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Abstract. We consider the Cauchy problem for a parabolic equation with a placian or a general
second-order quasilinear equation with boundary conditions of the Bitsadze—Samarskii type. We prove
that at least one generalized solution of such problem exists.
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INTRODUCTION

Nonlocal elliptic boundary value problems have been considered since the 1930s of the XXth century, see
Carleman [1]. In the 50-60s of the XXth century, abstract nonlocal problems were studied by Vishik [2],
Browder [3], etc. The theory of nonlocal boundary value problems has applications to physics, engineering,
biology, e.a. In 1969, Bitsadze and Samarskii considered an elliptic equation with nonlocal conditions con-
necting the values of unknown function on a boundary with its values on some manifold inside a domain,
see [4]. Since the 70s, linear nonlocal parabolic problems with the Bitsadze-Samarskii type of nonlocality
have also been studied, see, for example, [5, 6] and the bibliography there. Note that, for a long time, only
some special cases of the Bitsadze-Samarskii boundary value problems were considered. In 1980, Samarskii
described the question of solvability for nonlocal elliptic problems as “unsolved one”, see [7]. A method for
studying linear elliptic boundary value problems with such nonlocal conditions was developed in the 80-90s,
see [8-12]. The nonlinear elliptic boundary value problems with such nonlocal conditions were studied in
[13]. The linear parabolic boundary value problems with such nonlocal conditions were studied in [14]. In
this paper, we consider nonlinear nonlocal parabolic problems. Note also that nonlocal parabolic problems
have important applications to Feller’s semigroup theory, see [15-17].

1. STATEMENT OF THE PROBLEM

Let Q C R™ be a bounded domain with boundary 0Q € C* or a cylinder (0,d) x G, where G C R*71 is

a bounded domain (with boundary 0G € C* if n > 3), Ayw = — Y. §; (|0;w[P~20;w). We assume that
1<i<n

2<p<oo, 1/p+1/g=1, [feLy0,T;W;HQ)), o€ La(Q).

All functions are real-valued. In the cylinder Q7 = @ x (0,T), we consider the differential equation

Oyw(x,t) + Apw(z,t) = f(x,t) ((x,t) € Qr) (1.1)
with initial condition
w(z,0) =¢(x) (r€Q) (1.2)
and with nonlocal boundary conditions
Jo
= T eB, l=Jy+1,...,J),
w|l—‘5 = P)/l]wh—‘?j (’f’ o+ ) (13)
wlpr =0 (réB,l=1,...,J),

where the set I'" = {I']}} is defined as follows.
Let ./ be a finite set of vectors h € Z", and let M be the additive group generated by .#. Denote by
Q. the open connected components of the set @\ ( |J (9Q + h)). The set @, is called a subdomain. The
heM
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122 SOLONUKHA

family Z of all subdomains @, (r =1,2,...) is called a partition of the domain Q. It is easy to see that the
set Z is at most countable,

Uoa, = (UJwe+m)ne, ad (Jo =@

heM

As is known, see Lemma 7.1 of [9, Ch.I1,§7], for any subdomain @,, and an arbitrary vector h € M, either
there is a subdomain @, such that Q,, = @, + h or Q,, + h C R™\ Q. Thus, the family & can be divided
into disjoint classes as follows: subdomains Q,,,Q,, € Z belong to the same class if Q,, = @,, + h for
some h € M. We denote the subdomains @, by Q, where s is the class number and [ is the subdomain
number in the sth class. Obviously, each class consists of a finite number N = N(s) of subdomains @4, and
N(s) < ([diam@)] + 1)™. The set of classes can be finite or countable (see examples in Section 7, Ch. II of
9)).

Introduce the set % given by the formula
# = U {Qnoa+m)nioe+n)\ ©Q+n)}. (1.4)

hi,ha€M

Let I', denote the open connected (in the topology of 9Q ) components of the set 9Q \ J# . The following
result was obtained in [9, §7].

Lemma 1. If (I, + h)NQ # 0 for some h € M, then either ', + h C Q or there exists a I, C 0Q \ A
such that 'y +h=1T\,.

According to this property, the sets {Fp +h:T,+hCQ,p=1,2,...,h € M} can be divided into
classes. The sets I',, + hq and I',, 4 ho belong to the same class if

1) there is a vector h € M such that I'y, + hy =T, + ha + I;

2) for any I'y, + h1,T',, + ho C OQ the normals to dQ at the points x € I'y, + hy and x —h € Ty, + ho
have the same direction.

Let the set I', 4+ h be denoted by I';;, where r is the index of a class and j is the index of an element
in that class (1 < j < J = J(r)). Without lost of generality, we assume that I'yq,...,I'v5 C @ and
Lrgot1,---, 'rg COQ (0< Jo = Jo(r) < J(r)).

It is well known (see [9, §7]) that this partition has the following properties.

Lemma 2. For anyI',; C 0Q), there exists a subdomain Qg such thatI'y; C 0Q . Moreover, the inclusion
Iy COQq implies I'yj NOQs 1, =0 if (s1,01) # (s,1).

Lemma 3. For every r = 1,2,..., there exists a unique index s = s(r) such that N(s) = J(r) and
Iy CcoQs(l=1,...,N(s)) (up to reindezing).

Write 'Y, := T, x (0,7).
Example 1. We consider problem (1.1), (1.2) in the rectangular parallelepiped Q7 = (0,2) x (0,1) x (0,T)
with the Bitsadze—-Samarskii nonlocal boundary conditions
w(x1,0,t) =w(x,1,t) =0 0<z<2,0<t<T),
Wz, )|z =0 = M1w(x, t)|gy=1, O<z2<1;0<t<T) ». (1.5)
w(x, )|z, =2 = Yow(z, t)|s=1 (0<22 <L;0<t<T)
Here we have 4 classes of sets:
1) F,{l = {1} X (Oa 1) X (Oa T)a F,{Z = {O} X (Oa 1) X (Oa T)a 2) Fgl = {1} X (07 1) X (07 T)7 FgQ = {2} X (07 1) X (07 T)7

3)TE = (0,1)x{0}x(0,7),TL, = (1,2) x {0} x (0,7); 4) T'T, = (0,1)x {1} x(0,T),TL, = (1,2) x {1} x (0, T").

t i xro
'l 'l
r/ / /
r {1 = Fgl
I Il
. /
Fig. 1.
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ON A NONLINEAR NONLOCAL PARABOLIC PROBLEM 123

Our nonlocal boundary conditions (1.5) can be written as follows

w|FTL=0 (r=3,41=1,2),
ulrp, = Mol . (1.6

w|r§2 = “/2w|F2Tl
2. ISOMORPHISM OF SPACES
We assume that the following conditions hold.

Condition 1. The set . given by formula (1.4) satisfies condition
mes,—1(# NOQ) =0. (2.1)

Condition 2. For any subdomain Qg (s =1,2,...,1=1,...,N(s)) and an arbitrary € > 0, there exists
some open set G5 C Q4 with boundary G, € C* such that mes,, (Qs\Gs) < € and mes,,_1 (0G5 AIQ4) <
e.

We consider our problem in the Sobolev space Ly, (0,T; W, (Q)). This is the set of functions u € L, (Qr)
having all generalized derivatives 0;u in L,(€27). It is well known that this space is reflexive and Banach.
Let

L,(0,T; WZ},Y(Q)) = {w e L,(0,T; WZ}(Q)) : wsatisfies (1.3)}, (2.2)
L,(0,T; WZ}(Q)) :={ue€ L,(0,T; WZ}(Q)) : ulzeag = Ofor almost allt € (0,7)}, (2.3)

T
P . — . P
where [l o iy =, 2, [ ] 1ol O dede.

