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Abstract — In L2(R?), we consider an elliptic differential operator A. = — div g(x/e)V+e 2V (x/e),
€ > 0, with periodic coefficients. For the nonstationary Schrédinger equation with the Hamiltonian
A, analogs of homogenization problems related to an arbitrary point of the dispersion relation of the
operator A; are studied (the so called high-energy homogenization). For the solutions of the Cauchy
problems for these equations with special initial data, approximations in Lo (Rd)—norm for small € are
obtained.
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INTRODUCTION
0.1. Pertodic homogenization

The study of the wave propagation in periodic structures is of significant interest both for applications and
from the theoretical point of view. Direct numerical simulations of such processes may be difficult. One of the
approaches to study these problems is the application of homogenization theory. The aim of homogenization
is to describe the macroscopic properties of inhomogeneous media by taking into account the properties of
the microscopic structure. An extensive literature is devoted to homogenization problems. First of all, we
mention the books [1-3].

Let us discuss a typical problem of homogenization theory. Let T' be a lattice in R%, and let £ be the cell
of I'. For any I'-periodic function F(x), we denote F°(x) := F(¢~!x), where ¢ > 0 is a (small) parameter.
In Ly(R?), consider a differential operator (DO) formally given by

A = —divgE(x)V, (0.1)

where g(x) is a Hermitian I'-periodic (d x d)-matrix-valued function, bounded and positive definite. The
operator (0.1) models the simplest cases of microinhomogeneous media with eI'-periodic structure. Let u.(x)
be a (weak) solution of the elliptic equation

— div g° (%) Vue (%) 4 ue(x) = f(x), (0.2)
where f € Lo(R?). For ¢ — 0, the solution u. converges to the solution uo of the “homogenized” equation:
—div ¢°Vug(x) + ug(x) = f(x). (0.3)

The operator Abom — _ diy g°V is called the effective operator for /Als. The matrix ¢° is determined by a
well-known procedure (see, e.g., [1, Chap. 2, § 3], [4, Chap. 3, § 1]) that requires solving an auxiliary boundary
value problem on the cell ). Besides finding the effective coefficients, the following questions are of great
interest. What is the type of convergence u. — ug? What is an estimate for u. — ug?

0.2. Operator error estimates in homogenization

M. Birman and T. Suslina (see [4]) suggested the operator-theoretic (spectral) approach to homogenization
problems in R¢, based on the scaling transformation, the Floquet-Bloch theory, and the analytic perturbation
theory.

Let u. be the solution of equation (0.2), and let ug be the solution of equation (0.3). In [4], it was proved
that

lue — ol Ly ray < Ccl| £l Ly ray- (0.4)
480
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Since u. = (,ZE +I)71f and up = (,Zl\hom +I)71f, estimate (0.4) can be rewritten in operator terms:
(A +1)~t — (AR 4 D7 M pyray—s La(rey < Ce. (0.5)

Parabolic equations were studied in [5, 6]. In operator terms, the following approximation for the parabolic
semigroup e~ "<, 7 > 0, was obtained:

||6_TA\€ _ —7 Abem

e HLQ(Rd)—)LQ(Rd) é 08(7' + 52)_1/2, T > 0 (06)

Estimates (0.5), (0.6) are order-sharp; the constants C' are controlled explicitly in terms of the problem data.
These estimates are called operator error estimates in homogenization. More accurate approximations for
the resolvent and the exponential with correctors taken into account were found in [7-10].

A different approach to operator error estimates (the so called shift method) for the elliptic and parabolic
problems was suggested by V. Zhikov and S. Pastukhova in the papers [11-13]. See also the survey [14].

The situation with homogenization of nonstationary Schrodinger-type equations and hyperbolic equations
is quite different. The papers [15-20] were devoted to such problems. In operator terms, the behavior of the
operator-functions e~¥"4= and cos(r./ﬂ/ %), A 1/2 sin(T/E/ %) (where 7 € R) for small ¢ was studied. For
these operator-functions, it is impossible to obtain approximations in the operator norm on Ly(R%), and we
are forced to consider the norm of operators acting from the Sobolev space H4(R?) (with a suitable ¢) to
L2(R%). In [15], the following sharp-order estimates were proved:

P . 7hom
|e7iTAs — emiTA H3 (R1)— Ly (Rd) < O(1 4 7)), (0.7)
Il cos(rAL2) — cos(r(A™™) /)| 2 ey 1y maty < C(L+ |7])e (0-8)
In [16], the result for the operator Az 1/2 sin(rfﬂ/ %) was obtained:
IAZ Y2 sin(rAL?) — (A2™) 72 sin(r(A™™) )| 11 ety 1oy < O(L+ 7))z (0.9)

Moreover, in [16], an approximation of the operator A2 SiH(T./ZG/Q) for a fixed 7 in the (H? — H')-norm
with error of order O(e) (with a corrector taken into account) was obtained. Next, in [17-20], it was shown
that these results are sharp with respect to the norm type as well as with respect to the dependence on 7
(for large 7). On the other hand, it was shown that under some additional assumptions (e.g., if the matrix
g(x) has real entries) estimates (0.7)—(0.9) can be improved:

.7 ._ 7hom
le™ A — e A gy s,y < C(L+|7]Y?)e,
I cos(n@m) — COS(T(./Zl\hom)l/2)||H3/2(Rd)_>L2(Rd) <C(1+ |T|1/2)<€, (0.10)
| AZY/2 sin(n@/z) — (Abom)~—1/2 SiH(T(yZl\hom)l/2)||H1/2(Rd)4)L2(Rd) <O +|7)?)e. (0.11)

More accurate approximations of the operators eim A cos(T. AL ), A2 sin(nzl\;/ %) with correctors taken

into account were found in [21, 22, 23].
Note that in [4-10, 15-23], a much broader class of operators than (0.1) (including matrix DOs) was
studied. In particular, operators of the form

A. = —div i (x)V + e 2V (x) (0.12)

were considered. Here §(x) is a I-periodic positive definite and bounded (d x d)-matrix-valued function with
real entries, V(x) is a I-periodic real-valued function, V' € L,(€2) with a suitable p (and it is assumed that
inf spec A; = 0). For operator (0.12), it is impossible to find an operator A"™ with constant coefficients
such that the corresponding operator-functions converge to the operator-functions of .A"™. However, some
approximations can be found if we “border” operator-functions of Abom by appropriate rapidly oscillating
factors. In particular, an analog of (0.5) is as follows:

I(Ae + 1) 71 = [ (A" + D)7 w2y (ma) > Lo me) < Ce,
where w(x) is a positive I'-periodic solution of the equation
—div §(x)Vw(x) + V(x)w(x) =0
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satisfying the normalization condition Hw||2L2(Q) = ||, and A"°™ is the effective operator for operator (0.1)
with the matrix g(x) = §(x)w?(x).

Let us explain the method using the example of operator (0.1). The scaling transformation reduces the
investigation of the behavior of the operator (A. 4 1)1, & — 0, to studying the operator (A +2I)~!, where
A=A = —div g(x)V. Next, by the Floquet-Bloch theory, the operator A expands in the direct integral
of the operators A(k) acting in the space La(€2). The operator .A(k) is defined by the differential expression
—divk g(x)Vk, where Vi = V + ik, divy = div+i(k, -), with periodic boundary conditions. The spectrum
of the operator ,Z(k) is discrete. It turns out that the behavior of the resolvent (A\ +¢e2I)~! can be described
in terms of the threshold characteristics of A at the edge of the spectrum, i.e., it is sufficient to know the
spectral decomposition of A only near the lower edge of the spectrum. In particular, the effective matrix ¢°
is a Hessian of the first band function E; (k) at the point k = 0.

Finally, we mention the recent paper [24], where the authors investigated the problem of convergence rates
for a solution of the initial-Dirichlet boundary value problem for a wave equation; analogs of estimates (0.10),
(0.11) as well as results with the Dirichlet corrector were obtained.

