with YV
are given by

;! (2] - 1)k _y {Z} P = 0) (see [3,13]). (10)
k

nl’
v

When Y = 1, we have {Z}Y = {Z}

2. PROBABILISTIC BERNOULLI AND EULER
POLYNOMIALS ASSOCIATE WITH RANDOM VARIABLES

Let (Yj)j>1 be a sequence of mutually independent copies of the random variable Y, and let
So=0, Sp=Y1+Yo+---4+Y; (k}l) (11)

We consider the probabilistic Bernoulli polynomials associated with Y which are given by
t (E[eYt])‘"” _ i B ()" (12)
Ele¥t] -1 — "l

When Y = 1, we have BY (z) = B,(z), (n > 0). For z = 0, BY = BY(0) are called the probabilistic
Bernoulli numbers associated with Y.
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From (12), we note that

s n ¢ z t & T k—1
BY = Ele¥—1+41) = Ele¥Y -1 1
nZ:O n @) E[eYt]—1( et =1+ ) E[eYt]—1+t;<k>( [e™] ) (13)
t — (2)ps1 1 vt — oyt — (2)kt1 = [n) "
= t E —-1) = B t
E[eYt]—1+ kZ:Ok—Fl k'( ] ) ng() ”n'+ kZ:Ok—I—IZk kJyn!
e’} o n e} e’} n—1
t (X)g+1 [n)] " t (¥)gt1 [n—1) "
SDIUIAIEED B) DRCAE K SIED DU DY
n=0 n! n=0 k=0 k+1 (k]ynl n=0 n! n=1 k=0 k+1 k y ™

Thus, by (13), we get

) n > iy 1[n— "
;@5(@—35);:;71%%’?1{ kl}yil. (14)

Therefore, by comparing the coefficients on both sides of (14), we obtain the following theorem.

Theorem 2.1. Let n be a positive integer. Then we have

n—1
-1
BY (2) — BY — (@)kt1 [0 .
n (¥) = By nkzzo b1k,

By binomial expansion, we get

T T o 1 k
(E[eYt]) - (E[e”] 1+ 1) =Y @, (E[e”] - 1) (15)
k=0
=S {7 =T @,
k=0 m=k kym m=0 k=0 kly m
Thus, by (12) and (15), we get
— vt t vir)”
HZ:OB,Z @)1 = v 1 (Ble") (16)
_ Y
-2 X ({0 0w
1=0 m=0 k=0
S0 B (8 SR e
n=0m=0 <m k=0 By nt
Therefore, by comparing the coefficients on both sides of (16), we obtain the following theorem.
Theorem 2.2. For n > 0, we have
CHOED 30 9I ()-SR L e
—0—p Y
m=0 k=0
From (12), we note that
n ko1 t n+1
vier\© _ Yt _
kZ:O (E[e ]) Tt E[eY] -1 ((E[e ]) 1) (17)
1/ .y t =yt
- t(ZOBm(nH) - z:()Bmm'>
_ i By (n+1)= By, \t"
N = m+1 m!’
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On the other hand, by (11), we get
i (E[BYt])k B iE[e(Y1+Y2+~~+Yk)t} _ iE{eS’“t} _ i iE[Sm] tm (1)
N n - ) ml
k=0 k=0 k=0 m=0
Therefore, by (17) and (18), we obtain the following theorem.

Theorem 2.3. For n,m > 0, we have
" BY 1) - BY
ZE[S]ZI] _ m—+1 (Tl + ) n+1 )
k=0

By (12), we see
t—}jBl“( Yt_l) E:Bl“<§%nLEWmL—Q (19)
(5 ()

By comparing the coefficients on both sides of (18), we have

— (n Y n-tj _py _ J 1, forn=1 vy
; (Z)Bl BY"1 = B, = { 0, otherwise ’ E[Y]By =1. (20)
Therefore, by (20), we obtain the following theorem.

Theorem 2.4. Let n be a nonnegative integer. Then we have

E[Y|BY =1, E:(?)Bfﬂqynl}—zg’zémh
=0

where 6, 1 is the Kronecker’s symbol.