Consider a collection of real constant coefficients {a;, € R : h € .#}. Define the difference operator
R:Ly(0,T;R™) — Ly(0,T;R™) by the formula

Ru(z,t) = Z apu(x + h,t). (2.4)
he#

We define the operator Rg = PoRIg : Ly(Qr) — Ly(Qr), where Ig : L,(2r) — Ly(R™ x (0,T)) is
the operator of extention for functions from L,(Q7) by zero to (R™ \ @) x (0,T) and we denote by Py :
L,(R™ x (0,T)) — L,(Q2r) is the operator of restriction for functions from L, (R™ x (0,T)) to Qr.

As mentioned above, the difference operator Ru(x) = >, apu(x + h) as well as the operator Rg =
he#
PoRIg : Ly(Q) — Ly(Q) were studied earlier, see [8, 9, 12] for p = 2 and [19] for 1 < p < oo. To simplify

the record here and below, we will denote by Rg both the operators:
RQ : Lp(QT) — Lp(QT) and RQ : LP(Q) — LZD(Q)

Consequently, it will be clear from the context where we consider R : L, (0, T} Wp1 (@) = Lp(0,T; W, _(Q))

and where we consider R : WZ}(Q) — W, (Q). Here we denote by WZ}(Q) the space of elements from
Sobolev space u € Wz} (Q) that satisfy the Dirichlet boundary condition u|zcag = 0; and we denote by
WI}W(Q) the elements from Sobolev space u € VVp1 (Q) that satisfy nonlocal boundary conditions

Jo

w|Frl = nylTjwhrj (’I"EB, l:JO—I—l,...,J),
j=1

wlr, =0 (ré B l=1,..1J).

Lemma 4. The linear operators R : L,(R™ x (0,T)) — L,(R™ x (0,T)) and Rq : Ly,(Qr) — Lp(Qr) are
bounded for 1 < p < cc.

This statement follows from Lemma 8.1 in [9] and Lemma 1 in [19].

Denote by L, <U Qs X (O,T)) the subspace of functions from L,(Qr) that vanish for z not belonging
1
to Qs (I = 1,...,N(s)). Introduce the bounded operator Ps : L,(2r) — L, <U Qs1 ¥ (O,T)) by the
l 1
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124 SOLONUKHA
formula Pou(z,t) = u(z,t) (x € JQs, t € (0,T)), Psu(z,t) =0 (x € Q\|JQsi, t € (0,T)). Obviuosly, Ps is
1 1

a projector to Ly <U Qs X (O,T)). Since mes,, (0Qs;) = 0, we have
1

Ly(Q) = +1Ly (U Qsl> o Ly(Qr) =+ L, <U Qa1 % (0, T)). (2.5)
l

l

The following assertion is evident.
Lemma 5. L, (|J,Q« x (0,T)) is an invariant subspace of the operator Rg.

We define an isomorphism of reflexive Banach spaces

Us: L, <U Qq X (O,T)> — LY (Qsl X (O,T))
l

by the formula
(Usu)i(z,t) = u(z,t + hy) (r € Qs1, t € (0,7)), (2.6)

where I =1,..., N = N(s) and the vector hg is such that

Qsl + hsl = Qsl (hsl = 0)7 L;)V(Qsl) = HLP(Qsl)a LIJ)V <Qsl X (07 T)) = HLp <Qsl X (07 T)) .
l

l

We introduce the matrices Rs = {7}, }1<m,i<n(s) Dy setting

r

s { ap (h =hg — hgm € .//), (2.7)

TN 0 (hg — hem € ).

The boundedness of @ and formula (2.7) imply that a number of different matrices is finite. Let n; de-
note this number and let R, denote all different matrices R; (v = 1,...,n1). We define the operator
Ros + L (Qs1 % (0,T)) = Ly (Qs1 x (0, 7)) given by

Rgs = UsRoU* (2.8)

By virtue of Lemma 8.6 from [9, Ch. II, §8], R¢, is the operator of multiplication by the matrix Rs. Moreover,
by virtue of Lemma 8.7 from [9, Ch. II, §8], the spectrum of R is defined by the spectrums of R, :

o(Re)= |J o(R,,).

1<v<ng

Corollary 1. Let Ry (s = s(r),r € B) be nonsingular. Then the operator Rg has a bounded inverse
operator Rél 2 Lp(Q7) — Ly(Qr). Moreover, the operator Réi : LY (Qs1 % (0,7)) — LY (Qq1 x (0,T))
given by
Rg, = U.RG'US! (2.9)
is the operator of multiplication by the matriz R;*.
By Lemma 3, for every r = 1,2, ..., there is a single index s = s(r) such that N(s) = J(r) and T';; C 0Qs,
I =1,...,N(s), after reindexing the subdomains of the sth class. Let R,y denote the matrices obtained by
renumbering the corresponding columns and rows in R; (s = s(r)). Let e} (j = 1,..., J(r)) be the jth row of

the J x Jy matrix obtained by deleting the last J — Jy columns from Ry And let Ryy denote the Jy x Jy
matrix obtained by deleting the last N(s) — Jp rows and columns from Rq.

Definition 1. We say that the matrices Ry correspond to the boundary conditions (1.3) if the following
condition holds:

Condition 3. There is a collection {ap € R : h € .#} such that, for any s = 1,2,..., the matrices R,
are nonsingular and for all r € B and s = s(r) it is true that

o= > el (=Jo+1,....J). (2.10)
1<ji<Jo
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ON A NONLINEAR NONLOCAL PARABOLIC PROBLEM 125

Example 2. We continue to consider problem (1.1), (1.2), (1.5) in the rectangular parallelepiped
Qr = (0,2) x (0,1) x (0,T), see Example 1. By nonlocal conditions (1.5), we have the set of shifts
M = {(O 0); (1,0); (—1,0)}; the partition of the domain @ = (0,2) x (0,1) contains two subdomains
Q11 = (0, ) x (0,1) and Q12 = (1,2) x (0,1) from the same class. The set J# consists of 6 points
A ={(, j) =0,1,2;7 =0,1}. Conditions 1 and 2 hold. We consider the difference operator

Ru(z,t) = u(z,t) + aru(zy + 1, 22,t) + a—qu(zry — 1, 22, 1).

We define the operator Rg = PoRIqg : Ly(Qr) = Lp(Q7). Clearly, here Ry = < al 6111 > and Rig = 1.
-1
For any w € L,(0,T; Wz}(Q)) and w = Rgu, we have
W]z, =0 = RQu|z,—0 = a1t|e, =1, W]z =2 = RQu|z,—2 = a_1ug, =1,

w|11:1 = RQu|11:1 = u|11:1'
Thus, if a1 = 71, a—1 = 72, and v € Ly(0,T; WZ}(Q)), then w = Rgu satisfies the nonlocal boundary
conditions (1.5), i.e. Rg(Ly(0,T; Wp1 (@) € Ly(0, T;W, . (Q)), where v = {y1,72}.

Theorem 1. Let Conditions 1-3 hold and let the corresponding matrices Rs and Rsy (s = s(r),r € B) be
nonsingular. Then there exists a set v = {’yfj} such that the operator Rqg is a continuous one-to-one mapping

of Ly(0,T; WX(Q)) onto Ly(0,T; W} (Q)).

Proof. Note that the operator Rg does not depend on ¢. Due to the nonsingularity of the matrices R;

and R, the operator Rg is a continuous one-to-one mapping of W (Q) onto W' (Q), see Theorem 1.1 in
[13] (for p = 2, see Theorem 8.1 in [9] or Theorem 2.1 in [12]). Therefore, Rq is a continuous one-to-one

mapping of Ly (0, T; WX(Q)) onto L,(0,T; W} (Q)).