0.3. High-frequency homogenization

As stated above, only a small neighborhood of the bottom of the spectrum (i.e., waves with low frequencies)
contributes to homogenization. However, we can consider problems of wave propagation when the frequency is
proportional to e~ or £ 72 (the high-frequency mode). In this case, even the leading order of the asymptotics
oscillates rapidly. These problems were studied in [2, Chapter 4] using WKB-ansatz.

Traditional methods of homogenization theory, related to asymptotic expansions in two scales, were ap-
plied to these problems in [25, 26]. We also cite the paper [27], where application of the results of [25] to
photonic crystals was considered. In [25], an asymptotic expansion for solutions of the equation

div g° (%) Ve (x) + v°pf (x)us (x) = 0,

which are perturbations of the standing waves, was obtained (the functions g(x), p(x) were supposed to be
sufficiently smooth and I'-periodic). In [26], a similar problem for travelling waves was considered.

For a nonstationary Schrodinger equation, results of this kind are called effective mass theorems (see,
e.g., the course [28] and references therein). In the paper [29], homogenization of the Cauchy problem for a
nonstationary Schrodinger equation with well-prepared initial data concentrating on a Bloch eigenfunction
was studied using techniques of two-scale convergence and suitable oscillating test functions; a rigorous
derivation of effective mass theorems was obtained (in terms of the strong two-scale convergence). In [30],
the effective mass approximation and the k - p multi-band models, well known in solid-state physics, were
discussed. Such homogenization asymptotics were investigated by using the envelope-function decomposition.
These models were proved to be close (in the strong sense) to the exact dynamics. Moreover, the position
density was proved to converge weakly to its effective mass approximation.

Finally, we also mention the papers [31, 32], where asymptotics of Green’s function for different values of
the spectral parameter has been studied.

Now, let us discuss error estimates for high-frequency homogenization. This topic has been studied in [33—
37] in the one-dimensional case (d = 1) and in [38-40] in the case of arbitrary dimension d. It is well-known
that the spectrum of A4 has a band structure and may have gaps. For the sake of simplicity, we consider the
case where d = 1 and I" = Z; in this case we shall use the notation A. for operator (0.12). Let o > 0 be a
(non-degenerate) left edge of a band with an odd number (> 3) in the spectrum of the operator A = A;.
Then for A., this edge "moves” to the point e 20 (to the high-frequency (high-energy) region). Instead
of (0.2), we consider the equation

- (@) g uela) — (%0 — (o) = (o), (0.13)

where f € Lo(R). It is supposed that sc > 0 is such that the point ¢ ~20— 2 belongs to the gap in the spectrum

of the operator A.. Similarly to (0.5), the question is reduced to studying the operator (A — (e 720 —32)I)~L.

In [33], the following result was proved:
1(Ae = (=20 = 3) 1)~ = [E)(AS™ 4 522 1) e i) o) < C. (0.14)

Here Alom = —p, dd;z is the corresponding effective operator, b, > 0 is the coefficient in the asymptotics of
the band function E(k) corresponding to the band for which o is the left edge: E(k) ~ o + b, k%, k ~ 0; and
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¢ is a real-valued periodic solution of the equation Ay, = o@,, normalized in L2(0, 1). Consequently, the
possibility of homogenization for equation (0.13) is a threshold effect near the edge of an internal gap.
Estimate (0.14) was obtained in [33] in the case where V(z) = 0. In [38], an analog of estimate (0.14)
was proved for operators (0.12) in arbitrary dimension d > 1. More accurate approximations with correctors
were obtained in [34, 35, 39).
Parabolic equations in the one-dimensional case were studied in [36]. It was proved that

2 hom 2
le™™ A€ le7%0,00) — e [p5)e T (05 | Loy La(r) < CeTT (T %) V2, 7> 0,

and a more accurate approximation with a corrector Was found. Here €4, [e720, 00) is the spectral projection

of the operator A. corresponding to the interval [e~20,00). The generalization of this result for the case of
arbitrary dimension was obtained in [40].

In the paper [37], operator error estimates for high-frequency homogenization of nonstationary Schrédinger
equations and hyperbolic equations in the one-dimensional case (d = 1) were studied. Let f1, fo € La(R).
Consider the Cauchy problems

.0 ok _
ZaTUE(va) = (Acue)(z, 7), 87_2116(33’7-) = —(Aeve)(z,7) +€ 2UUE($?T)? (0.15)
ue(z,0) = (T f1)(2), ve(2,0) = (T f1)(2), (Orve)(2,0) = (Tefo) (),

where

(Tf)@) = m) 7 [ @D D (oo chixg, ., (eh) dk

Here {e™**p;(z, k)}52, are the Bloch waves corresponding to the bands with the numbers j > s; (NZJ- =
(=jm,— (i —D)mu (( —1)m, jxl, j € N, are the Brillouin zones. The initial data of problems (0.15) are super-
positions of the Bloch waves with the amplitudes, which are equal to the Fourier images (®f1)(k), (D f2)(k)
of the functions fi(z), fa(x), and belong to the subspace £4_[e 20, 00) L2(R). The following approximations
were found:

—1TE

e, 7) = e QS ug (-, ) o) < CL+ [T Del fill oy, fr € HA(R), (0.16)

[0 (-, 7) = @500 (, Dl o) < CA+ 1T fill mrorzry + 12l iz ),

f1 € H2[R), fo € HY/2(R). (0.17)

Here ug and vy are the solutions of the effective problems

i;_uo(x,T) = (Abmy0) (z,7), 887_22 vo(z,7) = — (AL (2, 7),
uo(2,0) = f1(w), vo(x,0) = f1(x), (B-v0)(w,0) = fa(w).

Note that estimates (0.16), (0.17) can be formulated in operator terms; see [37, (6.6), (6.21)—(6.23)].
0.4. Main results

In the present paper, we study error estimates for high-energy homogenization of nonstationary Schréodinger
equations in the case of an arbitrary dimension. Let (k°, Ag) be an arbitrary point of the dispersion rela-
tion B 4 of the operator A := A;. In particular, it may be a "regular” edge of a spectral band (see Re-
mark 4.3 below) or a point where two branches of the dispersion relation meet (they often form the so-called
Dirac cone, see [41, Sec. 5.10]). Let {e&"*)¢;(k°, x x)}7_; be corresponding Bloch waves; we suppose that
(5(k°, ), (k°,4)) L) = Ojk- We are interested in the behavior of the solutions u;(x,7), x € R? 7 € R,
j=1,...,n, of the followmg Cauchy problems for the nonstationary Schrodinger equation

i g Uje(x,7) = (Acuje)(x,7),

or
wje(x,0) = e X (k0 x) £ (%),
as € — 0, where ¢5(k°, x) := ¢;(k° x/¢), and f;(x), j = 1,...,n, are given functions. Main results of the
paper are the following estimates:
lwje(s7) = uSL (o | amey S CL+ [TDell fill s @y, G=1,-sm,
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where
ujff_.(x T) = e ") ZQ Jza(x 7)
and v§ (x T) = (vj{fg(x T),. ,U?E)E(X, 7)) is the solution of the ”effective” system
0 e off eff
5, Vi (x,7) = AZTVS (%, T),

Vi (x,0) = f(x)e;

Here A is an effective operator with constant coefficients (its definition is given below in (4.3), (4.4)), and
e; is the element of the canonical basis in C".

0.5. Plan of the paper

The paper consists of Introduction and four more sections. In Section 1, a precise definition of the operator
A is given, its factorization is described. Next, in Section 2, we describe a spectral expansion of the operator
A (partial diagonalization via the Gelfand transformation). Then, in Section 3, spectral approximations
for the operator A in some neighbourhood of the point (k°, Ag) € B4 are obtained, and also the effective
characteristics are calculated. Finally, in Section 4, we formulate and prove the main result of the paper.

