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Abstract— In this paper, we obtain two Lichnerowicz type formulas for the generalized Zhang’s op-
erator. And we give the proof of the Kastler-Kalau—-Walze type theorem for the generalized Zhang’s
operator on 4-dimensional oriented compact manifolds with (respectively, without) boundary.
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1. INTRODUCTION

The noncommutative residue found in [6, 15] plays a prominent role in noncommutative geometry. For
arbitrary closed compact n-dimensional manifolds, the noncommutative residue was introduced by Wodzicki
in [15] using the theory of zeta functions of elliptic pseudo-differential operators. In [2], Connes used the
noncommutative residue to derive a conformal 4-dimensional Polyakov action analog. Furthermore, Connes
made a challenging observation that the noncommutative residue of the square of the inverse of the Dirac
operator was proportional to the Einstein—Hilbert action in [3]. Let s be the scalar curvature and Wres
denote the noncommutative residue. Then Kastler-Kalau—Walze type theorems give an operator-theoretic
explanation of the gravitational action and say that for a 4-dimensional closed spin manifold, there exists a
constant ¢g such that

Wres(D™?) = CQ/ sdvolyy. (1)
M

In [8], Kastler gave a brute-force proof of this theorem. In [7], Kalau and Walze proved this theorem
in the normal coordinates system simultaneously. And then, Ackermann proved that the Wodzicki residue
Wres(D~?) in turn is essentially the second coefficient of the heat kernel expansion of D? in [1].

On the other hand, Wang generalized the Connes’ results to the case of manifolds with boundary in [11, 12],
and proved the Kastler—-Kalau—Walze type theorem for the Dirac operator and the signature operator on
lower-dimensional manifolds with boundary [13]. In [13, 14], Wang computed Wres[r+D~! o 7+ D~!] and
\/N;e/s[w‘LD‘z ot D~2], where the two operators are symmetric, in these cases, the boundary term vanished.
But for \/A7re/s[w+D‘1 ot D73], the authors got a nonvanishing boundary term [10], and gave a theoretical
explanation for gravitational action on boundary. In others words, Wang provides a kind of method to study
the Kastler-Kalau—Walze type theorem for manifolds with boundary.

In [18], Wu and Wang proved Kastler—Kalau-Walze type theorems for the operators /—1¢(V)(d + §)
and —v/—1(d + §)¢(V) on 3,4-dimensional oriented compact manifolds with (respectively, without) bound-
ary. In Definition 2.1 and Proposition 2.2 of [17], Zhang defined a natural operator Dy = ¢(V)(d + §) —
5 > cle))e(VIMV), where |V| = 1. This operator plays a very important role in unifying the Gauss—
Bonnet—Chern theorem and the Hirzebruch-signature theorem. The motivation of this paper is to prove the
Kastler—Kalau—-Walze type theorem associated with the operators v/—1 (E(V)(d +0) +t 3, cles)e(VEM V))
and —\/—1((d +8)e(V)+t>; c(ei)E(VgiMV)), which we call the generalized Zhang’s operator for 4 - di-
mensional manifolds with (respectively, without) boundary. Because we need to take 5‘71, it follows that 5V
must be an elliptic operator. Dy = /—1 (E(V) (d+06)+t>, cle)e(VIM V)), so ¢(V) is an elliptic operator,
and V cannot have zero points. Therefore, we assume that V is a nowhere zero vector field.

In this paper, we obtain two Lichnerowicz type formulas for the generalized Zhang’s operator, and for a
nowhere zero vector field, we prove the following main theorems.
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Theorem 1.1. Let M be a 4-dimensional oriented compact manifold with the boundary OM and let the
metric gTM be as in Section 3, the operators Dy = \/—1(€(V)(d +0)+t) . cle -)A(VTMV)) and let 5{‘, =

—\/—1((d +0)e(V)+1t), c(ei)E(VZ;MV)) be on M (M is a collar neighborhood of M); then

S . - 4 1
Wres[r ™ Dy;! o 7 (D}) 1]:32772/M|V| 2( 35+8‘grad|\/| | |V|4 -8 Ej g(ej,VZ;Mgrad|V|2)|V|2
(2)
_ 1
-8 t+1t (V) 16(t2 + tt + 12 vIMy|?
(t? ++3§e|| |V|4+<++)§\el||v|2

9(i —2 6i+5,
+ 16tg" M (ATMY, V)|V|2>dVolM+/8M( (’4 )h’(o) ’;r W (0)|V [

1
+4azn(|V|2)>7r93dVolaM,

where s is the scalar curvature, h is defined by (62), and Q3 is the canonical volume of S*.

Theorem 1.2. Let M be a 4-dimensional oriented compact manifold with the boundary OM and the
metric gTM as in Section 3, and let the operator Dy = \/—1(E(V)(d +0)+t>, c(ei)’c\(veTiMV)) be on M
(M is a collar neighborhood of M); then

— ~ 4 1
Wres[w+D;1o7r+D;l]:32w2/ |V|‘2( 3s+8|grad|V|\ SZg(ej,VZ;Mgrad|V|2)|V|2 (3)

IVI4

+12Z e ([V]%) |V|4 +16tQZ\VTMV| |V|2

+8(2t — 1)g™M(ATMY, V>|vl2)dvo1M
+ (9("2>h’<o> ROV + o, <|V|2>>wﬂ3dVolaMa
oM 4 2

where s is the scalar curvature, h is defined by (62), and Q3 is the canonical volume of S2.

We note that two operators in Theorem 1.1 are symmetric, but we still get the nonvanishing boundary

term.

The paper is organized in the following way. In Section 2, by using the definition of the generalized Zhang’s
operator, we compute the Lichnerowicz formulas for the generalized Zhang’s operator. In Section 3, we prove
the Kastler—Kalau—Walze type theorem for 4-dimensional manifolds with (respectively, without) boundary
associated with the generalized Zhang’s operator.

2. THE GENERALIZED ZHANG’S OPERATOR AND THEIR LICHNEROWICZ FORMULAS
Firstly, we introduce some notation about the operators \/—1(E(V)(d +0)+t>, c(ei)E(V:;F,MV)) and
—v/-1 ((d+5)€(V)+fZi c(ei)E(VZ;MV)) Let M be an n-dimensional (n > 3) oriented compact Riemannian

manifold with a Riemannian metric g7™
Let V¥ be the Levi-Civita connection about g7*. In the fixed orthonormal frame {ei, ..., e,}, the con-
nection matrix (ws ) is defined by

VL(el,...,en) = (€1, .., en)(wst)- (4)

Let e(e}), v(e}) be the exterior and interior multiplications, respectively, where e = g”(e;,-). And let
c(e;) be the Clifford action. Write

clej) = e(e}) +ulef); cleg) = e(ef) — u(ef), (5)
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THE GENERALIZED ZHANG’S OPERATOR 229

which satisfies

By [16], we have
D=d+6= Zc(ei) {ez Zw” (e;)[c(es)eler) — c(es)c(er)] |- (7)
i=1

Let e, es, ..., e, be the orthonormal basis of T'M, the operators 5V and 5{‘/ acting on A*T*M ® C are
defined by

Dy = \/—1(E(V)(d +6) + tzn: c(ei)E(VeTiMV))

=/—1e(V Zc e; [ez A Zwst ei)[cles)cler) — c(es)c (et)]} +v- 1752 cle;)e VTMV)

=1
(8)
Daz—wﬁd(m+6) +t§: c(e;)e VﬁMVD
i=1
= V-1 cles) {ez Zwst e)[e(es)e(er) — c(es)c(et)]]E(V) — V=1t Y e(e)a(VEMY),
i=1 =
(9)
where t is a complex number and V is a nowhere zero vector field on M.
Set A =3, c(e;)e(VEMV), so we can get the following theorem about the Lichnerowicz formulas.
Theorem 2.1. The following equalities hold:
Dy Dy =) — [¢9(V0,.0, ~ Vs 5)] - LS Rygua(eq)eles)eler)e(er) + 1s+zn: [1c(e-)c( rad|V[?2)
yvUv = g 9; VO, Vgiaj 8 o igkl 4 j k l 4 £ 9 3 g
. _ 2 1 1 — e 1
— e(e)e(V)tA — tAc(V)c(ei)} Vi 2 ; [c(ej)c(vszgradWR) + 2V T M (FAR(V )e(ey) v
a2t V|2
V]2 7
i :{ ~[07(70,V0, = Ty 0)] — § O Rimaeteasttes)elen)eten) + s+z[ Je(grad|V[2)
’ijl
1 & L e N _ ~ NEE 1 T™ 2
+, ;c(eq)c(vqu)c(V)c(el) + c(V)c(el)tA+c(V)tAc(el)} Vi 2 ; [c(ej)c(vej grad|V|?)
B - 1
_OAT*M ~oL 1V N on A*T* M _ 2 42 2
vej (;C(eq)c(veqv)c(v))c(ej) 2C(V)vej (tA)C(eJ):| |V|2 —t A |V|2 }|V| )
(10)

where s is the scalar curvature.