Now, we observe that

t - F t = Yt1\d Z
= Ele¥? 21
E[eYt] —-1 (E[eYt 1 ];O ( ) E[e(yl+y2+...+yd)t] ~1 —~ (( [6 ]) ) ( )
t d—1 k oo d—1
— Sdt Sa
- EleSat] — 1 (E ) Z B ( ) n!’
k=0 n=0 k=0

where d is a positive integer.
By comparing the coefficients on both sides of (21), we obtain the following theorem.

Theorem 2.5. Let d be a positive integer. For n > 0, we have
d—1 i
BY =) B3 :
Y=y (y)
k=0
In particular, for Y =1, we have
d—1 i
BTL == dnil B'n, .
> ()
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Let Y be the Poisson random variable with parameter @ > 0. Then we have

>, " t t :
Y _ Yine — az(e’—1)
S B0, = g - D = ety € (22)
t - ¢
_ a(f 1) eozr(e —1)
a(et —1) eale'=1) — 1
le= th o= . L,, \m
- aZBll' > a B(z) (e' —1)
=0 m=0
1o, — [kt
=0 m=0 k=m
1 & k)t
= B ™ B
2 2 B i

- i Z Xk: amt (Z) {:L}Bn_kBm(x)jZ.

n=0 k=0 m=0
Therefore, by (22), we obtain the following theorem.

Theorem 2.6. LetY be the Poisson random variable with parameter o > 0. For n > 0, we have

BY (z) = zn: zk: am1 <Z> {Z}Bn_kBm(x).

We need the following lemma in showing Theorems 2.8 and 2.14. We obtain this from the following
observation:

Lemma 1. For n € N, we have
>t = o
k=1

Equivalently, for n € NU {0}, we have

n+1
. i D C 1)!{”;: 1} = 0.

k=1

The probabilistic Fubini polynomials are given by

> tn 1

;F’y(y)n! T y(EeY] - 1) (23)
Thus, by (10), we get

v = K k n .

R =Y {4} 1ot >0 (2)
From (24), we get

! Y, B " (n k! ok

JRESTTED S ST (25)
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From (23), we have

> 1 n 1 1 1 )
,;)/o Fny(_y)dyi! B /0 1+ y(EleY] — 1)dy T EleYt] -1 log (1 +(Ele™] - 1))

1 — (=11 1 : k
:E[eYt]—lkZ( Z Hy (B =1)

1
B t Lom (P s [m)
B 12 kP2 kS m
k=1 m=k
t 1 o= b1 m) t"
B EleYt] -1t Z (=1) (k_l)!{k} m!
m=1 k=1 Y :
SR ST S I Gt S
N E[eYt]—lm:0m+1 Pt Lk Jyml

I
L[~]
o

# 1o m+1) ™
Y _11671 _1|
S Sy

S (D), B

n=0m=0 k=1

Therefore, by (25) and (26) and using Lemma 1, we obtain the following theorem.

Theorem 2.7. For n > 0, we have

g{:}yki‘ GVt = mi_

0

(Z) B,{,mmi 1 Zill(—l)k‘l(k - 1)!{m; 1}y.

In particular, for Y =1, we get

Let Y ~T'(1,1). Then we have
Yt I 1
Ele ]2/ e Vel'dt =
O 1

Thus, by (12) and (27), we get
= " t z 1\ = (r+n-—2
Y Yt n
= E ) = = t .
Dty = o () = (1) -2 (70)
Therefore, by (28), we obtain the following theorem.

Theorem 2.8. Let Y ~T'(1,1). For n > 0, we have

-2

B:(x):n!(x—’_n >

n

Let Y be the Bernoulli random variable with the probability of success p. Then we have
Ele¥] =p(e' —1) + 1.

From (12) and (29), we have

Ny " t t 1t
BY " = = = B, .
; "nl o EleYt] -1 plet—1) ; p n!

Therefore, by (30), we obtain the following theorem.
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Theorem 2.9. Let Y be the Bernoulli random variable with probability of success p. For n > 0, we have

Now, we define the probabilistic r-Stirling numbers of the second kind associated with Y by
1 vi k v\ = (n+r t"
k! (E[e ] 1) (E[e ]) B Z k+r), ynl (81

where r is a nonnegative integer.