3. OPERATOR EQUATION

Let us consider the generalized derivatives 0; with respect to time variable. We assume that the unbounded
operator 9y : L,(0,T; W, (Q)) D 2(d;) = Lq(0,T; W, (Q)) has the domain

D(0¢) == {w € Ly(0, T; Wp(Q)) : Byw € La(0,T; W, 1(Q))}- (3.1)
The nonlinear operator A, : Ly, (0, T; W, (Q)) = Lq(0,T; W, 1(Q)) is given by the formula
(Apw,v) = Z |0iw|P~2 0w O;v da dt Vo € L,(0,T; Wpl(Q))
1<i<nQT
We introduce the space W, by the formula
Wy = {w € Ly(0,T; W, (Q)) : yw € Ly(0,T; W, (Q))}. (3.2)

Definition 2. The function w € W, is called a generalized solution of problem (1.1)—(1.3) if it satisfies
the operator equation

w4+ Apw = f, we W, (3.3)
with initial condition (1.2).

We assume that Conditions 1-3 hold and the corresponding matrices Rs and Ry are nonsingular. By
virtue of Theorem 1, there exists an isomorphism Rq : L, (0, T; W, (Q)) — L,(0,T; W, _(Q)). Thus, for any

w e W, C Ly(0,T;W,_(Q)), there exists an unique element u € L,(0,T; WI}(Q)) such that w = Rgu and
U = Rélw. We introduce the space

W= {u € Ly(0,T; WHQ)) : dyu € Ly(0,T; W, 1(Q))}- (3.4)

Lemma 6. For any u € W, 9;Rqu = Rqdyu € Ly(0,T; W, 1(Q)).
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126 SOLONUKHA

Proof. The linear operator Rg : Ly(Q27) — Lg(Q27) is bounded, see Lemma 4. For any u € W such that
Owu € Ly(Qr), we have that Rgdiu € Ly(Qr). Obviously, 0;Rou = Rgdyu € Ly(Qr). Here we can use the
density of inclution Ly (Qr) C Lq(0,T; W, '(Q)) and the closure of the graph of the bounded linear operator
Rg. Le. for any u € W, there exist the sequence {u,} C W such that dyu, € Ly(Qr) and dyu, — Opu in
Lq(0,T, W;l(Q)) Then RgOiu = nlirr;o Rgoiuy, = nl;n;o O:tRqun, = 0:Rqu.

From Lemma 6 it follows that w € W, if u € W, since Rg is an isomorphism. By virtue of Theorem 1.17
in [21, Ch.4,81], u € C(0,T; L2(Q)) and w € C(0,T; L2(Q)). Thus,

o(x) =u(z,0) = Rélw(x, 0) = Rélvﬁ(x).
Therefore, uli—o = ¢ € L2(Q) and w|;=p = ¥ € L2(Q) are well defined. We obtain the following result.

Theorem 2. Let Conditions 1-3 hold and let the corresponding matrices Ry and Ry (s = s(r),r € B)
be nonsingular. If w € W is a solution of the operator equation

OtRou + ApRou = f, ueW, (3.5)

with initial condition
u(@,0) = p(z) = Ry'¥(z), (3.6)
then w = Rou is a generalized solution of problem (1.1)—(1.3).

Example 3. We continue to consider the problem (1.1), (1.2), (1.5) with Bitsadze—Samarskii nonlocal
boundary conditions in the rectangular parallelepiped Q7 = (0,2) x (0,1) x (0,T). As it was proved in

the example 2, the corresponding operator Rq is defined by the matrix Ry = ( A:: 711 ) . This matrix is
2

nonsingular if v1v2 # 1; the matrix R1p = (1) is nonsingular also. Thus, in order to solve of the problem
(1.1), (1.2), (1.5), we can study the following problem:

OtRou(z,t) + ApRou(x,t) = f(x,t) ((z,t) € Qr), (3.7)
u(0,2) = o(z) = Rg'¢(x) (z € Q), ~
u(z, t) =0 ((m,t) € 0Q x (0,T)). (3.9)

4. PROPERTIES OF DIFFERENCE OPERATORS
Here we consider the properties of the operator R¢q and its conjugate operator Ry,.
Lemma 7 (cf. Lemma 8.2 in [9].). The operator R : L,(R"™ x (0,T)) — L,(R™ x (0,T)) is bounded, and
Ru(z,t) = Z apu(z — h,t).
he.#

Let G C R™ be a domain such that G C @, and let Gy := G x (0,T). We denote by W,°(Gr) the
anisotropic Sobolev space consisting of functions u € L,(Gr) which have all generalized derivatives d;u in
L,(Gr) with the norm

1/p

||U||W;,0(GT) = Z /|8iu|pdtda: +/|u|pdtdaj

1<i<nGT Gr

The space W, "°(Gr) can be identified with the space L,(0,T; W, (G)). It is also clear that

Ly(0,T;WHQ)) = {u € WH(Qr) : ulogx o) =0} -

As it was mentioned in Section 2, the operator R, : LY (Qq1 x (0,T)) = LY (Qs1 x (0,T)) defined by the
equality Rgs = UsRqU, ! is the operator of multiplication by the matrix R, = {r,}. At the same time,
the operator R, : L)Y (1) — L (1) defined by

Ry, = UsRyUS Y, (4.1)

is the operator of multiplication by the transposed matrix R; = {r} } to the matrix R, = {r? ,} of order
N(s) x N(s).
From Lemmas 8.13, 8.14 in [9] and Lemma 5 in [19], we obtain
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Lemma 8. The operators Rg : L,(0,T; Wpl(Q)) — Ly (0,T;WHQ)) and R+ Ly(0, T Wpl(Q)) —
L, (O,T;W;(Q)) are continuous. Moreover,
From Lemma 8.15 in [9] and Lemma 6 in [19], we obtain

Lemma 9. For allu € L, (O,T; Wz} (Q)), we have Rgu € Ly, (O,T; W;(Qsl)) and

Rg =Y U;'RJU,P, (4.3)
N(s)

HRQUHLP(QT;WZ}(QSL)) sa Z ”u”LP(O,T;Wz}(Qsj)) (s=12,..501=1,...,N(s)). (4.4)
j=1

IfdetRs, # 0 (v = 1,...,n1), then there exists an inverse operator Rél : Lpy(Qr) — Lp(Q27) and Rélw
belongs to L, (O,T; W;(Qsl)) forallw e Ly (O,T; W; (Q)), moreover,

Ry'=> U'R]'ULP,, (4.5)
N(s)

1RG Wil (0 w1 (@) < 2 > Il orwauyy (5= 123 1=1,..,N(s)). (4.6)
j=1

Here the constants c1,co > 0 are independent of s, u, and w.

We also consider symmetric and skew-symmetric parts of the operator Rg:
sym 1 * sk 1 *
Ry = 2(RQ + Rp), Ry = 2(RQ - Rp)-

Obviously, R}y, and R are the operators of multiplication by the matrices

1 1
R¥W™ = Z(RS + RY) and RSP = 2(Rs - R;),

respectively. For these operators, the properties from Lemmas 8 and 9 hold.
In a standard way, we define scalar products in the spaces L2(Q) and La(Q27):

(W, V) ,0) = /u(x) v(z) dx, (W V) g = / u(z, t) v(z, t) dz dt.
Q Qr
Definition 3. The operator Rq : L2(Q) — L2(Q) is positive definite if there exists ¢ > 0 such that
(Rou, )y, 0 > esllullZ o) Vu € L(Q).

Remark 1. Rg and Ry™ are positive definite if and only if R3¥™ > 0 for any s, see Lemma 8.8 in [9] or
Lemma 2.8 in [12]. Moreover, if R3¥™ > 0, then Rs and R4y are nonsingular.