Proof. Let M be an n-dimensional smooth compact oriented Riemannian manifold without boundary
and N be a vector bundle on M. If P is a differential operator of Laplace type, then it has locally the form

P=—(g"0;0; + A'9; + B), (11)
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230 LI et al.

where 0; is a natural local frame on T'M and (gij )i<i,j<n 1S the inverse matrix associated to the metric
matrix (gi;)1<i,j<n on M, and A* and B are smooth sections of End(N) on M (endomorphism). If a Laplace
type operator P satisfies (11), then there is a unique connection V on N and a unique endomorphism F
such that N

P =~ |g"(Vo,Vo, = Vg 5,) + B, (12)

where V1 is the Levi-Civita connection on M. Moreover (with local frames of T*M and N), Va, = 9; + w;
and E are related to g%/, A%, and B through

1 ; P
wi =, 9ij (A + gkll"fdld), (13)
EFE=B-— gij (81((,0]) + wiw; — kafj), (14)

where Fiz is the Christoffel coefficient of VL.
Let g¥ = g(dx;,dx;), € = Zj &dx; and V50, =3, I‘fjak; we write

Ewstel cles)e(er); Ewstel cles)cler);

g =gig; Tk —g”FfJ, ol =g¢Y0;; o =gYa;.
(15)
Then the operators 5V and 5{‘, can be written as
Dy = V—18(V) > cles)lei + ai + 03] + V—1tA; (16)
i=1
Dy = —v/—1 Zc(ei)[ei +a; + o;]a(V) — /—1#A. (17)
i=1
By [1, 16], we have
1 PN 1
(d+8)*=-Ng— g ZRl-jklc(ei)c(ej)c(ek)c(el) + 4K, (18)
ijkl
~0 = A= —g"(VEVE - T V). (19)

By (16) and (17), we get

DDy = — v/—1(d + 8)e(V)V—1e(V)(d + 8) — v/—1(d + 6)&(V)y/—1tA
— V1AV =1E(V)(d + §) — V—1FAV—1tA
=(d+O|V|*(d+0) + (d+ 8V )tA+ LAV ) (d + §) + tt A

= [(d +6)2 — (d + 0)c(grad|V[*) + ((d+ 8)AV)tA+ tA(V)(d + 6) + ttA?)

V2 IVIQ}

{ Zg” [5 9j +20:0; + 20;0; — I',0k + (0i0;) + (0iay) + 050 + 0ia; + a;05 + a;a;
- rfjak - rijak} Zg”[ c(grad|V[2)d; + ()95 (c(grad|V 2)) + ¢(8;)oic(grad|V |?)
. _ 1 T
. . 2 19 NAl = . . 7 n . .
+ ¢(8;)aic(grad| V| )] vp ZJ: g {c(&l)c(v)t/l + tAc(V)c(az)] %+ Z g [tAc(V)c(@z)crl

+ EAC(V)e(5)ai + ¢(8:)e(V)D; (LA) + ¢(8;)e(V )it A + c(8:)e(V )as tA} v —|—ttA2|V|2

1 PURON 1
- o O Rl )o(es)een)een) + s VP
ikl

=F*|V|?, (20)
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THE GENERALIZED ZHANG’S OPERATOR 231

where
n

grad|V[? = > (grad[V[%,e;)e; = > e;(IV]*)e (21)
j=1

j=1
So, F'* is a generalized Laplacian.
Similarly, by d +6 = 3"/, c(eq)VQ;T*M, we get

D =(d+8)|V|*(d+6) — ic Ye(V)(d+6) — &(V)(d + §)tA — tAG(V)(d + 6) — t2 A2

{ Zg” [5 0j + 20:0; + 2a;0; — I'};0c + (0i0;) + (9ia;) + 0405 + 0505 + aioj + aa; — oy,

ij
- I‘fjak} Zg” [ )e(grad|V[2)9; + ¢(9;)9; (c(grad|V|?)) + c(0;)oic(grad|V ) + ¢(0;)a;

n

clamad V)], - Zg”[Zc(eq>6<V£QV>E<V>c<ai>aj+Zc<eq>6<vgm6<v>c<ai>oi

n N N i 1
+ ; c(eq)c(VeLq V)e(V)e(o, } e Z g [ Oi)tA+¢(V )tAC(ai)} 9; V]2
- Z g [ V)tAc(0;)o; + e(V)tAc(0;)a; + E(V)e(8;)0i(tA) + (V) e(9;)ait A + (V) e(9;)ait A |v1|2
2 42 e VA 1 2
—t°A |V|2 ~ 5 ij%Rl-jklc(ei)c(ej)c(ek)c(ez) + 48}|V|
=F|V|?. (22)
y (15)—(22), we obtain
(i) p =05 +ai + ;c(ai)c(grad|V|2)|V1|2 - c(@i)E(V)tAWl'z — FAR(V)el;) |v1|2’ (23)
Ep- = >~ Ritlefleeleneln) - p AR > (@0 elgrad|VP)
+ ¢(0;)o" c(grad|V|?) + c(9;)a’ c(grad|V|?) — [tAS(V )c(@i)cri +e(V)tAc(9;)a;
+ c(0;)8(V)0; (tA) + c(9;)e(V )it A+ c(;)e(V)aitA] — &7 [ic@)c(gradlvl"’)
— c(8;)8(V)tA — TAE(V )e(8;)] — [;c(ﬁi)c(grad|V|2) — c(D,)EAV A — TAAV )e(8;)]
(0" +a") — (07 + a’) [;c(ﬁj)c(gradﬂﬂz) — ¢(0;)e(V)tA — tAC(V)c(9;)]
+ I‘k[lc(ak)c(grad|\/|2) — ¢(O)c(V)tA — fAE(V)C((%)H |V1|2
_ Z o [ el@)elerad|V%) — c(0)a(V A — AV )e(@)] [ () elaradlV )
— c(8,)a(V)tA — TAS(V e (a-)} |V1|4. (24)
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232 LI et al.

Since E is globally defined on M, it follows that, taking normal coordinates at zy, we have o(z0) = 0,
a'(xg) = 0, &[c(9;))(x0) = 0, T*(z0) = 0, g¥(x0) = §7, and then

1 _ 1
Eps(z9) = ZRmch e;)c(ej)cler)cler) — 43—7575AQ|V|2
zgkl

21

—Z[ Jelgrad V) = e(cd(V)ed — BACV )e(ea)| 1y

1 ¢ _ ™ 2 AT* M (T A\A NEE
+ ; [c(ej)c(vej grad|V[?) +2V) (tA)c(V)c(eJ)] v (25)
Similarly, we have
Ep(z0) ! Z Rijricle;)c(ej)cler)cler) — 18 +t2A? L. i [10(6-)c(grad|V|2)
o 8 ijkl K Z ’ 4 |V|2 i=1 2 '
+ L ic(e VEA(VEV)E(V)ele;) +(V)e(es)tA + E(V)tAc(e-)]Q !
2= 1 1 v
1¢ ™ TN
+, Z |:C(€j)0(vej grad|V|?) -V Zc V)e(V))e(e;)
j=1 q=1
. 1
~ "M
—2%(V)VA (tA)c(ej)] v (26)
Hence, by (12), (25), and (26), we get Theorem 2.1.
Corollary 2.2. When |V| =1, the equalities in Theorem 2.1 become
n* 7 ij 1 o ~ 1
Dy Dy == (Vo Vo, = Vs o)) — %:lRijklc(ei)c(ej)c(ek)c(e[) +,8
ij
-3 {c(ei)E(V)tA + tAE(V)c(ei)} -3 [vgj T M(tA)E(V)c(ej)} + tEA;
i=1 j=1
~ iy 1
B} = [07(Va,Va, = Vg )] -~ 4 3 Resweleoleles)efen)eler) + s
z]kl
n 1 n S R R R 2
+ Z [2 c(eq)c(Ve, V)e(V)e(ei) +c(V)e(ei)tA + c(V)tAc(ei)}
i=1 q=1
IR ANT*M - L - ~ ANT* M 242
+ ; [vej ( ;C(eq)c(veqv)c(m)c(ej) +28(V)VA (tA)c(ej)] 242,
(27)
where s is the scalar curvature.
From [1], we know that the noncommutative residue of a generalized Laplacian A is expressed as
(n—2)02(8) = (4m) "0 Wres(A™* "), (28)

where ®5(A) denotes the 1ntegral over the diagonal part of the second coefficient of the heat kernel expansion
of A. Now let A = D7 DV, since D} DV is a generalized Laplacian, and D; DV =A-— ED* , then, for
n = 4, we have (see [5])