0.6. Notation

Let $ and $). be complex separable Hilbert spaces. The symbols (-, )g and || -||5 denote the inner product
and the norm in $. The symbol || - |5, stands for the norm of a bounded linear operator from ) to ..
Sometimes we omit the indices. By I = Iy we denote the identity operator in §. If A: § — £, is a linear
operator, then Dom A and Ran A stand for its domain and range, respectively. If 91 is a subspace in §), then
N+ = H o N If Pis the orthogonal projection of § onto M, then Pt is the orthogonal projection of §
onto M. Next, if A is a selfadjoint operator in some Hilbert space, then we use the notation spec A for the
spectrum of A.

The symbol (-, ) stands for the standard inner product in C*; 1 = 1,, is the identity (n x n)-matrix.
For z € C, by z* we denote the complex conjugate number. If a is an (m x n)-matrix, then a® denotes the
transpose matrix, and a* stands for the adjoint (n x m)-matrix. By {e;}7_; we denote the canonical basis
in C™.

The standard L, classes of functions in a domain O C R? are denoted by L,(0), 1 < p < oo; HY(O)
are the Sobolev classes of functions in a domain @ C R? of order ¢ € R and integrability index 2. If f is a
measurable function, then the operator of multiplication by the function f in the space Ls is denoted by the
same symbol.

Next,x:(a:l,...,xd)G]Rd,iDj— _,j d, D =—iV = (D1,...,Dq).

By ® := &,k we denote the Fourier tranbform on R? defined on the Schwartz class by the formula
(Do) (k) = (2m)~4/? / e tkXy(x)dx,  veS(RY,
R

and extended by continuity up to the unitary mapping ®: Lo(R?) — Lo(R?). For the ball of radius s
centered at k’ € R%, we use the notation B,,(k’).
1. THE OPERATOR A

Let I be a lattice in R? generated by a basis ay, ..., a4:

d
I'= {ae]Rd: a:anaJ—, n’ EZ},
j=1

and let 2 be the elementary cell of the lattice I':
d
Q.= {xeRd: x = ijaj, 0<¢ < 1}.

Jj=1
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The basis b!,...,b? dual to a,...,a, is defined by the relations <bl, aj> = 27r5§. This basis generates the

lattice f, dual to the lattice I'. By Q we denote the central Brillowin zone of the lattice I'. This is the set

with the interior _ _
IntQ={keR* [k|<[k—b|,0£bel}

(a centrally symmetric convex polytope), which contains only one face from each pair of opposite ones. By
H'(€2) we denote the subspace of functions in H'(2), whose I-periodic extension to R? belongs to HE (RY).
In Ly(R%), d > 1, we consider a selfadjoint I'-periodic Schrédinger operator A generated by the differential

expression
A=—divg(x)V+V(x) =D*g(x)D + V(x) (1.1)

with metric §(x) and potential V'(x). It is supposed that

J is a measurable symmetric matrix-valued function with real entries,
aply < g(x) < aqly, 0<ag<a <oo, } (1.2)
and V(x) is a real-valued function such that
Ve Ly(2), qg>d/2 for d>2, g=1 for d=1.
The precise definition of the operator A is given in terms of the semi-bounded closed quadratic form
afu, u] = /R(@(X)Du, Du) + V(x)|u(x)?) dx, u € H'(R?). (1.3)

Adding an appropriate constant to V, we assume that inf spec. A = 0. Under this assumption the operator
A admits a convenient factorization (see, e.g., [42], [4, Chap. 6, Sec. 1.1]). To describe this factorization, we
consider the equation

D*§(x)Dw(x) + V(x)w(x) =0

(which is understood in the weak sense). There exists a (strictly) positive D-periodic solution w € H'(€2) of
this equation defined up to a constant factor. This factor can be fixed so that

lwllZ, ) = 1€2. (1.4)

It turns out that w € C* for some x > 0. Moreover, the function w is a multiplier in H!(R%) and in
HY(Q). The substitution u = w transforms form (1.3) to the form

afu, u] :/ Wi(x) (g(x)Dy, DY) dx,  u=wyp, € HY(RY). (1.5)
R4
This yields the factorization
A=w)'DDwE) ", g =w(x)ix). (L.6)

We take the representation (1.6) of the operator A as the initial definition, i.e., we assume that A is the
operator generated by form (1.5), where § and w are I'-periodic functions satisfying (1.2), (1.4) and the
conditions w(x) > 0; w,w™ € L. We can return to representation (1.1) putting V = —w=!1(D*§Dw).
However, the potential V' may be highly singular.

2. SPECTRAL DECOMPOSITION OF THE OPERATOR A

We need to describe the spectrum of the operator (1.6). For this, let us introduce the objects associated
with the spectral resolution of operator (1.6). Put

HY(O)={f:w 'f€ H(O)},  where O=R%or Q,
HU(Q) ={f:w ' feH' @), flro) = o fllmo)-
In L2(2), consider the family of quadratic forms
a(k)[u, u] = / (gx)(D + Kw tu, (D + kw'u) dx,  ueHY(Q), keR? (2.1)
Q
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The operator generated by form (2.1) is denoted by A(k). Formally, we can write
Ak) = w(x)"HD + k)*g(x)(D + k)w(x) "L

The parameter k € RY is called the quasimomentum. Let Ej(k), | € N, be consecutive (counted with
multiplicities) eigenvalues of the operator A(k), and let ¢;(-, k), I € N, be the corresponding normalized
eigenfunctions:

w(x)"HD + k)*g(x)(D + k)w(x) " Loi(x, k) = E(k)gi(x, k), [l eN. (2.2)

The functions Fj(k) are called band functions; they are -periodic. Next, v1(x,k) are T-periodic in x, and
the functions e*¥*) ¢, (x, k) can be chosen to be I'-periodic in k.

Remark 2.1. Multiplying (2.2) by w(x) from the left and putting ¢;(x, k) := w(x) L (x, k), we arrive
at the following equation for ¢;(x, k):

(D +k)*g(x)(D + k)¢ (x, k) — Ey(k)w(x)?¢(x, k) =0, leN. (2.3)

Separating the real and imaginary parts in (2.3), we obtain a system of two equations with real-valued
coefficients and identical principal parts. In [43, Chap. VII, §3, Theorem 3.1], it was proved that solutions
of such systems with Dirichlet conditions belong to the Holder class as functions of x. However, the proof
carries over to the case of periodic boundary conditions without significant changes. This together with
w € Lo yields ¢; € Lo, I € N. See also [44, §4, Sec. 9] and [38, § 1, Sec. 1].

Initially, the Gelfand transformation ¢ is defined on functions of the Schwartz class v € S(R?) by the
formula

o(x,k) = (9v)(x,k) = Q72 e ty(x a),  xeRY keR”
acll
The function 9(x, k) is I'-periodic in x and I-quasiperiodic in k (i.e. the function e*™®)§(x, k) is I-periodic
in k). So, it suffices to consider ¥(x,k) for x € Q and k € T¢, where T? is the torus R?/T" with the induced
R%metric. Points of the torus k € T¢ can be realized, for example, as points in . The inverse transform is
given by

o) = (@ 5)0) = 27 |

s o(x, k)R dk,  xeRY (2.4)

Since [ra [o [0(x,k)[Pdxdk = [;, |v(x)[*dx, the transformation & extends by continuity up to a unitary
mapping:

G Ly(RY) — | @Ly(Q) dk = K.
Td

The relation v € H(R?) is equivalent to the fact that o(-, k) € H() for a.e. k € T¢ and

[0+ 1m0+ 0 0) e < o
Td JQ

Under the Gelfand transformation ¢, the operator of multiplication by a bounded I'-periodic function in
L>(R9) turns into multiplication by the same function on the fibers of the direct integral K. The operator

D applied to v € H*(R?) turns into the operator D + k applied to 7(-, k) € H().
Under the Gelfand transformation ¢ the operator A expands in the direct integral of the operators A(k):