Lemma 10. If R3Y™ > 0 for any s, then there exists a c3 > 0 such that

0 (7 s000), . - S0
= rgmao), > aluie e e L@ @)

Proof. Clearly,

(Rqu(t), u(t)) 1, q) = (ult), Ryu(t)) . o) = ; ((Rq + Ro)u(t), u(®)) o) = (Rg"”u(t),u(t))

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 29 No. 1 2022
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128 SOLONUKHA

From here we obtain the first equality in (4.7). By virtue of the relation R¥™ > 0, a positive v/ R5Y"™ exists.
From formulas (2.8), (4.1), and (4.3), we derive

(Rg,ymu(t) u(t))LQ(Q) - Z (R™U, Peu(t), Us Peu(t)) 1y 1)

—Z (\/RzmePu ), v/ RE™U, Pou(t) )LNQ )—ZH\/RSmePu )‘
"

2

LY (Qe1)

ym

The symmetrical difference operator R is positive definite if and only if R3¥™ > 0 for any s, see Lemma

8.8 in [9]. Estimate (4.7) is proved. D
Corollary 2. If R3Y™ > 0 for any s, then there exists a c4 > 0 such that

(Bau,u)p, ) = (Rsym )LzmT)_ZH\/RSym oFau

LY(Qs1x(0,T))
> C4HUHL2(QT) Yu € L2(QT) (48)
Definition 4. A linear operator A : L,(0,T; Wpl(Q)) D P(A) = Ly(0,T; W, HQ)) is monotone if
(Au,u) =0 Yu € Z(A).

A linear densely defined monotone operator A is mazimally monotone if there is no linear monotone operator
that is a strict extension of A.

As is known, in reflexive strictly convex spaces together with its conjugate, the maximal monotonicity of
the operator is equivalent to the condition:

(Au,u) 20 Yue 2(A), (Av,v) 20 Yve P(A"), (4.9)
see Lemma 1.1 [18, Chapter 3]. It is well known that the operator A = 9; with the domain
P(A) = {u € L0, T; WHQ)) : Au € Ly(0,T; W, 1(Q)), uls—o = 0}, (4.10)
is maximal monotone, 9 = —0;, and Z(A*) = {v € LP(O,T;WI}(Q)) : 0w € Lg(0,T; W, HQ)), v]e=r = 0},
see [18, Chapter 3].

Theorem 3. Let RV™ > 0 for any s. Then the operator A = 0;Rq with the domain given by (4.10) is
mazimal monotone.

Proof. According to the rules of differentiation and by virtue of Lemma 6, we have
9 (Rqu(?), U(t))LQ(Q) = (9eRquf(t), U(t))LQ(Q) + (Rqul(t), at“(t))LQ(Q)

= (Rdyu(t), u(t)) 1, g + (u(t), Rodwu(t)) ) = (atRs.ym ), u(t))L2(Q)

for any w € W. Since <8tRQ u,u) = 0, we obtain

T
(O R, u) = (0B ™u, u) = / (OB () u(r)) o
0
1 sym 1 sym
= (R w(T), u(T))L2(Q) -y (RQ u(O),u(O))L2(Q) VueW. (4.11)
If u € 2(A), we can use estimate (4.7):

€3

(ORquu) =, (RY™u(T),u(T)) > DT},

On the other hand, A* = —0; R* has the domain
P(A*) = {v € L0, T; WH(Q)) : 9 R™v € Ly(0,T; W, 1(Q)), v|e—r = 0},
and by (4.7) and (4.11), we get
((OeRq)™v,v) = (0 RGu,v) = —(0:RG ™ v,v) > HU( 7o) =0
for any v € 2(A*). Condition (4.9) is fulfilled.

L2(Q)
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5. PROPERTIES OF THE OPERATOR A,Rq
Let us consider properties of the operator Ap,R¢q : Ly(0,T; W;(Q)) — Lg(0,T; W, 1(Q)) given by

(ApRou,v) = Y |0; Rou[P~20; Roudvdrdt  u,v € L,(0,T; W (Q)). (5.1)

1<ign Qr

In order to state some definitions, we denote by X a reflexive Banach space; X™* is conjugate to X.

Definition 5. An operator A : X — X™ is demicontinuous if it is continuous from the strong topology
of X to the weak topology of X*.

A nonlinear analog of the notion of the nonnegative definiteness of an operator is accretivity. To define it,
it is necessary to introduce the duality operator. Recall that a mapping J : X — X* from a Banach space
X to the dual space X* is called the duality mapping with respect to a function ® if

(Ju,u)x = ||Jul|x+ ||| x and [Jul|x+ = @(JJullx) for allu € X,

see [18, Sec. 2.2]. Note that the standard duality operator J for the Lebesgue space L, (), which is given
by Ju = |u[P~2u, is the duality mapping with respect to the function ®(r) = r~1. By construction, J is
bounded. Moreover, J is demicontinuous, see Proposition 2.4 in [18, Ch. 2, §2].

Definition 6. A linear operator R : L,(Qr) — L,(Qr) is said to be accretive if

(Ju, Rqu) == /Ju Roudzdt >0 for any u € L,(Qr).
Qr
Rg : Ly(Qr) — L,(Qr) is strongly accretive if there exists ¢5 > 0 such that

(Ju, Rou) > esllullf, op)-

Further we assume that RQ = Rél. We denote RS =R;Y s=1,...,n1.
We need the following auxiliary result.

Lemma 11. Let A\,a,b € Ry, p > 2. Then

a? £ xab (aP"2 = bP7?) + 0P > 0 Va,b e Ry (5.2)
if A € Ry is such that N )
A4l < v _Pl)p_l, (5.3)
In particular, estimate (5.2) is true if
A< pf VP (5.4)

Proof. By virtue of the symmetry in formula (5.2), without loss of generality we can assume that a > b.
Then we consider the function

b p\P? b\?
S R (A O}

Since p > 2 and b/a < 1, we obtain b/a > (b/a)’”" and

p—1 p p
el () () e () s
a a a a

Now let us consider the left part of (5.2) with the opposite signs before X. Since (b/a)’”" > (b/a)?, we have

p—1 p p
1—>\b+/\<b> +(b) >1—Ab+()\+1)(b) .
a a a a a
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Using the well-known formula ab < a? /p 4+ b?/q, we obtain
b b\" A P b\P b\"
1— A\ +(/\+1)< > >1- " -°F < > +(A+1)<) 20
a a qe? p \a a
if 1 —A\9/qe? > 0 and (A + 1) > P/p. We put € = \/q'/9. Then (A + 1) > e?/p = \Pp~LqP/%. Hence
AP PP
< p/q )
A1 P (p—1)p-1

Therefore, (5.3) implies that (5.2) holds.
i )pl e, P’

. . p _ -1
ObVlously,lf)\gp_lP\l/,then/\p <P(p_1 16')\+1<(p_1)p—1

Lemma 12. Let the operator Rq : Ly(Qr) — Ly(0r) be such that corresponding matrices Ry = {75}
satisfy the following conditions: for any s =1,...,n1 and for arbitrary m =1,2,... N (s),

l#m l#m
where X satisfies estimate (5.3) or estimate (5.4). Then Rq is strongly accretive.

Proof. By virtue of (4.5), we have the representation

(Ju, Rou) =" / \Pyul’~2 (Pou) (U;lRSUSPSu) dz dt

-3 / (Ve (PP R P

S X[ Al b PG B e+ ) G0
s 1<m l<N(s)QS1

Let us evaluate the integrand in (5.6). Let ¢ € RM() be an arbitrary vector. We denote by #779™ =

1 1
) (75, +7%,) and 75 sk _ 5 (75, —74,,) the elements of the symmetric and skew-symmetric parts of R,. Then

D A 2 L Y T S o [ L Y TS SO e A [ L 3

1<m,I<N(s) 1<m,I<N(s) 1<m,I<N(s)

>A7t ST (€ml” — Meml |Igm P72 = lalP 2] + lal?)