When Y =1, we have {Zi:}ry = Zi:}r From (31), we note that

i{Zi:} Y “ () ()™ (32)

n=k J

x‘\l

S ()]

k'j: J
9] 1 k k ; . m
=3 o2 (G)evnlsn]
n=0 Jj=

Therefore, by (32), we obtain the following theorem.
Theorem 2.10. Forn > k > 0, we have

(1) = (e

Now, we consider the probabilistic two variable Fubini polynomials associated with Y defined by

1 a\Y > tn
1 (Ble") - 1) (£Le]) —T;Fny (ly) - (33)

When Y = 1, we have FY (z|y) = F,(x|y).
From (33), we note that

1- x(E[leYt] —1) (E[ew])y - 1 (E[ew] 1+ 1)y (34)

I
N
o
=
&
NE
—

Therefore, by comparing the coefficients on both sides of (34), we obtain the following theorem.

Theorem 2.11. Forn > 0, we have

Yow= 231}, ) e

For r € Z with r > 0 and from (31), we have

gFg(MT)Z, =q1_ y(E[leYt] ~1) (E[eYt])T _ iykk!;] (E[eYt] B 1)k(E[6Yt])T (35)
- > n—+r ntr m
:kz_oykk!z{k—kr} nz%];)k' k{k—kr}nyn!'

Therefore, by (35), we obtain the following theorem.
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Theorem 2.12. Let r be a nonnegative integer. For n > 0, we have

Y (relr) = - | n+r ok
EY (alr) kz_%k,{kﬂ}ny .
From (36), we have
[ rrcunn=3 e BT o
By (37), we get
e 1 n 1 ,
nz()‘/o Fny(—yIT)dyi! :/0 1+y(E[1eYt] . ()’ dy 58)
- E[eYi] —1 (E[ew])ri tog (1+ (B[] - 1))
R 1 (—1)F 1 \ k
;Bzy(r)“t; LR (E[eY]_1)
- & ~ < Cm) gm
=3B 0 D 1)'E{k}ym!
& l oo m m m
= ZBzY(r)t' 1 Z Z(_l)k—l(k 1),{ } t |
1=0 e ym
oo tl 00 1 m—+1 - m4 1 gm
_gBlY(r)l' an:Om—Fl ;(_1)/’@ l(k_l)l f }Ym|
o) n n 1 m—+1 . —_— 1 tn
- nz—;)mz—:o <m)BZ_m(T)m+ 1 ;(_1)k (k 1)!{ k }Ynl

Therefore, by (37) and (38) and using Lemma 1, we obtain the following theorem.

Theorem 2.13. For n,r € Z with n,r > 0, we have
“Lk! (—1)" n-+r _zn: n\ gy (r) 1 nil(—l)k_l(k—l)' m+1

=kl k+r T7Y_m:O m) "7  m+1 Lk )y

In particular, for Y =1, we get

DL k! n+r
T =B
= kE+1 k+r),
For k € Z, the polylogarithmic function is given by
. — "
Lig(z) =) p o (al<1). (39)

n=1

Note that Li; (z) = —log(1l — x).
Now, we define the probabilistic poly-Bernoulli polynomials associated with Y by

e () = S e ”
Note that
B (x) = (=1)"BY (z) (n>0). (41)
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From (40), we note that

Sl = ) = () )
-3 B%(x)(_wll?mtmi Z ( 1)l
m=0 ’ =1
00 _1\ym oo I I
-5 ' ;3 SN W (g
m=0 =1 j=l
. 1 J+1 +1 o I
t Z]+1Z {] } (—1)7* lj!

Jj+1

Z( )Bz_j@)jil;fi{j?l}(—nl1’;‘:.