GAG = / ®A(k) dk. (2.5)
Td
This means the following. If v € H!(R?), then
(-, k) € H'(Q) for a.e. k e T (2.6)
aloo] = [ al0[5(, 1), 5(,10) dk. (2.7)
Td

Conversely, if o € K satisfies (2.6) and the integral in (2.7) is finite, then v € H'(R?) and (2.7) is valid.
From (2.5) it follows that the spectrum of A is the union of segments (spectral bands) Ran E;, j € N.
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Introduce the operator Py acting as averaging over the cell €2
Pyu = |Q|*1/ u(x) dx, u € La(9).
Q

The operator P, is the orthogonal projection of Ls(€2) onto the subspace of constants
Mo ={u € L2(Q): u=ceC}.
The following relation is valid (see, e.g., [7, §6, Sec. 6.1]):
([Po]%u) (k) = |Q|7V2(du)(k), ue Ly(RY), keR (2.8)

Here [Pp] is the projection in K that acts on fibers as the operator Fy. Conversely, if suppe C B,.(k')
with some k’ € R? and sufficiently small s, and c(k) € M, k € B,.(k'), then from (2.4) and the relation
1Q/|92| = (27)% it follows that
(@ 1e)(x) = |*(2* ) (x). (2.9)
In (2.9), the points k € T¢ are realized as points from a set Qs such that B,,(k') C Q.
Let us fix some point k® € T¢ and a number s € N. Put )\g := Es(k°). Let n be the multiplicity of
the eigenvalue A\g of the operator A(k®), and let dy be the distance from the point Ag to the rest of the
spectrum of A(k®). By the continuity of the band functions, we can choose 3 > 0 such that for |0k| < s,

0k := k — k°, there are exactly n eigenvalues (counted with multiplicities) of the operator A(k) on the
segment [A\g — dp/3, Ao + do/3], and

([)\0 — 2d0/3, Ao — do/-?)) @] (/\0 + do/?),)\o + 2d0/3]) n speCA(k) = .

Introduce the notation 91 := Ker(A(k°)— Aol). Let P be the orthogonal projection of Lo (£2) onto 0; by F(k)
we denote the spectral projection of the operator A(k) corresponding to the segment [Ag — do/3, Ao + do/3].

3. SPECTRAL APPROXIMATIONS
3.1. Approzimations for F(k) and A(k)F (k)

In this section, we want to find approximations for the operators F(k) and A(k)F(k) for |0k| < sz For
this, we shall integrate the difference of the resolvents for A(k) and A(k°) along an appropriate contour
(see, e.g., [4, Chap. 1, Sec. 1.7, §2, 3], [45, §4, Sec. 4.2, the third method]). Here we apply the method
of [45]. However, there is the complication that the (standard) second resolvent identity is not applicable,
because, in general, the difference A(k) — A(k®) makes no sense. In order to overcome this difficulty, we use
the following lemma. (Here and throughout this section we drop the indices in the inner product and the
norm in L(£2).)

Lemma 3.1. We have

(((AK) = D)™ = (AK®) = 1)), 0)
= —(ak) — a(k*)) [(A(K) — CI) ", (A®K®) - ¢*1) 9], (3.1)
09 € La(Q), ¢ € plA(K)) N p(AK)).

Proof. Consider the form (a(k)—a(k®))[u, v] on the elements u = (A(k)—¢I)"'nand v = (A(k®) — ¢* 1)~ 14,
where 1,9 € L2(Q), ¢ € p(A(k)) N p(A(k®)). Obviously, (A(k) — ¢I)~n € Dom A(k) and

A(k)(A(k) — ¢I)™" =T+ ((A(k) = ¢I) 7,

whence

(a(k) — a(k?))[u, v] = (AK)u,v) = (u, AK®)v) = (n, (AK®) = 1) 7) — ((A(k) — ¢I)~'n,9

= ( )
+(C(AK) = ¢I) ™, (A(K®) = ¢ 1) 7H) — ((A(k) = ¢I) ™", ¢ (A(K®) = ¢ T) 7).
The last two terms cancel out, which yields (3.1).
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Denote
R(k, () :=(Ak) —¢I)™Y,  Ro(¢) == R(k% () = (AK®) —¢I)™".
Let v be a contour on the complex plane that is equidistant to the interval [Ag — dy/3, Mg + do /3] and passes
through the point A\g + do/2. Its length is equal to

mT+4
ly = 3 do.

The resolvent on this contour satisfies the estimates
IR, Ol <6dg",  [[Ro(Q)ll <6dg",  [0k| < s C€. (3:2)
Passing from forms to operators, we rewrite identity (3.1) as
R(k,¢) = Ro(¢) — Jo(dk, ")* X (k, () — Xo(¢")* V(0k, k, () — Vo (dk, ") V(ok, k, (), (3.3)

where
Xk, Q) =g D+Kk)w 'Rk, (), Y0k k() = g"/?(0k)w ' R(K, (),

X(¢) =g"* (D +k)w  Ro(), YVo(0k,¢) = g*2(6k)w ™ Ro(Q).

Let us estimate the norms of the operators X (k, (), Xy(¢), Y(dk,k,¢) and Vy(dk, () for |0k| < 5, ¢ € 7.
Clearly,

(3.4)

1V(0k,k, Q)| < C1lok|, [ Do(dk, Q)| < Chlék|,  [0k| <3, (€ (3.5)
O = 6]l lw o dy ™.
Next, using the identity A(k)R(k,¢{) = I + (R(k,() and taking (3.2) into account, we get
[AK)RK, Q)| <1+ (Ao +do/2)(6dg ") =4+6Xody",  |6k| <3, (€ (3.6)

I AK)Y2R(k, Q)ull* = (AK)R(k, ¢)u, R(k, )u) < (24dy " + 36Xody ) Jull?,
u € Lo(Q), |0k| < 3¢, ( € ;

whence

1 (k, Q)1 < [lg*/*(D + k)w™ Rk, )| + llg"/*(Sk)w ™" R(k, )|

= [lA®K)'2R(k, Q)| + [lg"/*(k)w " R(K, )| (3.7)
< (24dyt + 36)0dy %)% + 6Hg||1L/:||w’1HLOO%d51 = (s, |0k| < 2, ¢ € 7;
X0 ()| < (24dy " + 36Xody %) /2 = Oy, |0k| < 2, ¢ € 7. (3.8)

Now, iterating, we apply identity (3.3) for the resolvent R(k, (), contained in the terms Yy (dk, ¢*)* X (k, ()
and Xp(¢*)*V(0k, k, () in (3.3). Thus, the terms of order |dk| will not contain R(k,():

R(k, ¢) = Ro(C) — Yo(0k, (*)" Xo(C) — Xo(¢")"Vo(dk, () + Z1(0k, k, (). (3.9)
Here %1 (0k, k, €) is defined by the expression
Z1(3k, k, ¢) = Vo (0k, C*)" Xo(O)V(k)* X (k, ¢) + Vo (0k, ¢*) " Xo(¢) YV (dk, k, )
+ Vo (0k, )" X ()Y (5k)* V(6k, k, ¢) + Xo(C*)* Vo (0k, )V (5k)* X (k, ()
+ X (C) Y (0k) X0 (CF)* V(6k, k, ¢) + Xo(¢*)* Vo (dk, Q)Y (0k)* V(0k, k, ¢) — Vo (dk, ¢*)* V(dk, k, ¢).
We have denoted
X(C) = g"*M+k)w (gD + k)w ' Ro(¢7))",  Y(dk) = g"/*(sk)w . (3.10)
Let us estimate the norms of the operators Xy(¢) and Y(dk). Write Xo(¢) as
X(¢) = ¢"*(D +k*)w ™ (¢"*(D + k*)w " Ro(¢) A(k®) /2 A(K) 1/2)
:gl/Z(D+k0)w71A(k0)71/2(gl/2(D_’_kO)wflRO(C*)A(kO)l/Z)*
zgl/Z(D—l—ko)w_lA(ko)_l/Q(gl/z(D—|—k°)w_lA(ko)_l/QA(k")Ro(C*))*,
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We have §
X (O] < llg"/?(D + k*)w " AK®) 2|2 AK®) Ro () -