1<m<l<N(s)

P | ([P + iP5 ™ P2 Ems + sign(Fi™) P 2Emts + 6]7)

>

1<m<ISN(s)

+ Z f‘mm|€m|p - )‘_1 Z

1<mEN(s) 1<m<IKN(s)

— X (el + 1ar). (5.7)

1<m<ISN(s)

P& | (|€m P + &]P)

The first summand in the right part of (5.7) is nonnegative by virtue of estimate (5.2) in Lemma 11. The
second summand in the right-hand side of (5.7) is nonnegative because

[6ml? £ 1€m P2 Em& £ &P 2 Em& + &P = (I6mlP™" = 1&IP7) (1Em] = 1&]) > 0

Thus, we obtain

DA S s S S E P S [l B S e | N R X

1<m,I<N(s) 1<m<N(s) l#m l#m
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Substituting estimate (5.8) into (5.6), we obtain

(Ju, Rou) = / |PyulP~2 (Pyu) ( 1RSUSPSu) dz dt
Z/ Z ,,:s -\~ 12 Assk Z|Assym $+hsm7 )|pd$dt
1<m<N(s) l#m l#m
= Z Z T.As — A\ 1 Z A8, sk Z |7A,s Sum HUHIEP(QSM), (59)
s 1<m<N(s) l#m l#m

where Qg = Qsm X (0,T), Qom = Qs1+hsm. Obviously, if condition (5.5) holds, the operator RQ is strongly
accretive with constant

e =min Q5 — AU [FE = D T b (5.10)
" l#m l#m
Remark 2. Let A\,q.(p) be such that Amaz (P)” = P’ . By virtue of inequality (5.3), the
Amaz(P) + 1 (p—1)P~
function Ayqz(p) monotonously decreases if p increases, Apmaz(p) € (1 2 +2v/2] for p = 2, and A\pax(p) — 1
as p — oo.

Example 4. Let Ru(z,t) = u(wy, z2,t) — u(zy + 1, 22,t) + u(zy + 2,22,1), Q@ = (0,3) x (0,1). Here the
matrix

1 -1 1
=10 1 -1
0 O 1

corresponds to the operator Rg. The inverse matrix is given by
1 1 0
Ri'=(0 11
0 0 1
For any p € (2,00), there exists a € > 0 such that A = 1 + ¢ satisfies inequality (5.3). Then
2-1>(14e) 1 —0[+|1+0], 2-1>(14+e)Ho—1]+|0+1].
Condition (5.5) holds, i.e., the operator Rél is strongly accretive for any p € (2, c0).

Below we use the following properties of the duality operator and of accretive operators.

Lemma 13. Let uy, — u weakly in L,(Qr). Then J(um) — J(u) weakly in Ly(Qr) and

Hm (T, ) = (Ju, u). (5.11)

m—r oo

Moreover, for any strongly accretive operator RQ,

Hm (Jti, Roum) = (Ju, Rou). (5.12)
m—0o0
The proof coincides with the proof of the Lemmas 5-7 in [22], since the conditions imposed in the present
paper on the Qr coincide with the conditions imposed on the @ in [22].

Definition 7. An operator A : X — X* is coercive if (Au,u— ) 2> ¢(||u — @l x)||v — || x for some fixed
@ € X, where ¢: Ry — R and ¢(s) — oo as s — oc.

Definition 8. A : X — X* is pseudomonotone if for any u,, — u weakly in X such that lim (Aw,, ty, —
m—0o0

u) < 0, we have
lIm (A, um — &) = (Au,u — &) VE € X. (5.13)

m—r oo

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 29 No. 1 2022



132 SOLONUKHA

Lemma 14. The operator A,Rq : LP(O,T;RQ(Wf(Q)) — Lg(0,T; W, (Q)) is bounded and demicon-
tinuous.

Proof. The linear operator Rg : L,(0,T; Ro(WF(Q)) — Ly, (0,T; W, (Q)) is bounded, see Lemmas 4
and 8; A, : Ly (O,T;RQ(WP{W(Q)) — Lg(0,T; W, (Q)) is bounded and demicontinuous, see, for example,
[18, Ch. 2, §1.1-1.2]. Thus, their composition is a bounded, demicontinuous operator.

Theorem 4. Let Rg : Ly,(Qr) — L,(Qr) be nonsingular, and let Rél : Lpy(Qr) — Lp(Qr) be strongly
accretive. Then ApRq is pseudomonotone and coercive.

Proof. Since the difference operator Rg : L,(£2r) — L,(Qr) is nonsingular, it follows that there exists
an inverse operator Rél : Lp(Qr) — Ly(Qr). Moreover, by virtue of (5.1), for all u,& € L,(0,T;W}(Q))
and w, ¢ € Ly(0,T; Wplv(Q)) such that w = Rgu, ( = Rg&, we have

(ApRou.&) = > (JO;Rqu,0:€) = Y (JOw, Ry 0:C). (5.14)
1<ign 1<ign

Here we have taken into account the commutativity of the difference operator Rg with constant coefficients
ap, and the differential operator 9; (see Lemma 10): Rélaié = RélaiRQf = RélRQaiﬁ = 9;€.
Suppose that w,, — u weakly in L, (0, T} WZ}(Q)) and

lim (ApRQUpm, um — u) < 0.

m— 00

Consider the sequence {wy, = Roum}. By virtue of equalities (4.2),

lim <81-wm, §> =

lim
m—00 m—00

(OiRqum, &) = lim (RQOum, &) = lim (Jium, RHE)
= ((Zu,RZ?S) = <8iRQu,§> = (6lw,§> V¢ € Lq(QT), (5.15)

ie., Ojwm — O;w = RgOyu weakly in L,(Qr) for any ¢ = 1,...,n. By virtue of (5.14), we also have

1 . —19 — — 1 —_
W}gnOOKXQ (JOjwm, Ry 0i(wm — w)) W}gn@(ApRQum,um u) < 0. (5.16)

Thus, there exists at least one index ¢ = 71 such that

lim (J 3w, Rg' 0 (wm — w)) < 0. (5.17)

m—r oo

i.e., using the weak convergence Jo;,w,, — JO;w in L,(f2), see Lemma 13, we have

lHm (JO;wp, Ry Oiwm) <

lim
m—00 m—r 00

(JOiwnm, Ry Osw) = (JOw, Ry Ow).
On the other hand, by virtue of strong accretivity of Rél, we get

lim <J81-wm, Rélalwnﬁ 2 (J@Zw, Rélalw% = il,

m— 00

see estimate (5.12) in Lemma 13. Thus, for i = iy,
mlgn()()(JBZwm,RQ Oiwp,) = (J(%w,RQ Oiw). (5.18)
According (5.16) and (5.18), we have

3 . 71 . — .
lim > (0w, Ry (iwy, — 0iw)) < 0. (5.19)

iy
Repeating the arguments used in the proof of (5.18), we see that (5.19) implies
W}gnoouazwm, Rélﬁzwm> = (J@Zw, R5181w> for somei = iQ 7& il.
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Thus, in a finite number of steps, we conclude that

lim (JO; wm,RQ Ojwm) = (J@iw,Rélﬁiw> Vi=1,...,n.

m—roo

Therefore,

. -1 ~1
W}gn(X)(A RQUm, Um) = W}gnoo Z (JOswm, Ry Oiwn,) = Z (JOiw, Ry 0iw) = (ApRqu,u).  (5.20)
1<ign 1<ign
Pseudomonotonicity of the operator A,Rg is proved.
Let us show that the operator A,Rq is coercive. Since the operator Rg commutes with the d; and the
operator Rél is strongly accretive, we have

(ApRou,u) = Z (J@iRQu,Rél&RQw = Z (JOw, RQ diw) = ¢ Z ||3iw||’£p(QT),

1<i<n 1<i<n 1<i<n

where c5 is the coefficient corresponding to the strongly accretive operator Rél. By virtue of (4.4) and (4.6),

||aiw||1£p(QT 110; RQU”L »(Qr) cﬁ||3iu||1£p(QT),
ie.,
(A, Rqu, u) c5c61;<n||au|\LP(QT erlul} o i@y (5.21)
for some ¢y > 0. The operator AR is coercive with respect to @ = 0. O

Remark 3. If the conditions of Theorem 4 hold, then the operator
ApRo(-+1) : Ly(0, T W, (Q) = Ly(0, T3 W, H(Q))
is demicontinuous, pseudomonotone, and coercive.