~, ~ —2)(4m) 2 1
Wres(D}, Dy) ™! = Wres(F*|V|*) ™! = (”(n )(1;) / |V|*2tr(65+ Ep-)dVoly; (29)
2 ) M
~ —2)(4m) 2 1
Wres(D) ™' = Wres(F|V[*) ™ = (n(n )(1;) / |V|_2tr(65 + Er)dVoly, (30)
2 ) M
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THE GENERALIZED ZHANG’S OPERATOR 233
where Wres denotes the noncommutative residue.
Next, we need to compute tr(§s+ Ep-) and tr( s + Ep). Obviously, we get
(1)
tr< - 112s> _ 112 str[id]. (31)
(2)
> tr[Rijuc(ei)ele;)e(er)e(er)] = 0. (32)
ijkl
3)
tr Z[E(V)c(ei)tA +c(V)tAc(e;)] = 0. (33)
(4) By [V]? = £iy g™ (e, V)2, we have 1, (97 (e;, grad|V[?))” = [grad|V 2], so
trz c(ei)c(grad|V|?)] —trz c(e;)c(grad|V|?)e(e;)c(grad|V]?)]
i=1 =1
=—2 Z g™ (e;, grad|V|*)tr[c(e;)c(grad|V[?))]
—tr Z[C(ei)C(ei)C(grale|2)C(grad|V|2)]
=—2 ZgTM(ei, grad|V|?)tr[e(e;)c(grad|V|*)] — n |graud|V|2|2 tr[id]
i=1
=2 Z (9" (es, grad|V|2))2tr[id] -n |grad|V|2‘2 trid]
i=1
=(2-n) ‘grad|V|2‘2 tr[id]. (34)
(5) By ec(V)a(VEV) +a(VEV)E(V) = 2¢"M(V,VE V) = e,(|V]?), we obtain
tr Y [ele)AVEVIEV)ele)* =tr Y [eleg)a(VE VAV )e(e)ele,)a(VE VAV )e(es)]
i,q=1 i,q,r=1
=tr » [ aAVEVIEV)AVE VYAV )e(e,)e(es)]
i,q,r=1
—2 Z g"M(V,VE V) (tr 3 e (eq)c(ei)E(VBLqV)/C\(V)c(er)c(ei)D
r=1 i,q=1
—tr Z [c(eq)c(ei)E(VeLq V)E(VELT VYe(V)e(V)e(er)e(e;)]- (35)
1,q,r=1
(5-a)
tr ) [eleq)e(ed)eVE VYV )e(er)e(ei)]
1,q=1
0 g™V, VE Vrle(eq)elenlelenelen)] — tr 3 [ef VIRTE V(e elen),
i,q=1 1,q=1
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SO

n

tr ) [eleq)e(eaeVE VYAV )eler)e(en)] = D g™ (V. VE V)trle(eg)e(es)e(er)eler)]

i,q=1 i,q=1

=2 g"™M(V,VE V)dgi0nitr[id] - Z g"M(V,VE V)égrtr[id]

1,q=1 1,q=1

=2¢"M(V, VL V)tr[id] — ng"™ (V, VL V)tr[id]

(2 m)g™ (v, VE Vytnfad] = ) "en(VP)infia].

(5)
3 e ST, VIRV VIRV IV e le)] = 2= ) 3 (9% VIV Pl
Therefore, ’
b 32 e AT VROl = "3 (V) e (2 3 L VPV o)
©)
tr Zl Jegrad V2 )ele, JeLVE VIV )e(e,)] = - ntri[c(gradIVlz)C(eq)E(quV)E(V)]
203 ™ ey mrad VR E VIRV
+ mrqf;[c<eq>c<grad|vﬁ>6(v£qv>6<v>],
. é[dgradwmc(eq)avgv>€<v>] -- qjlgm(eq, grad V)tV V)2l )
-, Z (cql|VP)) trfid).
Then
2 el eV e OV VIRV )] = 3 eV E) ol

(7) By V%*T*M(c(grad|V|2)) = ¢(VIMgrad|V]?), we get

n

j=1 j=1

SO

Z DVET M (e(grad|VI)] = =Y g™ (e, VEM grad|V|?)tr[id].
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= 23" g™ (e, VIV grad|VP)rlid] — tr 3 [e(VIM grad[V])e(e, ),

(42)

(43)
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THE GENERALIZED ZHANG’S OPERATOR 235
(8) By V& T M(ap) = (VL T™Ma)B + (VL T M B), we get
tr il[VQfT*M(C(eq)E(Vﬁq V)e(V))e(e;)]
— tr il[vng*M(c(eq)) aVE VIV )e(e))] + tr Zl DV TM@VEV)EV)ele;))]
+tr”zl VIV M@WV))eles)].
(8-a) By (VX ¢g)(z0) = 0, we get
tr _Zn:I[VQfT*M(c(eq))E(VeLqV)E(V)c(ej)](xo) =tr _anl[c(vfj eq)e(Ve, V)V )eles)l(zo) = 0. (44)
(8-b) | |
trjqil[c(eq)vﬁfT*M(E(VﬁqV))E(V)c(ej)] =tr il[c(eq)ﬁ(vé Ve, VIV )e(es)]
=2 Z g™ (VE VLV, V)trle(eg)c(e;)]
—tr anl[c(eq) aV)eve Ve Vele;)l, (45)
i3 (e AVETE VIRV )ele)] = 3 g™ (VEVEV, V)tnle(ey)eles)]
Jra=1 j,q=1
i g™ (VEVEVV)tr[id] = ¢"M(ATMV, V)tr[id]. (46)
(8-¢)
trgnzl[c(eq)ﬁ(véV)VQJ.*T*M(E(V))C(ej)] =tr _anl[c(eq)ﬁ(VéV)E(Vé V)e(e;)]
=2 zn: g"™M (VL V,VEV)trle(eq)c(e;)]
- znzl tr[e(eq)e(VEV)A(VE V)e(e;), (47)
SO o
tr Zl VIE(VEV)eles)] = Z 9" M (Ve, V. Ve, V)trle(eq)ele;)] Zl Ve, VIPelid.  (48)
Hence, by (44), (46), and (48), we have |
0 3 (VAT M (e JoATE VIV eler)] = M ATMY, Vynlsd) - VL VPalia).  (49)

Jrq=1 q=1
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236 LI et al.
(9) Similar to (8), we have

tr Z V)V T M (ele)e(VEMV))ele))]

n n

=tr Y [V)VE T M (e(e)AVEMV)elen)] + tr Y [V )e(e) Vo T M@VEMV))e(es)).

i,j=1 t,5=1
(9-a) Similar to (8-a), we get

n n

tr Z [/C\(V)VQ;T*M(C(ei))E(VZ;MV)C(Ej)](330) =tr Z [E(V)C(VELJ_ 6i)E(VZ;MV)C(€j)](3}Q) =0.

(9-b)
tr i [E(V)e(e)a(VEVEMV e =—tr Z AVEVIMVIEV )e(e;))

i,j=1 i,j=1

=—2 i gTM(VeLj VIMV, V)tr[e(e;)e(e;)]

i,j=1
+tr Z aAVEVIMV)e(e;)],
i,j=1
SO
tr Y [V)e(e)e(Ve, Vet Vieles)] = = 3 g™ (VEVEM V. V)trle(eq)ele;)]

=> g"™M(VEVIMY V)tr[id]
=1

= — g"™(ATMY V)tr[id].