By (3.6) and the identity [g*/2(D + k°)w L AKk®)"1/2| =1,
[X(O) <4+6Xody ' = Cs,  |0k| < 5, C €. (3.11)
Next, obviously,
|Y@W)l| < Caldkl,  Cax= gl 2llw M e, 10K <5e G (3.12)
In order to get rid of the resolvent R(k, () in the terms of order |§k|?, we apply identity (3.3) once again:

R(k, ¢) = Ro(C) = Wo(0k, ¢7)" Ao (C) — Xo(¢7)" Vo 0k, €) — N[0k, ¢7)" o (0k, )
+ Yo(0k, ¢*)" X ()Y (k)" Xo(C) + Vo(dk, ¢*)* Xo(¢) Vo (0K, ¢) (3.13)
+ X0 (C*) " Vo (0k, )V (k)" Xo(C) + Xo(C*) " V(5k) Ko (C*)* Vo 0k, ¢) + Z2(0k, k, ),

where

720k, k, ¢) = Vo(0k, ¢*)" X0 (0) V(5k)* Y (k. k, ) + Xo(¢*) " Vo (0k, Q) V(8 )*3’(5k k, ()
— Yo (0k, ¢*)" X (¢) YV (0k)" X (()V (0k)* X (k. ) — Vo(dk, ¢*)" () V(0K)" X (()V(0k, k, €)
— W0k, )" X ( QY (0k)" X ()Y (0k)* V(3k, k, ¢) — Vo (0K, C*) Xo(Q)V(3k) Vo (0k, ¢*)" X (k, C)
= Vo (0k, C*)* X ()Y (k)Xo (¢*)* V(dk, k, ¢) — Vo (dk, ¢*)* Ao (Q) Y (5k) Vo (dk, ¢*)* V(dk, k, ¢)
— X(C*)" Yo(dk, Q)Y (3k)* Xo ()Y (k) X (k, ¢) — Xo(C*) " Vo(8k, )V (5k)" Xo(¢) YV (k. k, ¢)
= X(C7) Vo (0k, Q)Y (3k)* Xo(O) Y (6k)* V(3k, k, ¢) — Xo(¢™)* V(6k)Xo(¢™)* V(6k) Vo (dk, ¢*)" X (k, C)
— X(C*) Y (0k) X0 (¢*)* V(3k) Ko (C*)* Y (0k, k, ¢) — Ao (¢*)* V(3k) Xo(C*)* Y (5k) Vo (0k, ¢*)* V(dk, k. €)
+ Vo(0k, C*)* V(3k) Vo (9K, ¢*)* X (k, €) + Vo 0k, ¢*)* V(dk) X (¢*)* Y (0k, k, ¢)
+ Yo(dk, ¢*) " V(3k) Vo 5k, C*)* V(3k. k, ).

The operators %1 (0k, k, () and %Z2(dk, k, {) satisfy the estimates
H‘@l(dkvkag)” < C5|5k|27 ”‘@2(61{71{7 C)H < CG|5k|37 |6k| <, CEY; (314)
Cs = 201020204 + 01203 + 20120204% + 0102204 + 012,
Cs = 30120204 + 3010220202 + 3012020304 + 301202202%
+ C2CyC3C, + C3C3C 32 + C105C% + C3CyCy + C3Cy 5.

Proposition 3.2. The operator-valued functions X(k, z), Y(0k,k, z) and Xo(z), Vo(0k, 2), Xo(z) are
holomorphic in z on the domains C \ spec A(k) and C\ spec A(k®), respectively.

Proof. The holomorphy of Y(dk, k, z) and Yy (dk, z) directly follows from the holomorphy of the resolvents.
Next, consider Xp(z) and X (k, z). We have

Xo(z) = gl/z(D + k)W Ry(2) = gl/Q(D + k) (AR + 1) ((A(ko) + I)Rg(z)).
The operator g*/?(D + k°)w ™ (A(k°) + I)~! is bounded, since

92D + 1) (AG®) + 1) = [ AG) 2(AG) + 1) <

(here we have used the spectral theorem and the inequality t'/2/(t+1) < 1/2,t > 0), and the operator-valued
function (A(k°) + I)Ro(z) is holomorphic on C \ spec A(k°), because A(k°) o(z) = I + zRy(2). Therefore,
Xo(z) is holomorphic. Then,

X(k,z) = g"/*(D 4+ k)w ' R(k, z) — V(5k, k, 2).
Similarly, it is easy to check that the first term is holomorphic on C\ spec A(k). Thus, X' (k, z) is holomorphic.
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It remains to show the holomorphy of Xy(z). Let us write
Xo(=) = (91/2(D + k) (A + 1) 72 ) (A + D Ro(2) (972D + k) (A) + D) 72)
It is easy to check, that the operator g'/2(D + k°)w ™! (A(k®) 4 I)~'/2 is bounded:

973D + k) (AG) + 1)~ = [LAGE ) 2(AG) + )2 < 1,

and the operator-valued function (A(k®) + I)Rp(2) is holomorphic on C \ spec.A(k®). This completes the
proof.

In this section, our goal is to find approximations for F'(k) and A(k)F'(k). Let us start with the operator
F (k). By virtue of Riesz—Dunford operator calculus,

-1
F(k) = ,%(A(k) — ¢, (3.15)
27 J,
Substituting (3.3) into (3.15) and using relations (3.5), (3.7), (3.8), and the identity
—1
P= o fAG) ¢t
27i J,
we obtain the following result:
[F(k) — P|| < C7[k|,  [0k| < 3 (3.16)

C7 = (21) 71, (C1Co + C1C + C352).
We also need more precise approximation for the projector F'(k). For this, we substitute (3.9) into (3.15):

F(k) = P+ F(0k) + ®(6k,k),  |ok| < s; (3.17)

Fi (610 1=, f (Gh(0 ) 2a(€) + (6") Di(6k. O) e (315)

®(0k, k) := 2;12 7{ P, (8K, k, C)dC.
v

Calculate the integral in the expression for F (dk). Recall notation (3.4), take into account the decomposition
of the resolvent
Ro(¢) = Ro(Q)P + Ro(Q)P* = (Ao = O)T'P+ Ro(QP, (e, (3.19)

the holomorphy of the operator-valued function Rg (¢) := Ro(¢)P* inside the contour +, the equality
f,y()\o —(¢)72d¢ =0, and use the fact that integral over v of a holomorphic function inside the contour
is equal to zero. Therefore,

1

@) =, F (L PrRIO)e @k (|

2mi Ao — ¢
+ (D +1) ! (

P+ R ()

(3.20)

PHREE))) gk (| L PHRSQ))dC

= F*(6k) + F* (0k)™,

1 1
Ao — ¢ Ao —¢
where the operator [ (dk) takes 9+ into 9% and is defined by the expression

F (0k)
1

— i P (P 00 gD + 1) R Q)+ (D KN 2 P) 0k REQ)) e (3.21)

= —Pw (6k)*g(D + k°)w 'Ry (Xo) — (D + k°)w ' P)*g(6k)w™ " Ry (Ao).
By (3.14), the remainder ®(dk, k) satisfies the estimate
| ®(5k, k)|| < Cs|dk|?, |0k| < Cs := (2m) 11, Cs. (3.22)
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Using integral representation (3.18) and (3.5), (3.8), and the relation F}*(0k) = PF;(6k)P+, we estimate
the operator F}*(dk) as follows:

| FY (k)| < 71, C10:|0k], |6k| < . (3.23)

We also note that
FX(6)k)P =0,  PFX(6k)* =0,  P*FX(ék) =0. (3.24)

Moreover, we need to consider the operator F}*(dk)F (k). Applying (3.17), (3.20), (3.22), (3.23), the first
and the third equalities (3.24), we obtain that