Proof. By construction, A,Rq(- + @)u := A,Rqg(u + @) for arbitrary v € L,(0,T; WZ}(Q)) Thus, using
(5.21), we have

1 o) > ||? )

<APRQ(U + u)? u + U> = C7HU + UHLP(O,T;WZ}(Q))’

for some ¢7 > 0. Ap,Rq(- + @) is coercive with respect to 4 = —1.
Let uy, — wu weakly in L,(0,T;W,(Q)) and li_I>n (ApRo(Um + @), tm — u) < 0. Obviously,

lim (A,Rq(um + 4), (U + @) — (u+ 4)) < 0 and uy + @ — u + @ weakly in L,(0,T; Wz}(Q)) too.
m— 00
By virtue of (5.20),

i (8, Rl -+, um — € = T (8, Rg(um -+, un + i~ € 1)
=(A,Ro(u+10),u+1t—§—a) = (ApRo(u+1),u—§) (5.22)

for any & € L,(0, T} Wpl(Q)) The operator A,Rq(- + @) is pseudomonotone. O

6. EXISTENCE OF SOLUTION

Theorem 5. Let the operator Rg’m be positive definite, and let the inverse operator Rél be strongly
accretive. Then, for any f € Lqy(0,T; Wq_l(Q)) and ¢ € La(Q), there exists at least one solution of problem

(3.5), (3.6). Moreover, the set of such solutions is weakly compact in Ly(0,T; Wz}(Q))’ and the solutions
satisfy the following estimates:

() Bai@) < s o vt iy + oIy (6.1)

101?02y < C0IF1%, o gy + ey (6.2)

where cg, cg, c10,c11 > 0 do not depend on u, f, and .
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Proof. First we consider the case ¢ = 0. Then by virtue of Theorem 3, the operator 0;Rg is maximal
monotone, and by virtue of Lemma 14 and Theorem 4 the operator A, R is demicontinuous, pseudomono-
tone, and coercive. Thus, the conditions of Theorem 1.1 [18, Ch.III, §1] hold. Therefore problem (3.5), (3.6)
has at least one solution.

If ¢ # 0, we consider an auxiliary fixed element ¢ € W C C(0,T; L2(Q)). Since Cl(O,T;VOI/;} )nw
densely imbedded into W, see Lemma 1.12 in [21, Ch. IV], and W continuously imbedded into C(0, T'; L2(@Q)),
see Theorem 1.17 in [21, Ch. IV], for any ¢ € L2(Q), there exists &« € W C C(0,T; L2(Q)) such that
@i|t=0 = ¢. Substituting u(z,t) = v(z,t) + 4(x,t), we obtain the equivalent equation

8 Rov+ ApRo(v+1) = f —ORgii:i=f, 0<t<T, (6.3)
v(0) = 0. (6.4)

By virtue of Remark 3, the operator A,Rq(- + @) is demicontinuous, pseudomonotone, and coercive. Thus,
since the conditions of Theorem 1.1 in [18, Ch.III, §1] hold, then problem (6.3), (6.4) has at least one solution.
Consequently, problem (3.5), (3.6) has at least one solution too.

For a solution of problem (3.5), (3.6), we have

(OyRqu,u) + (ApRou,u) = (f,u). (6.5)

Repeating the arguments from (4.11), we obtain

(i Rqu,u) = (Rsym (1), w(T)) Lo(q) — ;(RgmU(0)7U(0))L2<Q>

sym
=, [Vrgmu],

The second summand in (6.5) was evaluated in (5.21). That is
2 H\/ L2(Q) 2

Let’s estimate the right part using Holder’s inequality and the well-known formula ab < aP/p + b7/q. We
obtain

[V,
L@ 2 L2(Q)

p
ooy T ML 0. mv @)
< (9Rqu.u) + (A Rou.u) = (f,u). (6.6

p
(fru) < ||f||Lq<0TW1<Q>>||“||LP<OTW1<Q>>\ng”f” orwii@) t ”“” JOTIWE(Q)'

Let € > 0 be such that ?/p = ¢7/2. The first term of the left part of inequality (6.6) is nonnegative, thus

1
» q sym
H H 0TW1(Q)) < et ||f”Lq(O,T;W_1 2 H\/R ‘ ’
i.e.
1/ 2\"
sym
HuHLp 0,T;WA(Q) S <P07> Hf”L (0. T;W5 (@ 07 H\/ ‘ 00

By virtue of boundedness of the linear operator R¢y™, we conclude that H\/Rsum <pH ( < c12 H<p|\2L2(Q)
L2(Q)

for some c¢j2 > 0. This estimate and inequality (6.7) prove that inequality (6.2) is true.
On the other hand, the third term of the left part of (6.6) is also nonnegative. Using estimates (4.7) and

(6.2), we obtain
2
N
Lz(Q) 2

012
DI o s * 3 19l

€3

9 1 sym
o UL 0 < 4 H\/RQy U(T)}
< q
< qIIfIILq(O,T;w;1<Q))

1 e q c10  C12 )
<@+p)m%mWﬁ@+(p+2)wm@.w&
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This proves estimate (6.1).

Now let us prove the weak compactness of the set of solutions. Let {u.,} belong to the set of solutions of
problem (3.5), (3.6) such that w,, — win L,(0,T; W, (Q)). Since, {9, Roum = f — ApRQum} is a bounded set
in Ly(0,T; W, 1(Q)), without loss of generality we can assume that w,, — w in W (up to the subsequences),
here u € W. Obviously, tu|t—g = Um|t=0 = ¢. By virtue of (4.11) and (4.7), we have

2

>0 VYm.

(O Rotm — 0 Rou, i — u) = ; |/ RS™ (wm(T) = u(T) @)

Moreover, by virtue of weak convergence of the sequence {u,}, we obtain
mli_1>nm<f, Um —u) =0 and n}i_I}lOO(@tRQu, U — u) = 0.
Thus,
i (Rt ) =l

Using the pseudomonotonocity of A,Rg, we get

(f — OtRQUm, Um — u) < 0.

(ApRqu,u — &) < lim (ApRQup, um — &) = lim (f = O RQum, um — §)

m—roo m—r o0

<(f - 8Rqu,u—&)  VE€ L0, T;WAQ)). (6.9)

By virtue of (6.9), u is a solution of operator equation (3.5). The set of solutions of problem (3.5), (3.6) is
weakly compact in L, (0, T; W, (Q)).

Theorem 6. Let Conditions 1-3 hold, R¥™ > 0, and let Rél be strongly accretive operator. Then,

for any f € Lq(O,T;W(;l(Q)) and ¥ € Lo(Q), there exists at least one generalized solution of problem
(1.1)~(1.3). Moreover, the set of such solutions is weakly compact in Ly(0,T; W) (Q)), solutions satisfy the
following estimates:

[0y < el AL o sy + ¥l (6.10)
”wHip(O,T;W;(Q)) < clSHfH%q(O,T;Wq_l(Q)) +eaol| Y117, ) (6.11)

where c13, c14, C15, 16 > 0 do not depend on w, f, and .