Hence, by (50) and (52), we obtain

tr Z VIV T M (c(e)e(VIMV))e(ej)] = —g"M (ATMV, V)tr[id)].

i,j=1
(10)
=tr Y [e(e)AVIMV)e(e,)AVIM V)]
1,r=1
=—tr Y [ele)d(VEMV)EAVIMV)e(e,)]
1,r=1
=—2)  g"™(VIMV,VIMV)trlc(es)elen)] + tr Y [e(ei) VYEVIMV)e(e, )],
i,r=1 1,r=1
SO
tr[A%] = Z g"M(VIMY T TMY Ytr[c(e;)cle, )] Z |VIMY |2t [id).
1,r=1 =1
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(11) By e(V)e(VIMV) + e(VIEMV)E(V) = 2g™(V,VIMV) = ¢;(|V|?), then

trz e(vIMy)2 —trz JAVEMVYE(V)eVIMY)
—2Zn:gTM V, VM V)te(V)e(ve M v —trZn:[E(VéV)E(V)E(V)E(VZMV)]
i=1 i=1
zn: (e:s(IV) tr id] — zn:}vTMv} [V|?tr[id]. (56)
(12)
tr ) [e(e:)e(grad|V|*)e(V)a(VEM V)
i=1
=92 Z g™ (v, VZ;MV)tr[c(ei)c(gradW|2)] —tr Z[C(ei)c(grad|V|2)’C\(V£MV)E(V)],

SO

tr Z[c(ei)c(grad|V|2)€(V)E(V£M =Y g™, VZ;MV)tr[c(ei)c(grad|V|2)]
i=1

|
i

g™V, VEMV) g M (ei, grad|V[?)
1

.
Il

1 «— 2 .
==, > (eq(IV1) trfidl. (57)
i=1
Therefore, we get
1 1 1 T™ T™ 2y 1
tr(65+EF*) =\ — 128+ ‘gra'd“/' ‘ |V|4 - 92 Zg (ej7ve]~ grad|V| )|V|2
J
224 t+t o2 1 9
_ ) Z(ei(|V| ) |V|4+(t + i+ 12 Z|v v’ |V|2
+tg"M(ATMY V) |V|2)tr[id]; (58)
1 1 n—2 1
tr(65+EF) :<_ 125+ 4 |grad|V|* ‘ |V|4 Zg e,V gremd|V|2)|V|2
1 2 1
AV - vivy 2y | VIMy
4 Z er(] | |V|4 4 ZT:| er ‘ V|2 + XZ:| ei | \%E
Ly ra AT :
t— AV tr[id]. 59
+t =59 )|V|2 r[id] (59)

Then by (29) and (30), we have the following theorem and corollary.

Theorem 2.3. If M is a 4-dimensional compact oriented manifold without boundary, then we get the
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following equalities:

~. = _ 4 1
Wres(D3, Dy )~ :327r2/ V| 2(— 3s—i—8‘graud|V|2|2 s —SZg(ej, grad|V| )|V|2
J

— 8P+ 2+t +1) Z (e:(IV]?)) + 16(t* + t + %) Z ‘VZ:»MV‘Z V|2

IVI4

+ 16tg" M (ATMV V) >dVolM;

V2

o _ 4 1
Wres(D?,) 1:32772/M|V| 2< 33+8\grad|V| ? |V|4 8Zg(ej,VZngrad|V|2)|V|2

+122(er(lvl2) |V|4+16tZZ|VTMv} |V|2

+8(2t — 1)gTM(ATMY V) )dVolM.

V2
(60)

Corollary 2.4. If M is an n-dimensional compact oriented manifold without boundary, and n is even,
then when |V| =1, we get the following equalities:

e 7Y "22_(n_2)(47f)3/ nf 1 2 T™
Wres(Dy, Dy) = (o M2 12° (t* +tt + 12 Z‘V V|

+tgTM(ATMYy, V)) dVoln:

Wres(D2)~ "2 :(”(_222(;1;)2 /M 2”<— 1123— ";42 |V8LTV|2+tQZ vy
1

t_
+( 5

)gTM(ATMYy, V)) dVoly.
(61)

3. THE KASTLER-KALAU-WALZE TYPE THEOREM FOR
4-DIMENSIONAL MANIFOLDS WITH BOUNDARY

In this section, we prove the Kastler-Kalau-Walze type theorem for 4-dimensional oriented compact
manifolds with boundary. We firstly recall some basic facts and formulas about Boutet de Monvel’s calculus
and the definition of the noncommutative residue for manifolds with boundary which will be used in the
following. For more details, see Section 2 in [13].

Let M be a 4-dimensional compact oriented manifold with the boundary 0M. We assume that the metric
g™ on M has the following form near the boundary:

g™ — 1 gOM 4 g2

where g™ is the metric on &M and h(z,) € C([0,1)) := {hljo.1)|h € C=((~¢,1))} for some ¢ > 0 and
h(xy,) satisfies h(xz,) > 0, h(0) = 1, where x,, denotes the normal directional coordinate. Let U C M be a
collar neighborhood of M which is diffeomorphic with OM x [0 1). By the definition of h(z,) € C*°([0,1))
and h(z,) > 0, there exists an h e C>®((—e, )) such that h| 0,1) = h and 7 > 0 for some sufficiently
small € > 0. Then there exists a metric g’ on M = M gy, OM x (—¢,0] which has the following form on
UUgp OM x (—¢,0]:

g =~ ! g°M + da2, (63)

h(zn)
such that ¢'|ps = g. We fix a metric ¢’ on the M such that J =g
Let the Fourier transformation F” be

F'L2(Ry) — LA(RY); F'(u)(v) = /R e~y (t)dt,
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and let - -
rt: C®°[R) = C®R*Y); f— fIRY; Rt={x>0; zcR}.

We define H+ = F'(®(RV)); Hy = F'(P(R)) which satisfies H* LH; , where ®(RT) = rT®(R),
®(R-) = r ®(R) and ®(R) denotes the Schwartz space. We have the following property: h € H* (re-
spectively, H; ) if and only if h € C*°(R) which has an analytic extension to the lower (respectively, upper)
complex half-plane {Im¢ < 0} (respectively, {Im& > 0}) such that, for all nonnegative integers I,

d'h = d e
dfl (f) ~ ; dfl (é‘k)’

as [€| = +o00,Im¢ < 0 (respectively, Im€ > 0) and where ¢, € C are some constants.

Let H' be the space of all polynomials and H~ = Hy @ H'; H = H" @ H~. Denote by nt (respectively,
7~ ) the projection on H™ (respectively, H ™). Let H= {rational functions having no poles on the real axis}.
Then, on H ,

h(¢)
+ & Tiu—¢§

where 't is a Jordan closed curve included Im(§) > 0 surrounding all the singularities of i in the upper
half-plane and £, € R. In our computations, we only compute 7+h for h in H. Similarly, define 7’ on H,

(&) =, Jim [ de, (64)

271 u—0-

o1
mh= /F+ h(€)de. (65)

So/(H™) =0.For he HNL'(R), ©’h =, [ h(v)dv and, for h € HT L*(R), 7’h = 0.
An operator of order m € Z and type d is a matrix

- + OOO(MvEl) OOO(MvEQ)
i ( ; P+G Ig{ ) . o . o 7
C>(0M, Fy) C>(0M, Fy)

where M is a manifold with boundary OM and Eq, E2 (respectively, Fiy, F») are vector bundles over M
(respectively, OM). Here, P : C§°(Q2, E1) — C*(, E») is a classical pseudo-differential operator of order m
on 2, where § is a collar neighborhood of M and E;|M = E; (i = 1,2). P has an extension: &£'(Q, E1) —
D'(Q, Ey), where £'(Q, E1) (D' (Q, E»)) is the dual space of C*(Q, Ey) (C§°(Q2, Es)). Let et : O (M, Ey) —
E'(Q, F1) denote extension by zero from M to Q and r* : D'(Q2, Ey) — D' (Q, Es) denote the restriction from
Q to X, then define

7tP=rtPet : C®(M, E) — D'(Q, Es).