F(6k)F(k) = F*(6k)(F(k) — P)F(k) = F* (0k)Fy* (6k)* F (k) + F* (6k)®(0k, k) F (k); (3.25)
IF7 (0k) 20k, K) F(K)|| < Colok|?,  |0k| <3¢ Co =27 'n *15C1CoC5. (3.26)

The operator F|*(dk)F[*(6k)* has the form

FX(6k)F* (6k)* = Pw ™' (0k)*g(D + k°)w 'Ry (Xo) (D + k*)w ™ Ry (\o)) "g(dk)w ' P
+ Pw(6k)*g(D + k°)w 'Ry (\o)?w 1 (6k)*g(D + k°)w P 5.7
+ (D +k°)w ' P) g(dk)w™ "Ry (Ao) (D + k°)w Ry (Xo)) “g(dk)w ™' P (3.27)
+ (D +k)w ' P) g(dk)w ™' Ry (Ao)*w ™ (6k)*g(D + k°)w ™' P.
Let us now turn to the approximation for the operator A(k)F'(k). We have
A(k) = f{ ¢(A )¢, (3.28)
By substituting (3.13) into (3.28), one obtains
Ak)F (k) = Mo P + G1(dk) + G2(0k) + ZE(dk, k), |0k| < s, (3.29)
where
i SR C) Xa(€) + a6") (8, ) e
2t
Go(0k) = 7{ CT(5k, O)dC, (3.30)
gl
T(0k,Q) := yo( k, ()" X (Q)V(%)* Ao (¢) + Vo (dk, ¢*)* Xo(¢) Vo (0K, €) (3:31)
+A(C)" Vo 0k, Q)Y (5k) " o (¢) + Xo(¢)* (k)Xo (¢™)* Vo(dk. ) — Vo(dk, ¢*)* Vo(0k, Q)
- -1
0k k)=, ?{4@2 (5k, k, ¢)dC. (3.32)

Recall the definitions of operators (3.4), (3.10), decomposition of the resolvent (3.19), and consider first the
representation for G (dk):

G (0k) = Qiz_?gg((Aol_cPJrRé(g))w1(5k)*g(D+ko)w1

+ (D + k)

(3, P+ RI)

L PREE)) grw (L P REQ)) dc
Ao —¢ Ao —¢

Similarly to (3 21)7 calculatlng the integral with the help of the formula for the derivative of the Cauchy
integral f/(z) = 27” f f(¢ )~2d(¢ (where f is a holomorphic function in the domain restricted by the
contour 7), we have

G1(6k) = &5 (5k) + Ao (Fy* (k) + F* (6k)*), (3.33)
®5(0k) := Pw t(0k)*g(D + k°)w P+ (D + k°)w ' P)*g(dk)w™ ' P,  &J(6k): N — N. (3.34)
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Recall that F}*(0k) was calculated in (3.21). By virtue of (3.29),

if the form ((A(k)F(k) — AoP)u,u), u € La(), |0k| < »

is sign-definite.

G1(dk) = (3.35)

This together with (3.16), (3.21), the second equality (3.24), (3.25), (3.26), and (3.33) yields

PG1(0k)F (k) = P(&5(0k) + Ao Fy* (6k) FY* (5k)* + Mo Fy* (0k)®(0k, k)) F(k)
= P& (6k)P + O(|0k|?) = 0,

if the condition in (3.35) is satisfied. Thus,

if the form ((A(k)F(k) — AoP)u,u), u € Lz(), |0k| < »

{(0k) =
®3(0k) is sign-definite.

(3.36)

Let us now turn to expression (3.30) for G2(dk). We write (3.31) as
T(0k, () = T°(5k, ¢) + T (6k, ¢) + T* (dk,¢*)* + T (0k, (), (3.37)

where

1°(0k,¢) = PT(dk, ()P
1

T Xo— ¢
Ll

Ao — ¢

+ ((D+k°)w‘1

f“f‘“kfgﬂ>+kﬂw—%%«yw*wkrga>+kﬂw‘1hf_gp
Pw(0k)"g(D + k*)w ™ (D +k*)w ™" Ro(¢)) "g(k)w ™ Aol_ F
}ﬂ*gwk%deMCWflwkyga)+kﬂw_1hi;gp
P)*g(ak)w_l (D + k7w Ro(¢")) "g(0k)w ™ ,\01_ F

1
Ao —C*
1
o —1
+ (D + ko) s

_ 1 —1 * —1 1
o _CPw (0k)*g(ok)w Ao _CP,

T*(6k,¢) = PT(0k, ()P,  T*(0k,¢) = PAT(6k,¢) Pt
Substituting (3.37) into (3.30), we obtain
Go(0k) = G5(6k) + G (6k) + G5 (0k)* + Gy (0k), (3.38)
a5 = ﬁgzﬂ(ak, Ode, e fox,L}. (3.39)

The operator GS5(0k) acts on 91; using the elementary equality ( Cf/\o)z =

+ (¢ j\ﬁo)z and the formula for
the derivative of Cauchy integral, we get

G5(0k) = Pw™!(0k)"g(dk)w ™' P
— Pw (k)" g(D + k°)w ! (Ry (Ao) + Ao(Rp) (M) w (5k)*g(D + k°)w ™' P
— Pw™ ' (6k)*g(D + k°)w ( D +k%)w ™ (Ry (M) + Xo(Rg) (M) g(dk)w ™' P
— (D +k)wP)yg (R (M) + Xo(Ry) (Mo))w ' (0k)*g(D + k°)w P
— (D + k%)™ P) g(dk)w ™ (D +k)w ™ (Ry (Ao) + Ao (Ry) (X)) "g(6k)w ™" P

Here (Rg3)'(Xo) == ARE(N)
Ri(M\o)?%. Next, we have

\_y, From the first resolvent identity it directly follows that (Rg)'(Ao) =

GX(0k)P =0,  PGY(6k)*=0, PGy (0k)=0, (3.40)
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and
G5(0k) + X F (6k) F* (0k)* = Pw™'(0k)*g(dk)w ™t P
)*g(D +k*)w Ry (Ao)w (k)" g(D + k°)w P
— Pwl(6k)*g(D + k*)w (D + k°)w t RE (N)) “g(dk)w ™1 P (3.41)
— (D +k°)w ™ P) g(6k)w ™ Ry (Ao)w (6k)*g(D + k°)w ™' P
— (D +k°)w 'P) g(0k)w (D + k°)w 'Ry (\o)) "g(0k)w™ ' P = &3(dk);

to obtain (3.41), we have used (3.27). Moreover, we need to estimate the operator G5 (6k)F (k). According
to (3.5), (3.8), (3.11), (3.12), and (3.31), the operator T'(0k, () satisfies the estimate

Jw
Jw

IT(0k, Q)| < (3C1C3Cs + CCs + CY)[0k|?, |ok| <3, (€,
whence, by (3.39),
1G5 (6k)[| < Coldk[?,  |0k| < »¢; (3.42)
Cio = (2m) " (N0 + do/2)1,(3C1C3Cy + C1Cs + CF).
Using (3.16), the first relation (3.40), and (3.42), we arrive at
1G5 (k) F(K)|| = G5 (k) (F(k) — P)|| < CrCiolok[’,  [0k| < 5. (3.43)
At the end of this section, we give an estimate for the remainder Z(dk, k). From (3.14), (3.32) it follows that
126k, X)[| < (2m) " (Xo + do/2)l,Co o[>, |0k| < 5. (3.44)
3.2. Approzimations for the operator exponential

We put
&°(k) == AP + &7 (k) + &5(dk), 6°(0k): M — N. (3.45)

Here the operators ®9(dk) and ®3(dk) were defined in (3.34) and (3.41). In this section, we want to approx-
imate the operator e TAK P 7 c R, by e 70 (KPP Consider the difference

(emimAM) _ —ir®°(¢)P) p
= P(em AN P(k) — 77O CRP P) 4 omim AP F(K)) + (F(k) — P)e AW F(K).
By (3.16), the last two terms admit the estimates
le™ A (P — F(k))|| < Crlokl, [[(F(k) — P)e” ™M F(k)| < Crlék|, |6k| < ».
Next (cf. [15, the proof of Theorem 2.1]),
P A® p(K) — ¢~iTO GKP p) _ peit® (k)P i 7).

where X(k, 7) := ei7® KPP (k)e—imAK) _ P We have
Yk, ) =%(k,0) +/ Y (k, 7)dT.
0

Obviously, (k, 0) = F(k) — P, and, by (3.16), ||[Pe~"®°CK)P %k, 0)|| < C7|6k|, |0k| < 5. Next,

Y(k,7) = ‘f (k,7) = —ie""® OIP (A (k) F(k) — 6°(6k) P) F (k)e A0 F(k).