7=0

-y
-

Therefore, by (42), we obtain the following theorem.
Theorem 2.14. Forn > 0, we have

st =3 (e, S o

=0 M

Now, we define the probabilistic Fuler polynomials associated with Y by

2 T = tn
Ele™Y]) = Y . 4
ey 41 (F) e, (43)
When Y =1, EY (z) = E,(z), (n = 0). In particular, for z = 0, &Y = £Y(0) are called the probabilistic Euler

numbers associated with Y.
From (43), we have

> 5’{(@::! - E[eY%] +1 (E[ew])r - E[eﬂz] +1 (E[ety] -l 1)1 (44)

:E[e“z]—i—lkz_%(i)(E ) Z“fz l.Z kZ{}

k

:ggf’iii(x)k{k} ZZ( ) ki_{ } ’5". (45)

" m=0 k=0 n=0m=0

Therefore, by comparing the coefficients on both sides of (44), we obtain the following theorem.

n) N
> {1} o
(m =0 kly
From (43), we note that

Z EYt . 2§: ( Yt])k _ 2i(_l)kE|:6(Y1+Y2+...+Yk)t:| — i 2503(_1)%:1?[5}3] i:: (46)
n=0 k=0 k=

Therefore, by (46), we obtain the following theorem.

Theorem 2.15. Forn > 0, we have

M=

&, (2) =

3
Il
o

o
3
Il
o
>
Il
o

Theorem 2.16. For n > 0, we have

o0

&Y =2 (-1)FE[S}].

k=0
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 31 No. 1 2024
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For n € N with n =0 (mod 2), we have
n k 0 m
2> (-1 (El) = E[eyz] o (14 (BE)") = 3 (e +Ehn+1)) fn' (47)
k=0 m=0 '

On the other hand, by (11), we get

n

23 (1) (Bl ) = 23 (~D B[ (18)

k=0 k=0
~1)F Y B[S
m=0

Therefore, by (47) and (48), we obtain the following theorem.

3

m tm

S IE) SENET N

m=0 =0

2
k=0

Theorem 2.17. Forn € N with n =0 (mod 2) and m > 0, we have

n Y Y,n
S (1) — gy +52( +1)

Let Y ~ I'(1,1). Then, by (27), E[e¥] = ,? (t < 1). By (43), we get

1—t°
Zoytt 1t N\, A, =\, 1\,
Z;Jé‘){nlzl_;:(l—t);<2)t=;(2)t—z_:l<2) t:1—2<2)t. (49)

Hence, by (49), we get

Theorem 2.18. Let Y ~I'(1,1). For n > 1, we have

n!
gy =—_ ",
n 2n

Let Y be the Poisson random variable with parameter o > 0. Then we have

N 2 2
Y _ —
nz:%gn n!  EleYt]+1 eale'=1 41 (51)

_nga (e! _1 Zz‘}kakZ{ }Z:iiakgk{;el}:;

n=0k=0
Therefore, by (51), we obtain the following theorem.

Theorem 2.19. Let Y be the Poisson random variable with parameter a > 0. For n > 0, we have

Y = Z Olk{Z}gk-

k=0
3. CONCLUSION

We used generating functions to study probabilistic extensions of several special polynomials, namely
the probabilistic Bernoulli polynomials associated Y and the probabilistic Euler polynomials associated Y,
together with the probabilistic r-Stirling numbers of the second associated Y, the probabilistic two variable
Fubini polynomials associated Y, and the probabilistic poly-Bernoulli polynomials associated with Y. Here
Y is a random variable such that the moment generating function of Y exists in a neighborhood of the
origin. In more detail, we obtained several explicit expressions for BY (z) (see Theorems 2.1, 2.2, 2.6) and
an explicit expression for each of FY (z|y), FY (y|r), B,(Zk’y)(x), and EY (z) (see Theorems 2.12, 2.13, 2.15,
2.16). We derived three identities about probabilistic extensions of some well-known identities on Bernoulli
numbers (see Theorems 2.3-2.5) and a probabilistic extension of the identity that reduces to an explicit
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PROBABILISTIC BERNOULLI AND EULER POLYNOMIALS 105

expression of those numbers (see Theorem 2.8). We got two identities on £ (see Theorems 2.17, 2.18). In
the special case of Y ~ I'(1,1), we found an expression for BY (x) (see Theorem 2.9) and that for £ (see
Theorem 2.19). Also, we determined BY when Y is the Bernoulli random variable with probability of success
p (see Theorem 2.10) and &) when Y is the Poisson random variable with parameter o (see Theorem 2.20).

Finally, we deduced two identities involving {ZII}T y (see Theorems 2.11, 2.14).

As one of our future projects, we would like to continue to study probabilistic versions of many special
polynomials and numbers and to find their applications to physics, science and engineering as well as to
mathematics.
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