In addition, P is supposed to have the transmission property; this means that, for all j, k, , the homoge-
neous component p; of order j in the asymptotic expansion of the symbol p of P in local coordinates near
the boundary satisfies:

aa]:nafa’pj (x/’ 0,0,+1) = (_1)j_|a‘aa]:nafa’pj (x/, 0,0,-1),

then 7t P : C® (M, Ey) — C>®(M, E») by [11]. Let G, T be, respectively, the singular Green operator and the
trace operator of order m and type d. Let K be a potential operator and S be a classical pseudo-differential
operator of order m along the boundary. Denote by B" % the collection of all operators of order m and type
d, and let B be the union over all m and d.

Recall that B™4 is a Fréchet space. The composition of the above operator matrices yields a continuous
mapping: B™? x Bmd’ _y pmtm/max{m’+d.d’} Write

~ tP+G K ~ tP+ G K’ ’
A:<;1 + g)EBm’d, A/:(;, + §,)€Bm’d.

The composition AA’ is obtained by multiplication of the matrices (for more details, see [9]). For example,
7T P oG and G o G’ are singular Green operators of type d’ and

atPor™ P =7t (PP')+ L(P,P).
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Here PP’ is the usual composition of pseudo-differential operators and L(P, P’), called thr leftover term,
is a singular Green operator of type m’ + d. For our case, P, P’ are classical pseudo-differential operators, in
other words, 7t P € B> and n* P’ € B>~ .

Let M be an n-dimensional compact oriented manifold with the boundary M. Denote by B the Boutet
de Monvel’s algebra. We recall the main theorem and the definition in [4, 13].

Theorem 3.1. (Fedosov—Golse—Leichtnam—Schrohe)[4] Let X and 0X be connected, diimM =n >
3, and let S (respectively, S’) be the unit sphere about & (respectively, ') and o(§) (respectively, o(£')) be

~ TP K
the corresponding canonical n — 1 (respectively, (n — 2)) volume form. Set A = ( ; +a 3 ) € B, and
denote by p, b, and s the local symbols of P,G and §, respectively. Define:
Wreb / /trE 8] o(&)dx
v | / ferg [(trb-) (', €] + e [s1n(, €]} (€)', (66)
o0X 4

where Wres denotes the noncommutative residue of an operator in the Boutet de Monvel’s algebra.
Then (a) Wres([A, B]) =0, for any A,B € B; (b) This is a unique continuous trace on B/B~°°.

Definition 3.2. [13] The lower-dimensional volumes of spin manifolds with boundary are defined by

Vol®172) M := Wres[r+ D' o 7+ D72, (67)
By [13], we get
Wieslrt D7 ot DP2] = / / tracen- e aoclo_n (D P o(€)de + / v, (68)
g1=1 M
and

too 2 Ylal+ithtl
/5| / Zzauwm x tracen-r-nac(dy, 00,0 (D) (@', 0,€', &)
1

7,k=0
20Ok ol(D7P2) (0, €0)]dna (€)da (69)
where the sum is taken over r +1—k — |a] —j—1=—n, r < —p1,l < —po.

For any fixed point zog € 9M, we choose the normal coordinates U of xg in M (not in M) and compute
®(xg) in the coordinates U = U x [0,1) C M and the metric h(in)gaM + dx2. The dual metric of g7

U is h(z,)g?™ + da2. Write giM = gTM(aiw aij)§ géZM = ¢"M(dx;,dx;), then

1 [.0M ij
TM) _ h(zn)[gij ] 0], ij 1 h(zn)lgon] O
[glJ ] {0 11 [QTM] 0 11 (70)
and
Op, g9 (w0) =0, 1<i,j<n—1; g;M(wo) =0y (71)

From [13], we can get the following three lemmas.

Lemma 3.3. [13]. With the metric g7 on M near the boundary

R O
[0, for j <mn,
0, D) = { o i o (73)

where £ = &' + &,dx,.
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Lemma 3.4. [13]. With the metric g™ on M near the boundary

wn,i(e;)(zo) = %h/(o)v for s=n,t=14,i <mn,
wst(€i)(xo) =< win(e)(xo) = —;h'(O), for s=1i,t=mn,i <n,
ws,t(ei)(zo) =0, other cases,

where (ws,¢) denotes the connection matriz of Levi-Civita connection vi.

Lemma 3.5. [13]. When i < n, we have

FZ(Q}O): %h/(O), fOTS:t:i,k:n,
% (z0) = { Thilo) = —31'(0), for s=n,t =i k=1,
an(fo):_éhl(o)a fOTSZi,t:n,k‘:i,

in other cases, I',(z9) = 0.

By (68) and (69), we firstly compute

Wres[xt Dyt ot (D3)~ / / tracea - peclo_a (D Dy) Yo (€)dz + /
l€"1=1 oM
where
too |a\+g+k+1
/5 1/ J,Z Z al( j+k+1)  tracen-T-aroclds, O 0F, o (D), 0,8, 6)
SO0y, (DY) ) (@',0.€' . €n)]dgno (€)da,
and the sum is taken over r +1 —k — j —|a| = =3, r < —-1,1< —

241

(74)

(76)

(77)

Since [o_, (D P17P2)]|5; has the same expression as o_, (D P*7P2) in the case of manifolds without

boundary, so locally we can compute the interior of V/\};gs[ﬁﬁ;l o 7r+(13§*,)_1] by Theorem 2.3; then we have

/ / tr/\*T*M®C[0’,4((5:/5\/)71)]U(§)d$
m Jjer=1

4 2 1
:327r2/ V_2<— s + 8|grad|V|? -8 g(e;, V gradV

— 8(t? +t+f)z (es(|V)) |V|4+16(t2+t{+ Z|VTMV} |V|2

+ 16tg" M (ATMV V) |V|2>dVolM.

Also, we have the following lemmas.

Lemma 3.6. The following identities hold:

01(Dv) =01(Dy) = —&(V)e(§);

oo (5‘/) _ ZC(V)

4 Zwst (ei)c(ei)cles)c (et)> + itA;

ws t(e;)ee;)e(
,8,t 1,8,t

7o(By) =" (Zws,xei)c(ei)a(es)a(et) - Y wasleeleneledelen))

1,8, 1,8,t

—i Y cleg)d(VE V) —itA.
qg=1
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Write

D = (=)ol o(Dv)=pi+pe;  o(Dy) =372 0. (80)

By the composition formula of pseudo-differential operators, we have

1=o(ByoDy') =Y lo(Dy)IDlo(Dy)]

[e3%

=1 +po)(g-1+q2+qgs3+---)

+ Z(8§Jp1 + 8§jp0)(Drqu71 + D‘"qu72 + ijq73 + - )
J

=p1g-1+ (plq_z +pog-1 + Zagjplejq_l) +--- (81)

J
SO

g-1=pi" g =—p; " [popfl +> 0e,p1 Dy, (pfl)] : (82)

J

Lemma 3.7. The following identities hold:

071(5‘71) =01 (D)™ Y = _E(‘|/€)|02(§);

7-a(Dy) = I S et [on, clele - @0, (67
7-al(Dip) ) = O DA S o) [0 €IeP — 1 1)

(83)

Now we need to compute faM U. When n = 4, we have tra«p«pec[id] = 2™ = 16, and the sum is taken
overr+1—k—j—|a=-3, r<-—1, I <—1;then we have the following five cases.