Consider the operator P(A(k)F (k) — &°(6k)P)F(k). Using the second identity in (3.24), (3.25), (3.29),
(3.33), (3.38), the second and the third identities in (3.40), (3.41), and (3.45), we have
P(A(k)F (k) — &°(0k)P) F(k)
= P(A(k)F (k) — Ao P — G1(0k) — G2(0k)) F (k) + Ao Fy* (6k)®(k, k) F (k) + G5 (6k)F (k)
= PE(6k, k) F(k) + M\ F* (k) ®(0k, k) F (k) + G5 (6k)F(k),
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whence, by (3.26), (3.43), (3.44),
| P(AK)F (k) — 6°(6k)P)F (k)| < C11|0k/?, |6k| < 2

}’PeiTﬁo((sk)P/ Y (k 7_)
0

C11 = MCoy + C7Cp + (271’)71()\0 + dO/Q)IWCG-

< Onlr|lokf,  |0k| < »

Recalling the expressions for the constants, from what has been said above we deduce the following result.
Theorem 3.3. Let 7 € R and |0k| < 3. We have

|| (eiiTA(k) e iTe%( )PH 3C7|0k| + C’11|7'||5k|3

where the constants C7; and Cq1 are defined by
C7 = (21) 71, (C1Co + C1Co + C%52),
Ci1 = 27171'72)\0130102 (201020204 + 01203 + 20120204% + 0102204 + 012)
+ (271’)72(/\0 + do/2)l$(0102 + 0102 + 012%) (30102204 + 01203 + 012)
+ (271’)71(/\0 +do/2)L, (30120204 + 3010220205 + 3012020304 + 301202205%
+ C1C203Cy + C3C3Cy3c + C1C3C3 + C7CoCy + CCy52).
3.3. Calculation of the operator &°(0k) in a basis of M

Let {c,};_; be an orthonormal basis in M. In this section, our aim is to calculate the matrix elements of
operator (3.45) in this basis.
First of all, obviously, (Ao Psp, <) = Aodip. Let us proceed to calculation of (&7 (dk)sy, ;). We have

(D +k%w = —z{(ail + ik? ) w 1§p), e (82d + ik;)(w_lgp)}t,
(5k)w_1§p = {(6k1)w s, ..., (6kd)w_1§p}t, p=1,...,n
whence

(Pw™(6k)*g(D + k°)w_1P§p, Q)

3.46
= (9(D + k°)w ™" Pg,, (5k)w ™' Pq) —125’“ ar'?, pl=1,....n, (3.46)
d
B = =3 [ gl " (2, + ) (w00 00) .
s=1

Next, since the operator ((D—l—ko)w_lP)*g(ék)w_lP is adjoint to Pw~!(dk)*g(D+k°)w~ 1P, it is seen that
(D +k)w ' P) g(0k)w™ Py, ) = —ZZ Ok (@Y, pl=1,...,n. (3.47)

Thus, from (3.34), (3.46), (3.47) it follows that
(Qsi(ék)cpa Cl) = <gl,lp’ 6k> ) pal = ]-7 RN (348)

1,0 Lipr « : .
P "P)t is the column-vector with the entries

where g7 = (g7, ..., g,
g =g, " — (8,7))

. —1 (9 —1 * —1 * —1
:Z;/Qgrs(x) (W(X) () 9. (wx) ™ a(x)") —wx) " a(x) D, (w(x) q,,(x))) dx

+ 2Zk°/ Grs(X)w (%) 726, (%) g1 (x)*dx, r=1,...,d.
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Let us proceed to calculation of the matrix elements of the operator &5(dk), defined by (3.41). It is convenient
to write this operator as

®5(6k) = —(Pw™ (k)" g(D + k®)w ™ + ((D + k°)w ' P) g(dk)w™?)
X (Ré(Ao)ml(ak)*g(D +K)w P+ (D + k°)w*1Ré(Ao))*g(5k)w*1P)
+ Pw™t(6k)* g(6k)w P,

Denote by AP(dk) the result of the action of the operator

(R&(Ao)wl(&k)*g(D +K)w P+ (D + k°)w*1ROL(/\o))*g(6k)w*1P)
on the basis element ,. Obviously, A?(5k) € H'(Q) is the (weak) solution of the equation

(AK®) = XoI)AP(0k) = w™ (6k)*g(D + k°)w ™ 'g, + w™ (D + k°)*g(dk)w ™ 'g, AP(6k) LM
The right-hand side of this equation is linear in dk and has the following form:
d

03w k) () ) (w0 0)

r,s=1

d
30w (i) (0 ) ), )

r,s=1

Therefore, AP(dk) can be written as AP(d0k) = —i Zle(ék )AP, where A? € H(Q) is the solution of the
equation

d
0
A(k®) — MI)AP(x w(x s + ik ) (w(x) top(x)

Next, let us calculate the inner product
- ((Pofl(ék)*g(D +K)w 4 (D + ko)oflP)*g(dk)ofl)Ap(ék),q) . opl=1,....n

Similarly to (3.46), (3.47), one obtains

d
— ((Pw_l(dk)*g(D +k)w ™ + (D +k°)w ' P) " g(0k)w™ ") AP(6k), q) == ) (5k)(6ky)

1 8 —1 * —1 * a —1
[ a0 (0070260 (w0 a7) )" (ol 20) )
d
+ 2i Z (5kr)(5kq)k§/Qgqs(x)w(x)%Af(x)q(x)*dx, pl=1,...,n.

Finally,

(Pw™(0k)* g(6k)w ™ Py, q) = (9(0k)w™ ! Py, (6k)w ™ Pg;)

d
— T)qzd(ékr)(ékq) /Q gqr(x)w(x)_zgp(x)q (x)*dx, p,l=1,...,n.

Thereby, we have obtained a formula for the matrix elements of the operator ®$(dk):

(65(0k)sp, 1) = (g7 (dk), (6k)),  pl=1,...,m,
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where g2 is (d x d)-matrix with the entries

== 3 [0 (w60 8200 ) (w60 Ha0) a0 ) (0 A) ) e

+ 24 Z kg /Q Ggs (X)w(x) T2 AP (x)q (x)*dx + /Q Ggr (X)w(x) %6, (x)q (%) *dx, rg=1,...,d.

As a result, the operator (3.45) is represented in the basis {c,};_; by the matrix

8(0k) == { Ao, + (917, 0k) + (g>'7(3k), (5k))};' ..

At the end of this section, consider the action of the exponential e=“7®°(®%) on the element ;. It is easy

to check that

e—ir@o(ék)gj - Zcﬂ (7)<, (3.49)
=1
where {c;1(7),...,cin(T)} =t ¢;(1) = e778(%K)e; is the solution of the system

(i eim) = ). o0 =e;

4. MAIN RESULTS OF THE PAPER

In this section, we formulate the main results of the paper. Let € > 0 be a small parameter. If F(x) is a
[-periodic function, then we put F€(x) := F(¢7!x). In Ly(R?), we consider the operator formally defined
by the differential expression

A =~ () divg () Ver (x) 7, g(x) = Gx)w(x). (4.1)

Here § and w are I-periodic functions satisfying conditions (1.2), (1.4), and w(x) > 0; w,w™! € Leo. The
precise definition of the operator A. is given in terms of the corresponding quadratic form (cf. (1.5)).
Operators (1.6) and (4.1) satisfy the following relation:

A = 5_2T€*AT5,

where T is the operator of scaling transformation: (T.u)(x) = e%/?u(ex).