Proof. From Conditions 1-3 and Theorem 1 it follows that there exists a set v = {77;} such that the

operator R is an isomorphism of L, (0, T’ W;(Q)) onto L, (0,T; W, _(Q)). Therefore, by virtue of Theorem 5
and Theorem 2, there exists a generalized solution of nonlocal boundary value problem (1.1)—(1.3) with the
above mentioned set . It remains to prove estimates (6.10) and (6.11). Let us prove estimate (6.10). From
inequality (6.1) and boundedness of operators Rg : L2(Q) — L2(Q) and Rél 1 La(Q) — Lo(Q) it follows
that

lw(T)I7,) = IRQullE0.7.1,)) < crrllu(T)Z 40
q 2 _ q 1,02
s ar (08”f||Lq<o,T;W;1<Q>> +alle) = o (08”f||Lq<o,T;W;1<Q>> +allRgWIw)
S o (Cng”%q(O,T;Wq_l(Q)) + 69‘318”’/’”%2@)) '
In the same way, from inequality (6.2) and boundedness of operators Rg : L,(0,T; Wz}(Q)) —
Lg(0,T; W, H(Q)) and Ry, < Lo(Q) — La(Q) it follows that
1oll%, 0w @) = IBQUIT, 0,730 < cwollull, 0. mw oy
a 2
<1 (el 719, o maperiay + 1l
< g (ClonHiq(O)T;Wq—l(Q)) + 011018|W||2L2(Q)) :

Now we prove the weak compactness of the set of solutions. Let {w,,} belong to the set of generalized
solutions of problem (1.1)~(1.3) such that w,, — w in L,(0,T; W}(Q)). Obviously, wli=o = wm|i=0 = .
Then there exists a sequence {u,,} such that w,, = Rgoun, and u,, is a solution of (3.5), (3.6). As it was
proved in (5.15), uy, — w in W if and only if wy,, — w in W,. But in the previous theorem it is proved that in
this case u is a solution of (3.5), (3.6). Therefore, w = Rgu is a generalized solution of problem (1.1)—(1.3).
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7. EXAMPLES

Example 5. We continue to consider problem (1.1), (1.2) in the rectangular parallelepiped Q1 = (0,2) x
(0,1) x (0, T) with Bitsadze-Samarskii nonlocal boundary conditions (1.5). As was proved in Example 2,

ie., RY™ > 0 if

[v1 4+ 72| < 2. (7.1)
At the same time,
Bt = 1—17172 ( —172 171 )
Thus, Rél is strongly accretive if
2> [y1 4+ 72 + A7 — el (7.2)

where \ satisfies estimate (5.3) or estimate (5.4), see Lemma 12. Obviously, if condition (7.2) holds, then
condition (7.1) is also satisfied, i.e., by virtue of Theorem 6, problem (1.1), (1.2), (1.5) has at least one
generalized solution.

Example 6. We consider problem (1.1), (1.2) in the rectangular domain Qr = (0,3) x (0,1) x (0,T") with
boundary conditions

w(z1,0,t) =w(r1,1,t) =0 0<z1<2,0<t<T),
w(0,x2,t) = y1w(l,x2,t) + Yow(2,22,t) (0<z2 <0<t <T), (7.3)
w(3,z2,t) = yaw(l,z2,t) + y1w(2,22,t) (0<22<1;0<t<T)

for v1 = 39/28 and vy, = —6/7.

In this case, the difference operator is given by Ru(z) = 3.  agu(z1 + k,x2,t). We shall find a non-
—2<k<2
singular martix
apg a; a2
R, = a1 ap a1
as a1 Qo
such that the relations
a1 = Y160 + Y201, (7.4)
az = Y200 + 71101

hold. This means that Condition 3 is fulfilled if ag = 1, a1 = 3/4, and ay = 3/16. It is easy to show that the
1 3/4

symmetric matrices R; and Ry = < 34 1

) are positive definite. However, the inverse matrix

8.615 —12 7.385
Ri'=| —-12 19 -12
7.385 —12 8.615

does not satisfy the conditions of Lemma 12: 8.615 < 12 4 7.385. We cannot prove that Rél is strongly
accretive, and we cannot guarantee that problem (1.1), (1.2), (7.3) has at least one generalized solution.
Note that if p = 2, then problem (1.1), (1.2), (7.3) is linear and has a unique generalized solution, see [14].

Example 7. We consider problem (1.1), (1.2), (7.3) with v = 1/2 and v2 = 0.

As in Example 6, the difference operator is given by Ru(z) = Y. agu(z1 + k,z2,t). We shall find a
—2<k<2
nonsingular martix R; such that the relations (7.4) hold. This means that Condition 3 is fulfilled if

1 1/2 1/4 L1
Rl— 1;121 1}2 1{2 and R10—<1/2 1 )

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 29 No. 1 2022



ON A NONLINEAR NONLOCAL PARABOLIC PROBLEM 137

It is easy to show that the symmetric matrices Ry and Rjpq are positive definite. The inverse matrix

4/3  —2/3 0
Ri'=1| -2/3 5/3 -2/3
0 —2/3 4/3

satisfies condition (7.1), i.e., the operator Rél is strongly accretive. Therefore, by virtue of Theorem 6,
problem (1.1), (1.2), (7.3) with 4 = 1/2 and 2 = 0 has at least one generalized solution for any p € (2, c0).

8. SOLVABILITY OF QUASILINEAR NONLOCAL PARABOLIC PROBLEMS

The above results can be applied not only to the equation with the p—Laplacian. In this section, we
will consider nonlocal quasilinear parabolic problems. We will use the properties of quasilinear differential—
difference operator that was studied in [23].

In the cylinder Qp = @ x (0,T), we consider the differential equation

Orw(z,t) — Z 0;Ai(x,t,w, Vw) + Ag(z,t,w, Vw) = f(z,t) ((z,t) € Qr) (8.1)

1<ign

with initial condition

w(z,0) =) (re€qQ) (8.2)
and with nonlocal boundary conditions
Jo
w|pr :j:1’yfjw|rrj (reB,l=Jdo+1,...,J), (8.3)
wlpr =0 (réB,l=1,...,J),

see Section 1. Assume that f € Ly(0,7;W,;'(Q)) and ¢ € Ly(Q). Introduce the nonlinear operator
A Ly(0,T; W, (Q)) = Lg(0,T; W, H(Q)) given by the formula

(Aw,v) = Z A;(x,t,w, Vw) O;v dx dt Vv € Ly(0,T; WZ}(Q)) (8.4)

0<i<n gy,
Here and below we write dyw := w. Also we assume that for some co0 > 0 and go € Lo(Qr1),

[Ai(2,1,6)] < golw,t) +e20 Y [GIP7H (1=0,1,...,m). (8.5)

o<ign

Definition 9. A function w € W, is called a generalized solution of problem (8.1)—(8.3) if it satisfies the

operator equation
ow + Aw = f, w e W, (8.6)

and initial condition (8.2).

Moreover, we suppose that Conditions 1-3 hold. If R¥™ > 0, we can consider equation
OtRou+ ARgu = f, ue W, (8.7)

with initial condition
u(z,0) = Ry'p(z) = p(z)  (v€Q) (8-8)
instead of (8.6), (8.2).

Theorem 7. Let Conditions 1-3 hold, and let R3V™ > 0 (s = s(r),r € B). Suppose that the operator
A L,(0,T; Wz}(Q)) — Lq(0,T; Wq’l(Q)) is given by the formula (8.4), where the functions A;(z,t,&) are

measurable in (x,t) € Qr and differentiable in & € R(j =0,1,...,n). Moreover, assume that
Z Z T Aij (T + By t, Cm.) Mij Mmi = €21 Z Z o |P 2 i |2 (8.9)
1<m I N (s) 0K, j<n 1<mEN(s) 1<i<n
|A1J(x7t7£)| <g1($,t)+022 Z |€i|p72 (i,ij,l,...,n), (810)
0<i<n
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8141 Z, t,
where A;j(z,t,&) = égj §)
¢n € RN = £¢n0,Cmts -5 Cmn}s m=1,..., N(s).