Case (a-I).r=-1,1=-1, k=5=0, |o| = 1.
By (77), we get
+oo - -
U, = _/ / Z tr[0g e o1 (Dy') x 850e, 01 (D) ™) (wo)déna (&) da'. (84)
l€/]=1J—00 4121

By Lemma 3.3, for i < n,

0, (=) o) = = 2D )~ ey, () ) o)
== o, (V)eler) ) (z0), (85)
where ¢(V) = 3", Vie(er), Vi = ¢"™(V, e;). Then
06,06, 01(Dip) (o) = (& D i O (V)ELe) 2, 1y Or, (Vi)eler)

(1+£2)2 e(den) + (14 ¢€2)2 (&) (86)

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 31 No. 2 2024



THE GENERALIZED ZHANG’S OPERATOR 243

By c(§) = X2, &eldzy), €7 = 32, 97 &€y, for i < m,

E C E 1% 7-1_ 5 C d$j
De.g, (— v (5)) (wo) =g O, (- V)2 el )> (o)

€12 €I
o+ (—EV)e(dzy) 2370 &&ie(V)e(dzy) .
e (e € )
:2(£ni_ i)’c\(V)c(dmi) - Q(Zgn +2 Zfzfj dx]) (gnz_ " &e(Ve(dxy,).
(87)
Then
> wlogrl o1 (DyY)x0%0e,0-1((Dy) ™ H)](@o)lgrj=1 (88)
|a]=1
R Zn:nitr[a (V)E(V)e(dz; )eler)e(da,,)]
2(&1 - Z)g(fn +Z)2 L z; \ VI i l n
n n—1
F e (e i 2o 2 10 DRV el (€
z§3+2§ —z§n+2 LN N
)2 tr[§i; 0x (V)e(da;)e(er)e(dan)]
2(&n — i)4(én + 1) ;jzl :
z§2+2§n Gy ~ /
- (f ) fn + Z 2 ;ZZ: tI‘ 515] )C(dﬂfj)c(el)c(f )]
+ i1 = &) zn:z_:trf (V)E(V)e(dap )e(er)e(dy,)]
2(5 ) §n+22l:1 v zz l n l n
Zé-n n n—1 R R )
- 5 tr[&i 0z, (V))e(V)e(dan )eler)c(€)].
(& — i) (& +1) ;2 : l
By the relation of the Clifford action and tr(AB) = tr(BA), we have the following equalities:
n n—1
>N [0, (Vi)a(V )elda;)e(er)e(dzn)] = 0; (89)
=1 i=1
> ) tr[€i&; 0z, (VI)e(V )e(da )c(er)c(dn )] = 05
1=14,j=1
SN trles0, VRV )eld Jelen)el€)] = 0
=1 =1
(90)

We note that i < n, f‘g,‘zl{filfh “&ings1 10 (&) = 0, so we omit some items that have no contribution for
computing ¥;. So

U =0. (91)
Case (a-II). r=—-1, l=-1, k=|a| =0, j=1.

By (77), we get

1 “+o0 -, _ I I
— _2 /5/_1 »[w tr[aznﬂ'g;a'_l(D;' )X 8§2na_1((DV) 1)](x0)d§na(§ )dg; (92)

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 31 No. 2 2024



244 LI et al.

By Lemma 3.7, we have

s Bty — sy ((Bncldn) £ 2e(€)  8E(€)
92 0-1((Dy)M)(wo) = &V) ( " [ ) ! (93)
and
s (B ) = o CVDAO) (VI (€ m0) | EVIQIETHO) (g
1€l €l €l
By integrating the formula, we obtain
e, [— 0o (ig‘fg))c(f)] (x0)ljerj=1 = —=Oa,, (V)7L e 2)1:(5)57; )
o (@ c(&) +ic(dzy,)
Similarly, we have
V)0, [c()] _ &AV)0x, [c(€)](x0)
o R O (96)
and
cV)e "12n! i€ c(&") +ic(dxy,
Then

Wg;azna'_l D‘;l)(xo)hm:l
(

0, V) (E€) + ) — EV)0, [](w0) (i + 20e(€) + ic(d)
- Ser o [ TS o

By the relation of the Clifford action and tr(AB) = tr(BA) and by 0,,(Vi)Vi = 30,,(]V|?), we have the
following equalities:

e(V)e(dzn)] =0;  tr[dy, (6(V))e(€)e(V
c(dwn)] =80, (IVI?);  tx[0a, (E(V)

n

tr[E(V) 0, [e(§)]E(V)e(€)] (o) g =S8R (O)[V %5 tr[e(V)

c(€)(@o)ljgrj=1 = 80, (IV*);  (99)
c(dan )e(V)e(€')] = 0;

S
PES
oy
N—

)
~
<
N—
S
PES
oy
=
—~
8

o
-
™

I
-

Il
—_
=2
=
[\v]

(100)

By (93), (98), and (99), we have

t0(0s, 7 01 (D) %02, 01 (D))ol g/ =1 (101)
_ (2462 + 86, — 16 — 8)1'(0) Vi - (4063 — 64i€2 — 24£,)1(0) V2
(gn - 7’)4(571 + i)2 (gn - 7’)5(571 + i)3
8E3 — 24i€2 — 24¢,, 4 8i
(&n = 0)*(&n +1)°
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Therefore, we get

+oo ~
& _1/ tr[0e, o1 (DY) x 2, 0-1((Dy) ™)) (wo)dénor(¢)da’ (102)

/+°° (24€2 + 8¢, — 166 — 8)h'(0)
¢'=1J o0 (&n — 1) (6n +19)?
/+°° (4063 — 64@52 24&,)Rh'(0)
l¢/|=1 (€n —1)°(&n +14)?
/+°° 8E3 — 24i€2 — 24¢, + 8i
ler1=1J — o0 (én

|V|2d§n0(§/)d$/
\

|V|2d§n0(§/)d$/

_|_
N = N~ NN

—i)4(&n +1)° 0o (V) (€)da’

i [3@% &, — 20— 1] )
31 (& +1)2
563 — 8igh — 3&]

3)

= — 4K (0)Q23

\V|?da’
En=1

|V|?da’

+4hl( )9327T7,|: 5 ‘

(€n +1)3

2mi [ €3 — 3ig2 —3§n+z]
— 40
’ { (€n +1)?

:(( 26’) R (0)|V|? + 0., (V]2 ))Wﬂgdx', (103)

_8‘Tn(|v|2)dx/

where 3 is the canonical volume of S2.
Case (a-III). r=-1, l=-1, j=]a| =0, k=1

By (77), we get
+oo . -
——, [ e mg oDy x 0,00, 0m1 (D) Do ()i’ (104)
e=1J-0

By Lemma 3.7, we have

Oe,, 00,01 (DY) ™) (@o)|jr|=1 (105)
0, @V)e(dra) | 20, @V))(&ncl€) + Eeldan)) | 2V )b, el¢)] (@0)
]2 e[ e[
s (EV)eldzn) . EV)((€) + Encldan))
”‘(0)( g % e )

and

0,7, 01Dy o) o = =0 05 L~ ) (106)

By (99), (105), and (106), we have

tr[agnwgrna,l(ﬁ‘;l) X 55713%071((5%‘/)—1)](960)“5/\:1 :(fn (e +i)? (€ — )3 (60 4 1)?

(107)
B 4(i€n +1) 2
(60 — )4 (g0 + 32 22 VD)
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Therefore,

+oo
/gl [tk oo (D) B, 0r e (D)o)€ )

/5 1/+Oo fn—4hlfn L iyl Vo (&)’

/ /+°° 2(3i, — 452 €)' (0 VP!
j¢r]=1

(€n = 0)3(&n +14)°
+o0 zfn—|—1 ) L
/5 1/ +i)2 502, (|V]7)dEno (&) dx
, 1 <3> ,
= - )0, [(g Ly ] eyl V de

3in — 467 — i€
(&n +1)°

(3) )
] o0 i, (V)

(4)
—2h/(0 )9327”[ ] le, =il V[*da’

& + 1
(&n +1)?

— (- SH O = §0u, (V) ) n0a (108)

211
+ 203 a1 {

Case (a-IV).r=-2,l=-1, k=j=|a|=0.