Let {c;}7_; be an (arbitrary) orthonormal basis in 9 and let f; € Lo (R%), 5 =1,...,n. We suppose that
the functions ¢;(x), j =1,...,n, are I'-periodically extended to R?. We study the behavior of the solutions
Uje(X,7), X € R¢ 7 € R, j=1,...,n, ¢ — 0, of the following Cauchy problem for the nonstationary
Schrédinger equation

.0
Za,ruj>5(x7 T) = (Aauj,E)(Xv T)v (42)
uj)E(X’ 0) = eis—l (k° %) Cf (X)fj (x).
In Ly(R%; C"), we consider the operator
Acff,ll . Acf'f,ln
€ €
At — : . : , Dom AT = 2 (R%; C"), (4.3)
Agff,nl . Agffmn
AP = 720\ T —ie ™! (gt V) — div >V, (4.4)

which is called the effective operator. Let vgfi (x,7) be the solution of the corresponding “homogenized”
problem

0
iy Vi (x, 1) = ASTvET (x,7),

ff
V;E(x, 0) = J, f;(x).
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Here the operator J;: C — C” is defined by the rule a — ae;. Put

n

e ie” 1(k° . x e
ut(x,7) = e K >§ :gf(x)vj{;(x,r). (4.6)
=1

The solutions of problems (4.2), (4.5) and u;’fg can be represented as follows:
—itA. jie N (k°, e L irACt
wj (-, 7) = e Al (k ><§fj, ng(',T) =e AT fh
e i —1 o . n T T eff (47)
uji_(-,T)zeE (k7>zgl6Jle Ag ijj7
=1

where J;: C" — C is defined by the formula J;c = (c,ep).

Theorem 4.1. Let u. be the solution of problem (4.2), and let uﬁ be defined by (4.6). Lete >0, 7 € R,
f; € H3(RY). We have

lje (o 7) = uSE (D Loy S CA+ [TDellfill s@ey,  G=1--um, (4.8)
with the constant C, which depends only on \o, 3, do, ||9|lr., lw™tir, and ||sllo., I=1,...,n.

Proof. By (4.7), estimate (4.8) can be reformulated in the operator terms:

n

. . -1 o . —1 o ~ - eff
HeszAEeza (k 7»)§J§ _ ¢te (k°,-) Zglajlefrr.As I
=1

<c(l , 4.9
J"H3(Rd)—>L2(Rd) (L+Irhe (4.9)

where 7 € R, € > 0. Thus, our aim is to prove (4.9). Since the operator (—A + I)3/? is an isometric
isomorphism of the Sobolev space H?(R?) onto Ly(R?), we have

n

. L -1 o . —1 o ~ - eff
HeszAseza (k 7>><}€ —ete (k%) ZCIEJlefH'.As J]H
= H3(R%)— Lo (R%)

_ H (efimeeia*(k%)g; _ i k%) Zglajlefi-r.Agfij)(_A I 1)73/2‘
=1

Ly(R4)— Ly (RY)

From the unitarity of the scaling transformation it directly follows that

H (e—iT.AEeis’1<k°,~)§J§ et ) Zglsjle—i‘rAifij)(_A I I)—3/2‘
=1

Lz(Rd)%LQ(Rd)

B H (e_”sierﬂko")Cj — 0D NG e AT Jj)63(—A + 521)—3/2‘

= La(R4)— Ly (RY)
where
AT = {Aley o A= AT —i (g, V) — divg®PV.
Next, we need the following operator identities:
B*e3(|0k|? + £2) 73/ 2Pk’ X) = 1K X) 3 (LA 4 £21)73/2) (4.10)
q’*jle—irs’Qg(ék)Jj53(|5k|2 + 62)_3/2¢’6i<k0’x> — ei(ko,x) jle—i672‘rAe“Jj€3(_A + 621)_3/2. (411)

Introduce the projection F;, := ®*xp_(g)(k)®. Here xp_ (0)(k) is the characteristic function of the ball B,.(0).
Obviously, e3(|6k|? +2)73/2(1 — xp,,(0)(0k)) < 3~ 'e. Applying (4.10) and taking into account Remark 2.1,
we have

Lz(Rd)%LQ(Rd)

n
< (Isloe + X sl )
=1
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Consider the operator
(e—irsﬁAei(k",-)gj _ k) i Cljle—irs*QAe“ Jj)é_B(_A Y22,
=1
which, by virtue of (4.10), (4.11), can be written as
( —ite?A Zglcb Jreite <5k>qu>)¢>*s3(|5k|2+52)—3/2XB (0) (k) P,

Recall that the operator A is decomposed into direct integral (2.5). Using (2.8) and (2.9) (with k' = k°),
one obtains

. 9 n ~ . 2 - /1,0
H (efzra A§j _ Zglq)*Jlefwa g(ék)Jj(I)) ¢*63(|5k|2 + 82)73/2XB,{(0) (6k)q)ez(k ,X) PR
— 2 2

= ess-sup

s ’(efira—%él(k)gj —Zgzjze ire2g(3k) 5 ) 3(16k[2 + £2)" 3/2XB,{(0)(51<)P0‘
€ =1

La(Q)—La(Q)

From the inclusion Rang; Py C 91 and (3.49) it is seen that
(671‘76_2A(k)§j - Z §ljl€7i76_2g(6k)=]j>83(|(5k|2 + 82)73/2)(]3%(0) (5k)P0
=1

_ (e—i7672A(k) _ e—i‘rs’2®°(6k)P)P§j53(|5k|2 + 52)_3/2XB%(0) (5k)P()

Application of Theorem 3.3 (with 7 replaced by 7e~2) together with the equality |||, = 1 gives the
estimate with the constants that do not depend on k:

[(e77me Al — mireRONEP) P, 3|5k 2 + £2) 73 g () (0K) Po|l ey ate
< (3C7|(5k| + 011872|T||5k| )E (|5k|2 +e )73/2 < (307 + 011|T|)<€.

This completes the proof.

Remark 4.2. Interpolating between (4.9) and the estimate

i e~ 1(k° .. e~ 1 (KO . ~ i peff
He—m’.Asezs (k°, >§j€ _ ele (k°,-) § :gls e T Ag JJH
Ly(R4)— Lo (Rd)

< lsillze +Z||<z||Loo,

we obtain

HefirAEeia*(k%»)gj; _ i KO, qujlefir.AgfijH
Ha(R4)— Ly (R9)

n 1—q/3
<<||<j||Lm+Z||q||LN) OB+ )30, 0<q<3 j—1,....n.

When applied to Cauchy problem (4.2), this leads to the estimate

n 1—q/3
e (o 7) = u§ (o ) ey < (||<j||Loo +y ||<z||Lm) CI3(L+ TN £ ooy,
=1
j=1,...,n,

fore >0, 7 €R, fj € HY(R?), and 0 < ¢ < 3.
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Remark 4.3. Suppose that \g is a spectral edge of the operator A and the corresponding extremal value

is attained by one band function: \g = F4(k®), Ao # Ei(k°), [ # s. In this case, n = 1, and, by (3.36), (3.48),
gb!t = 0. Let uc(x,7) := u1,.(x,7) be the solution of problem (4.2), and let % (x,7) be the solution of the
problem

o ~

i o (x,7) = AT (x, 1),

or

o (x,0) = fi(x),

where A = — divg2!'V. Let € > 0, 7 € R, f; € H3(R%). We have
. -2 - —1 o ~e
e (-, 7) — e Roete N E )T (-, 7) || Ly ey < CL+ [Tell f1ll 1o ray-
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