Then, for any f € Ly(0,T; Wq_l(Q)) and Y € La(Q), there exists a unique generalized solution of problem
(8.1)—(8.3). Moreover, the following estimates hold:

91 € Lyyp—2)(Qr), and ca1, caz > 0 do not depend on (z,t) € Qr, § € R+

2
[wi(T) — wa(T) Loy < c2sllfr — lelq/ oty Tealvr =¥l (8.11)
lwi — w2z, 07w (@) < csllfi — f2|| Jorwri@y T ca6ll11 — 1/)2||L2 Q) (8.12)

here wy and wo are generalized solutions of problem (8.1)—(8.3) with the right parts fi and fo and with
initial conditions 11 and 1o, respectively; the positive constant cas, a4, Co5, Cog do not depend on wy, fr, and

(e
Proof. First we consider the case ¢ = 0, i.e., ¢ = 0. By virtue of (8.9)—(8.10), the operator AR :

L,(0,T; Wp1 (Q)) = Lq(0,7; W, 1(Q)) is demicontinuous, monotone, and coercive. This follows from Theorem
1 in [23]. Moreover, inequalities (8.9) and (8.10) imply that there exists co7 > 0 such that

(ARqu — ARqy,u —y) > carllu —y||7] (8.13)

»(0.TWEHQ))’

see Theorem 1 in [23]. Thus, the conditions of Theorem 1.1 in [18, Ch.III, §1] hold, problem (8.7), (8.8) has
at least one solution. Moreover, since AR¢ is monotone, this solution is unique. Since R¢ is an isomorphism,
there exists a unique generalized solution of (8.1)—(8.3).

If ¢ # 0, we consider an auxiliary fixed element ¢ € W C C(0,T; L2(Q)). Since Cl(O,T;VOI/;} )nw
densely imbedded into W, see Lemma 1.12 in [21, Ch. IV], and W continuously imbedded into C(0, T'; L2(@Q)),
see Theorem 1.17 in [21, Ch. IV], for any ¢ € L2(Q), there exists &« € W C C(0,T; L2(Q)) such that
@i|t=0 = ¢. Substituting u(z,t) = v(z,t) + 4(x,t), we obtain the equivalent equation

8 Rqu+ ARg(v+ 1) = f — 8 Rga := f, (8.14)
v(0) = 0. (8.15)

Clearly, f € Ly(0,T; W, 1(Q)). By virtue of construction of the operator ARq(- 4 i), we obtain estimates
that are similar to estimates (8.5)—(8.10). Therefore, the operator

ARG (- +1) : Lp(0,T; WHQ)) — Ly(0, T; W, 1(Q))

is demicontinuous, monotone, and coercive too for any fixed 4 € L,(0,T; Wz}(Q)) Thus, problem (8.14),
(8.15) has a unique solution, see Theorem 1.1 in [18, Ch.III, §1]. Therefore problem (8.1)—(8.3) has a unique
generalized solution.

Let wy € W, and wy € W, be solutions of (8.1)-(8.3) with the right parts fi € Lq(0,T; W, (Q)) and
fo € Lq(O,T;Wq_l(Q)) and with initial conditions 1 € L2(Q) and v € Lo(Q), respectively. We denote
u; = Rélwi and p; = Rélm. Since wu; is a solution of (8.7), (8.8) with the right parts f; and with initial
conditions ¢;, we have

<8tRQU1 — 8tRQu2,u1 — U2> + <ARQU1 — ARQUg, Uy — u2> = <f1 — fg, uy — u2).
Using equality (4.11), we obtain

g )

+ AR — AR —
2(Q) < QU1 QU2, U1 UQ>
2

= (fi — foyur —u2) + ; H\/R;ym(% - 302)’ .

(8.16)

2

Let also ug € W be a generalized solution of the problem (8.7), (8.8) with the initial condition ¢ = ¢; and
the right-hand sides of equation f = f5. Then,

2

2 H\/Rsym - ug(T))‘ (@) + (ARgui — ARqug, u1 — us) = (f1 — fa,u1 — ug), (8.17)
2 H\/Rsym _U2(T))’12(Q) T {ARqus = ARquy, ua —uz) = H\/RsymRQ (W1 = W‘ Lz(QZ8 18)
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By virtue of estimate (8.13) and equality (8.17), we have

027||U1 - U3|| (0, Wl(Q)) <ARQU1 ARQU3, Uy — U3>

2

= (fi = fo,ur —ug) QH\/RSym )_u?’(T))}LxQ)

S (= feun —us) <= fallpy o zawy v — sl 0,7 @)

P
qq”fl f2|| OTW_l(Q)) ||U1 ug” OTWI(Q))7 (8]‘9)

ie., for e?/p < c27/2, we get
lr = uslly o zaina @y < 281t = 2l o rwir @)y (8.20)
(fi = fo,ur —u3) < ezl f1 — f2||qu(o,T;W;1(Q))' (8.21)

On the other hand, the second summand in the left-hand side of (8.17) is nonnegative, too, because AR is
monotone. Thus, substituting (8.21), we obtain

1 sym 2 q
o VRS () —us)|| | <K= fooun —us) < emll = Pll] g s oy (8.22)

Substituting estimate (4.7) into (8.22), we obtain

es o (7) — (D)l < |/ BE™ (a(T) — ws(T))|,

< — a . .
L@ S 2¢99|| f1 'fQHLq(O,T;Wq_l(Q)) (8.23)

Nonnegativity of the second summand in the left part of (8.18) implies that

ety -,

Using estimate (4.7) and the boundedness of the operators \/ RY™ and Rél, from (8.24), we obtain

2

<|VBREm@i-e)| (8.24)

L2(Q)

2

¢s |1 (us(T) = ua( D)7, ) < ||/ BE™ (us(T) = ua(D))|

<|Vrgren-al, o =IVRERG @ -,

< cizcs |11 — 1/)2||2L2(Q) . (8.25)

L2(Q)

Using the triangle inequality and (8.23) and (8.25), we can write
[ur(T) = u2(T) | Lo(@) < N1ua(T) = us(T) L@ + lus(T) — ua(T) | Lo
2¢a9 2 C12€18
SV i LA N O o - o

Therefore, by virtue of boundedness of operator Rg : L2(Q) — L2(Q), we obtain

|wi(T) — w2 (1)l Lo(@) = 1R (ui(T) — ua(T))| Lo (@) < crrllur(T) — u2(T) L@
2ca9 C12€18
< C17 <\/ cs || f2||L (O T; W I(Q)) + \/ ||¢1 ¢2||L2(Q)) :
Estimate (8.11) is proved.

On the other hand, (8.13), (8.18), and (8.25) imply

027||U3 — UQH;ZP(O T‘Vi/l(Q) < <ARQU3 — ARQUQ,UB — U2>

2
Ry™ (u —uz(T ‘ ARous — ARous, ug —
2H\/ uz(T)) LZ(Q)+< QU3 QUa2, Uz — U2)
2 012018 9
sym
2H\/R RQ (%1 — )HL2(Q) 11 — 1/)2||L2(Q)7 (8.26)
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C12C18

. p
ie. |jus U2HLP(0,T;W;(Q)) S 2ca7

l1 — 217, Hence, from (8.20) and (8.26) it follows that
lur = w2ll 0wz S lua = usllp, 0,1y + 1us = w2l om0k @)

1/p
1 €12€18 2
<M= 2l rawrian + (Tet®) 1 = el
Thus, by virtue of boundedness of the operator Rqg : L, (0, T Wz}(Q)) — Ly(0,T; W H(Q)), we derive the
following estimate

lws = wallz, 0w @) = 1B (ur —u2)llz,0mwi@) < cwsllur —uzllp o rv1 @)

1/p
1 C12€18 2
< cig (Czép|f1 - fQHqL/qIZO,T;Wq_l(Q)) * < 2c27 ) lon= ¢2|L/:ZQ)> .
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