By (77), we get
Uy =—i / / - trlrd o_o(Dyt) x O, 0_1((Dy)™H))(wo)déno (&) da. (109)
le'|=1/—o0 "

By Lemma 3.7, we have

- c(€)oo(Dv)(zo)e(€) |, e(é)

o-2(Dy")(wo) = [ e c(dwn) [0a,, [c(€)](x0) €] — c()N'(0)I€" B ] (110)
where
~ (V) . JUUSRON zE
oo(Dv)(wo) = ZWs7t(ez)(%)c(ez)c(@s)c(et) Zwst (ei)(zo)c(ei)c(es)c(er) + it A.
- (111)
We denote
oy ie(V) , N o YA o) — A UYRL ().
By(zo) = Z_ws,t(6z)($0)6(6z)0(6s)6(6t) = ic(V)bp(xo);
Bi(eo) =~ Y waalen) woleler)ele)eler) = il i o)
Bg($0) = itA(ﬂJQ),
(112)
where b = coc(dzy) and ¢ = —31/(0). Then
~_ B (z c(6)B?(xg)c c(&)e(dwy) 0z, [c(E)](x
B a1 =, [P0 2 [OBENCO oSl 4 o)
oy E(€)e(dwn)e(§) c(§)Bj (wo)c(8)
~HO |+ (115;2)2 . (113)
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By computations, we have

+ [6(5)33(3«“0)6(5)} _ {C(i’)Bé(ﬁ«“o 5(5’)} + [ﬁnC(f’)Bé(xo)C(dxn)}

)
el argr 1TEL qrar TRl st
&nc(drn)Bj (o)) re(dzn) By (wo)c(dwn)
M B B B S
_ c&)Bg(xo)e(€)(2 +i8n)  ic(§) By (wo)e(dan)
4(511 - i)Z 4( n i)z
_ic(dan) By (z0)e(§') _ i€nc(drn) By (wo)c(dan )
A(Es - i) e .
Since
n—1
c(dxn )by (o) = —ih'(O) c(e;)e(es)c(en)clen), (115)
i=1

it follows that by the relation of the Clifford action and tr(AB) = tr(BA), we have the following equalities:

tr[c(e;)c(ei)c(en)elen)] =0 (i <n); trby(zo)c(dz,)] = 0;  tr[e(¢)e(dz,)] = 0. (116)
Since
=\ — o [ &elden)  26ne(€)
afna-—l((DV) 1)(3:0) - _C(V) (1 _’_5121)2 - (1 _’_51%)2 . (117)
By (114) and (117), we have
A Rt LS ) (EA (115)
- +1€2)2tr[c(g)bg(xo)] 2 ! 22 11z B 20)]
-~ ij)Qtr[c(f')bé(xo)].

We note that i < n, f‘g,‘:l{ﬁiléiz c++Eiggir Jo(€') = 0, 50 tr[e(€')bj(20)] has no contribution for computing
Wy
By computations, we have

rt [0(5)3(2) (zo)e(§) + c(§)c(den )0, [C(gl)](xo)} — h/(O)ﬂ'g' [C(ﬁ)C(dxn)c(ﬁ) =Ly — Lo, (119)

" (1+&)? (1+&3)°
where
Li=, ( &: )2 [1(2 + &, )e(€)e(V)b5 (20)c(€) — Encldan )A(V)bE (20)c(day, )
+ (2 4 i€n)e(€)e(dan) Dy, [e(€1)] = e(dn Je(V )b (w0)e(€)
— c(€)e(V)by(xo)e(dn) — ida, [e(€)]], (120)
and
L= RO0) [ e(de,) N c(dzn) —ic(€) 3¢, —Ti fie(€) — e(dan)]| (121)

2 41(511 - z) 8(511 - i)Z 8(511 - i)B
By the relation of the Clifford action and tr(AB) = tr(BA), we have the following equalities:

tr[e(§")e(V)e(€)] =
tr[e(day,)e(V)e(dey,))

0; trle(dz,)e(V)e(€')] =
0; tr[Ac(V)c(dzy)] = 0.

0;

(122)
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By (117)—(122), we have

31 (0)&,

(6 - +0)V T T

3h/(0)§2 — 262 — 5, + 24) Ve (123)

tr[Ly x 9¢,o—1((Dy) ™ H)](zo)|jerj=1 = (En — D)4(En +1)?

and

L 9,02 (D))o
il (0)(€2 — 3i€, iR (0)(A€3 — 12i€2 — 9€, + 3
O o et eeten) - O~ e S+

T A&, — )5 (En +1)?
_iR/(0)(2€61 — 6i€3 — 9€2 + 3i€,, + 4)
8(571 - 7’)5(571 + 7;)2

trfe(dzn )e(V)e(€"))]
tr[c(dxy)e(V)e(dzr,)] = 0. (124)

Moreover,

(&) B (w0)el€)] [ 4 1e(€)Alwo)e(€)) £0c(€) Alo)c(dan)
el 1t ey }Z”{”ﬂ arap 1 0 ae ]
énc (dxn) (ffo)c(fl) fic(dwn)A(xo)c(dxn)
e M ey ey }}
_ite(€) Am)e(€) 2+ ) te(€') Almo)e(dra)
4(571 - i)2 (gn - i)2
teldan) Aleo)e(€') | tencldrn) Alzo)e(den)
A(E, —i)? Men—i)2

(125)

By (117), (122), and (125), we have

3
e, [T s o (D) Mt (120
_ 126 — 3i&R + 26, — ) #(€2 — 2i€, — 2)
2(&n — 1) (&n +14)? 2(&n — i) H(En +1)2
HER — 2, — 2)

T 28 — )46 + i)ztr[AE(V)C(fl)]-

Similarly, tr[A¢(V)e(£')] has no contribution for computing ¥4. Therefore,

tr[AS(V)e(dzn )] + tr[AS(V)e(€)]

+oo ~ .
Vy=—i /£| 1 / trlrg o_o(Dy') x 9g, o1 (D7) ™)) (w0)dépa (€' )da’

teo 3h’ ,
__Z/u 1/ (én — 5 +z)|V| dno(¢)da

_ T 3K(0 53 - 2@52 5§n +2i) o

. 271 &n
= — 3ih (0)Q

(0% [(ﬁnﬂ‘
omi [€3 — 2i€2 — 5¢, +2i]®
31 [ (€n +1)? e=ilVIda’
3

=— 2h’(0)|V|27r(23da:'. (127)

Case (a-V).r=-1,1=-2 k=j=|a| =0.

(2)
)] e a|V|2da’

— 3ih/(0)2s

By (77), we get
+oo ~ ™
Us = —i / / trfnd o1 (D) x B, 0o((BY) 1)) (20)dénc (€)da. (128)
[¢']=1J —c0
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By integrating formula and Lemma 3.7, we have

W;U—l(f)‘_,l)(xo) _ Z/C\(V)C(gl) - E(V)C(dxn) .

2(571 - z)
Since
0*2((5;)71)($0) — C(&)UO(D|§/|'2(CE0)C(§) + Téfﬁ) C(dﬁn) [8wn [C(gl)]($0)|f|2 _ c(g)h/(o)K/%M]’
where
70(By) o) =" S watenoleleneteiten) = ) S wnaten mletenetenelen
— iy c(eg)e(VE V) (o) — itA(xo)
=ie(V)bg (o) + (V)b (o) — iy c(eq)e(VE V)(wo) — itA(wo).
qg=1
Then
So((Dy) (@ )||5 =1
s {c( E)[Bh (o) + Bi (o) — i 35— cleq)e(VE V) (o) — itA(xo)]e(§)
En 4
€]
+ 108 ) [0, o€ - 0(£)h’(0)]}
c(©)i gy c(eq)e(VE V)](zo)e(€) c(€)itA(z0)c(€)
~ % g Tl g
:=N7 + Ny — N3 — Ny.
An easy calculation gives
Ny =0, c(&)Btl% g(ﬁ())dg)
_;clden)e(V)by(xo)e(€) | e(€)e(V)bg(wo)e(dan)  4&ne(€)2(V)bo(wo)e(€)
(35 (35 € ’
Ny = a1 +1£2)3 (260 — 263)c(dwn) By (z0)c(dn ) + (1 = 363 )c(dan ) By (o))
+ (1 =382)e(€)Bi (zo)c(dan ) — 48nc(€)Bi (xo)e(€') + (36 — 1)0a,[c(€))]
— 4&nc(€)e(dwy)0y, [e(€)] + 21 (0)e(€') + 21/ (0)&nc(dy)
1o C)e(dry )e(§)
68 (0) B
c(é)]e L
Ny =0k, (©)li 2oy=1 cleq éliv V)](@o)e(€)
c(dwn)[i 300, c(eq)e(VE V)] (wo)e(€) N c(§)[i Yof—y cleq)e(VE V)](xo)e(dn )
B €[4 (35
A 3oy eleq)e(V e, V) (o)e(€)
(35 ’
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(129)

(130)

(131)

(132)

(133)

(134)

(135)
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and

c(§)i Yoisy elea)a(Ve M V)] (wo)e(€)

Na =10, €t
_te(dwn)[i 325 elen)e(VEM V)] (zo)e(€) N te(§)i iy ce)e(VEM V)] (xo)e(day)
(3% (3%
A (i, C(Z')S(VZMV)](%)C(Q (136)

Also, straightforward computations yield

tr[rg o-1(Dy") x Nil(@o)lgrj=1

= e )V - trfe(dan b (20)]| V2

(€ —i)(E+14)°

(€ —)(E+1)
:@—né+o**@%ammw% (137)

6h'(0)(2¢; — 387 — 660 + 1)
(€ =) +1)°

- 1 n
trfrd o_1(Dyt) x N3)(@o)ljerj=1 =96 — i€ + i)2tr Gl% c(dzn) Y cleg) )e(€)
qg=1

trlrd o 1(Dy") x NaJ(z0)]jerj=1 = (138)

—2@_@Q€+@freun}jd%ﬁwsz@>
(1-4¢,)

T - e+
(1 — 4€,)i [

a(e - ip(e +i)p" [V IdmAO D eV VIelE)

q=1

tr |2(V)e(€)e(€) Y eleg)el(Ve, V)el©)

q=1

S

n (139)

and

t
2(€ — i)3(€ +1)?
- fi
2E — i3 (E +i)?
T —ipe+ iy

trfrd o1 (Dy') x Nal(wo)ljerj=1 = tr [@V)e(€)eldwn) Y ele)dVEMV)e(€)
=1

tr |2(V) Z c(e))e(VEMV)e(€)

tr |[2(V)e(€)el€) Y elea)e(VIMV)e(€)
L =1

i(1-4e0i | - M
afe — ips(e o |V )eldan)ele) 2 el oVETVIee) |

(140)

By the relation of the Clifford action and tr(AB) = tr(BA), we have the following equalities:

tr =0; ftr

av c(dzy,) Zc (eq)Cl )e(€)
q=1

c(V Zc (eg)c! dxn)] =0;
q=1

tr =0; tr|e(V Zc e)e(VIMV)e (dmn)] =0.
i=1

Vv c(dxy,) Zc eA(VIEMV)e(¢)
i=1

(141)

We note that i < n, f\g\zl{filfiz “&ings1 10 (&) = 0, so we omit some items that have no contribution for
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computing ¥s5. Therefore,

_ . +oo + ~—1 Nk \—1 / /
Wy =i /£| [l e (DY) x 06,0 (By) ao)do(€ o

_ oo 6h/ 2€n - 3§n 65" + 1) / /
B Z/E /= 1/ — )€+ 1) dno (& )d
263 —352 — 66, + 1} %)

(€n +1)?
9(i — 2)

= R ). (142)

Now ¥ is the sum of the ¥(; 5

dx’

= — 6l (0)Q; 27”[ -

5)- Combining with the five cases, this yields

.....

5
:Z ( Z—Q)h(O) 62;—5 "0)|V]* + (91 (|V|2)> A Qsda’. (143)

So, by (78) and (143), we are reduced to prove the following theorem.

Theorem 3.8. Let M be a 4-dimensional oriented compact manifold with the boundary OM and let
the metric g™ be as in Section 3, the operators Dy = \/—1(€(V)(d +9) + tzic(ei)E(VZMV)) and

Dy = —\/—1((d+ Ne(V)+t>, c(ei)E(VgiMV)) be on M (M ‘is a collar neighborhood of M); then

Wres[rt Dy ot (Dy) ]

4 2 1
=327% [ |V|7%( — 8 |grad|V[? -8 ; dv
w [ iy sl v Satey V7 g |>|V|2
— §(? +t+£)z (V%) |V|4+16(t2+t5+£2)2|v v’ |V|2
i —2
+168TM (ATMY, V) dVolM+/ 9 =2) 0y = O P oy v
IVI2 o \ 4 2

+ i@wn(|V|2)>7rQ3dVolaM. (144)

Next, we also prove the Kastler-Kalau-Walze type theorem for 4-dimensional manifolds with boundary
associated to D?. By (68) and (69), we shall compute

Wros[rt / / tracen-arsclo_a (D5 2)o(€)dz + / ¥, (145)
|€71=1 oM
where
+oo |a\+J+k+1
-/ ] ZZ o g 1y < trncener ool 0008, ot (D)@ 0.€'.6)
X 33/32:13§n01( Dy (a',0,¢,&)]déno (&) da, (146)
and the sum is taken over r +1 —k —j — |o| = =3, r < —-1,1 < —1.

Similarly, by Theorem 2.3, we compute the interior of \7\7}_e/s[7r+5‘71 o W*ﬁ‘jl], then
/ / trace-r-argclo_a(Dy2)o(€)de
M Jlg'|=1

4
:327r2/ |V|2<— s+ 8|grad|V|? —8> glej ,VT grad|V|?)
v 3 | ‘ |V|4 Z J |V|2

+12Z(er(|V|2) |V|4+16t22|VTMV| +8(2t — 1)g™(ATMV, V) )dVolM.

IVI2 Vi

(147)
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Now we need to compute [, U. When n = 4, by Lemma 3.7, o_1(Dy,") = 0_1((D{;) ™), and then we
have the following five cases:

Case (b-I).r=-1,1=-1, k=j=0, |o| = 1.

+o00 N
_/)E _ / Z tr| 85/775 o1 ( ) X 8g/85n0—1(D\71)]($o)d£na(§’)dg:’ —0. (148)
'l=1

le|=1

Case (b-II). r=-1, l=-1, k=la| =0, j=1.

+<>o ~
/5 1/ Ot 01 (D7) x 02, 01 (D)) (w0)dnor (€')da!
_ (( LM VE o, (v ))wﬂgdx'. (149)

Case (b-III).r=-1,l=-1, j=|a| =0, k=1.

1

+0o0 - -
> [ loemE o1 (By) x 06,00, (B ) (€)' (150)

— <—§h’(0)|V|2 — 28%(|V|2)) 7Qada’.

Case (b-IV).r=-2,1=-1, k=j=|a|=0.

+oo
By = i /E - / tfr o_2(Dy") x B, 0-1(Dy))(wo)dno (€ )da
= h( NV PrQada’. (151)

Case (b-V).r=-1,1=-2 k=j=|a]=0.
By (146), we get

~ +OO ~ ~

s = —i/ / tr[rs o 1(Dy') X O, 0-2(Dy)](w0)déno (& )da’. (152)

/=1 —o0

By computations, we have

ic(V)e(€) —e(V)e(dzy)

me 0-1(Dy") (o) = 2 — ) . (153)

Since
oDy (o) = “(5)”"(?52(“)0“) n éf) (d) [0, [e(E)) (z)lE — W OB, ] (154)

where

~

70Dy )a) = U Y e @eteoitenite - ) Y wnilenwo)eteneles)eten) +itA(wo)
— @V (=
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Then

Bz, 0 2(Dy ) (o) e/ =1
=0, { c(&)[Bg (o) + Bg (o) + Bi(0)]c(€) n c(§)

Py L clan)on, €Nl - o) |

C 1 o )C C 2 o )C C
o, <f>B(|>£(|40> (©) +agn{ <f>3?§|40) O éfﬁ)c(dxn)[a% (€] @o)lEl? — 0(£)h’(0)]}
+ 0, C(S)Bi('ﬁo)c@ ‘= My + M + Ms. (156)

Similarly, an easy calculation gives

+oo
By =i /5| 1 / it o1 (D) x 06,0 o(Dy V)] (o) dnor (€1) e

_ 2 61(0 253 ~B2 =66+ 1)
= / Siperip 7O
2mi [ 263 — 362 — 6¢, + 1] '
_ 9(1'4— 2) ' (0)7Qada’. 150

Now U is the sum of the \5(1,27_”75). Combining with the five cases, this yields

b=y = (w0 - T OVE ¢ 0, (V) ) rds (158)

So, by (147) and (158), we are reduced to prove the following theorem.

Theorem 3.9. Let M be a 4-dimensional oriented compact manifold with the boundary OM and the
metric gTM as in Section 3, the operator Dy = \/—1(E(V)(d +0)+ty, c(ei)E(VeTiMV)) be on M (M is a
collar neighborhood of M), then

Wres[rt Dyt ot Dy

_ 4 1
:327r2/ \% 2<_ 35+8|grad|V| } |V|4 SZg(ej,szMgradWP)
M .

145
2 2 ™ TMATM
+122T:(er(|V|) |V|4+16t Z|v v |V|2+8(2t 197 (A VV)|V|2>dVolM
9(i —2 6i+5, L,
+/ < (Z4 )h/( ) Z;— ( )|V|2+ n(|V|2))7T93dV013M. (159)
oM
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